Teopust BepogTHOCTH

Jnma Tpymma

Cemunap 1

Cay4JaiiHble 00bEKThI

CayyaiiHoctb Bo-nepBeix, Xopomo Obl MOHATH, & YTO TAKOE CIyYalHBIH OOBEKT M KaK PO HEro IMPABUIBLHO
OyMaTh. JI1000i cirydaitHblil OOBEKT — 9TO TAKON YE€PHBIN SIIUK, KOTOPBIA MBI MOYKEM CIPOCUTH, B KAKOM COCTOSTHITH
OH ceffyac HaxomuTcA. VU 9TOT 4epHBIH ANUK HAM YCJIY2KJIMBO OTBEYAET, HO KAaXK/bIH pa3 HA ITOT BOIIPOC MOXKET
JaBaTh pa3Hble OTBETHI. B KadecTBe MpUMepa JIaBaiiTe pacCMOTPUM KYOUK C IMIECTHIO TPAHSMHU. UTO MBI JEIaeM:
MBI Oepem u 6pocaem KyOHK, a ITOTOM CMOTPHUM KaKOil CTOpoHOiT OH BbinaJ. JlaBaiiTe MOsSICHIO, KaK Ha 3TOT IIPOIECC
CMOTPETh KaK Ha YePHbBI SIuK. Bpocanne KyOrKa MOYKHO PACCMATPUBATH KaK MIPOIECC 33/ IaHUs BOIIPOCA YEPHOMY
AMUKY, & KOrJla Ha HEM BBIIAJACT I'PaHb, Mbl HA 9TO CMOTPUM KaK Ha OTBET UYEePHOT'O AIINKA.

1t m3ydenunst JII000r0 TAKOTO YEPHOTO AUKA, JJIs HAYaJ1a HA0 OIICATh BCE BO3MOXKHbBIE COCTOSIHIS, B KOTOPOM
OH MOXKeT HaxXoUTbCs. OOBITHO MHOXKECTBO TAKWUX COCTOSIHUI 0O03Ha4UatoT depe3 (), a Kaxkjoe cocrosiHue w € {2
Ha3bIBAIOT 3JIEMEHTAPHBIM UCXO/0M. B ipuMepe ¢ KybukoM B KauecTse () MOYKHO B3sITh MHOYKECTBO U3 IIIECTH I'PAHEH,
HyMepys KaxK/IyI0 COOTBETCTBYIOIIUM YHUCJIOM.

Cuayqaiinbie cobbiTusi JlaBaiire HauHeMm ¢ mpuMepa. B ciyuae KyOmka, MbI MOYXKEM 3aJIaTh CJIEIYIOIIEe COObI-
THE: «BBIAJA YeTHas IPaHby W <«BBIIAJO YUCJIO 7». Temepb MbI 3aj1aeM BOIPOC KYOMKY ¥ CMOTPHUM, HACTYIIHIO
Tpedbyemoe cobbiTie miau HeT. TakuM 00pa3oM MOXKHO BCE 3JIEMEHTAPHBIE MCXOJIbI MOJEJUTh Ha JIBe YaCTH: T€ KO-
TOpBIE YIOBJIETBOPSIIOT COOBITUIO U T€, KOTOphIe He yaosaerBopsior. Ecim Q = {1,2,3,4,5,6}, T0 «BbImana 1erHas
I'PaHb» COOTBETCTBYET HMOAMHOXKeCTBY {2,4,6}, a «BBIIAIO YUCIO 7» COOTBETCTBYET IIyCTOMY IIOJAMHOXKeCTBY &. To
€CTh KaK MbI BUUM U3 3TOI0 IIPUMEPA, CIydailHble COOBITHUS JTOJI2KHBI COOTBETCTBOBATE IIOAMHOXKECTBY MHOXKECTBA
3JIEMEHTAPHBIX UCXO0B. [loToMy B 00IIeM ciIydae 9TO KJIaJeTcsl B KAUeCTBE ONpPeIesIeHNS.

ITycrs © — MHOXKECTBO 3j1eMeHTAPHBIX UCx010B. Torna cobbitueM (Wi cirydaiiHbIM COOBITUEM) HA3BIBACTCS JIIO-
6oe mogmuOokectBo A C Q. Ecinu y mac ectb nBa cobbituss A, B C ), TO Jjisi HUX OIpeJeseHbl BCE TEOPETUKO
MHOXKeCTBeHHbIe oneparuu. A N B o3Havyaer, 4T0 00a COOBITHS IIPOU30iIyT oaHOBpeMeHHO, A U B o3Ha4aer, 4To
npousoiiier xorsi 6b1 oxHO cobbiTne, AAB = (A \ B) U (B \ A) o3HavYaeT IpOU30HIET OJHO U3 COOBITHI, HO HE
oba cpasy. Ilycroe MHOXKECTBO & 03HAYAET HEBO3MOXKHOE COObITHE (HUYEro He MOXKeT POU30NTH, TaK KAK HU OJUH
9JIEMEHTAPHBIN MCXOJ HE MOJXOAUT), & BCe MHOXKECTBO {) O3HAYAET, YTO POM30ATH MOXKeT Jroboe cobbitre. OTpu-
manneM cobbiTHs A HaspiBaeTcst cobbiTme A = )\ A, 370 3HAYET MPOM30NLIO He A, TO €CTh YTO YTOIHO, KPOME
cobbITUsT A.

Ot maremaruka He mMaremMaTukaMm LTyT si XO4y BCTaBUTH HEOOJIBINON, HO BaXKHBIN pa3roBop. Tak dyacTo Obl-
BaeT, YTO MaTeMaTUKa ObIBAET CJIOXKHO yCTPOEHA, HE IIOTOMY UTO pellaeMas 3aJada CJI0XKHasd, a HOTOMY UYTO caMa
MaTeMaThKa BHYTPU yCTPOEHA CJIOXKHee, 9eM 3aJada, JJjisd KOTOPOil oHa m3o0peTtasiiach. VI BOT 9TU camble TPYIHO-
CTU BHYTPEHHEI'O yCTPOMCTBa caMOil MaTeMaTUKH OYeHb YacTO CHUJIbHO I1ePEYCJIOKHSIOT pacCKa3blBaeMblil TEKCT.
C 0/1HOIT CTOPOHBI, 3TO JEJIACT CTPOTUE MATEMATHIECKHE KHUXKKU ITPOCTO HEIUTAEMBIMH JIJIsT OOBITHBIX CMEPTHBIX,
KaKUMU ObI XOPOIIMMU 3TU KHUKKK HU ObLIN, C JIPYTOfl CTOPOHDBI, MATEMATHKU HE MOTYT ITPOCTO UTHOPUPOBATD I10-
JIOOHEIEC SBICHAS, HHAYUE MATEMATHKS, BHE3AIIHO CTAHET IpOTHBOpeunBoi.! OIHAKO, MBI Ke He COOMPAEMCs CO3/1aBATh
MaTeMaTHKy, MbI OyeM eil moib30BaTbesd. [loroMy s HaMepeHo Oyay 0OMAHBIBATH BAC OTHOCHUTEIBHO TEXHUIECKUX
Belleil CBSA3aHHBIX C TEOPUEil MHOXKECTB, KOTOPbIE BO3HUKAIOT B PAMKAaX TEOPHH BepOATHOCTH. ['OBOPIO $ 9TO mO-
TOMY, YTO BBl MOKeTe IIONTHU U HOIVIAAETb B PAa3/IUYHYIO JUTEPaTypPy Olpe/iesieHre BepOATHOCTHOI'O IIPOCTPAHCTBA
U YBUJUTE, 9TO IOCJIE PA3rOBOPa O MPOCTPAHCTBE 3JIEMEHTAPHBIX MCXO/0B () JIFOJIM HAYUHAIOT CTPOUTH KaKHe-TO

1Teopr KanTop, KCTaTH, COMIEN C yMa HMEHHO [OTOMY HUTO MPU/ILYMAaJI KPYTOil CIOCO6 MEPHUTH KOJMYIECTBO SJIEMEHTOB B GECKOHEYHBIX
MHOXKECTBaX, HO HE CyMeJl CIeJIaTh 9TOT CIOCcO0 HENPOTHUBOPEYUBBIM. Ero m1e0 MOXKHO JIENKO PACCKa3aTbh JIPYTHUM, HO CIAEJIATh CTPOrOi
u dpopMasIbHO paboueil — 3a/1a9a He caMasl IPOCTasl.



HEIOHATHDIE 0-aJIredPhl COOBITUH, IIOTOM H3MepuMble (PYHKIINN, HHTErpaJinl Jlebera u mpodyo xpeHarenb. 1ak mo-
JIy9IHJIOCH, 9TO 6€3 BCeX 9TUX CePhE3HBIX HABOPOTOB ITOCTPOUTH TEOPUIO BEPOSITHOCTH HEBO3MOYKHO, MHAYE OHA OyIeT
nporuBopednBoil. ['pybo roBopst, ocHOBHAasT TpObJIeMa CJIeLyIONast: KOra HaM JIaJid OeCKOHEUHOe MHOYKECTBO dJIe-
MEHTapHBIX UCXO0B (), TO HEJIb3sl B KAUECTBE COOBITUS B3sITh IIPOU3BOJILHOE TIOJMHOXKECTBO, IIOTOMY UTO, KOTJ[A MbI
OyZieM BBOIUTD IOHSTHE BEPOSITHOCTHU, y HAC BHE3AITHO BbLIe3eT KpuTudecKuii 6ar B Teopuu. [loromy mamo craga-
Jia TIPOPEINTD MPABUIBHBIM 00pPa30oM Bce MHOKeCTBa. [loTom Hamo OyaeT mpopekKuBaTh (PYHKITMH, TIOTOM CTPOUTH
CIENUABHYIO TEOPUI0 MHTErPUPOBanus 3Tux QyHKImiA u T.7. Ho camoe 3ab6aBHOE 3aKII0IAETCST B TOM, 9ITO €CJIH BB
[IOIIBITAETECH HAWTH T€ CaMble IJIOXUE MHOXKECTBA, OT KOTOPBIX MbI IBITAJIMCH M30aBUTHCsI, Y BaC 3TO HU 3a YTO HE
nosryuantes. OKa3bIBAETCs, ITO OHU CYIIECTBYIOT TOJIBLKO TOLJIA, KOTJIA BhI BEPUTE B AKCHOMY BBIOOpA’, a €CIIU BBI B
Hee He BEPUTE, TO HEJIb3s HU JO0KA3aTh, YTO TAKUX IIJIOXMX MHOYKECTB HET, HA MpuBecTu rnpumepa. [Iporre roBops, B
HOPMAJIPHOE KM3HU HE MATEMATHUKA OHU IOIPOCTY HE BCTPEUAIOTCS, U X BOODIE TOBOPsi HUKTO HUKOTIA HE BHUJIEJ
u He yBUAMT. [loTOMY s IpH pacckase O TeOpUH BEPOSTHOCTU BBIPEXKY BCIO 3Ty TPYIHO [T€PEBAPUBAEMYIO JIAOYIY U
Gy/ly paccKasbIBATh MOYTH YECTHO, HO 3aTO BO MHOTO pa3 (HAJIEIOCH) TIOHSITHEE.

BepositHocTs Ilycrh y Hac ecTh KaKOe-TO MPOCTPAHCTBO 3jieMeHTapHbIX ucxonos (2. HedopmasibHO, BeposiTHOCTH
— 9TO IPABWJIO, KOTOPOE KayKJOMYy COOBITHIO (TO €CTb IIOJMHOYKECTBY) CTABUT B COOTBETCTBHE HEOTPUIATE/HLHOE
YUCII0 (BEPOSATHOCTD COOBITHS) U CTABUT 9TO HEKOTOPLIM XOpomnM criocobom. Jlasaiite BBeJeM CTPOroe orpeieieHue.

ITycts ) — MPOCTPAHCTBO 3JEMEHTAPHBIX UCXOIOB (TO €CTh IPOM3BOJIBHOE MHOXKECTBO), Uepes3 29 oBozHATIM
MHOYKecTBO Beex noamuozkects (2.2 Torma BepositHocTb Ha §) 3T0 oToGpazxkenue P: 29 — R, (u3 MHOXKeECTBa BCeX
HOAMHOXKECTB {) B MHOYKECTBO HEOTPUIATE/LHBIX BEIIECTBEHHBIX YHCE]), TAKOE YTO BBIIOJIHEHBI CJIELYIOINUE Ipa-
BUJI&

1. P(@)=0,P(Q)=1.
2. P(AUB) = P(A) 4+ P(B) upu ycaosun, yto AN B = &.
3. IlycTh ecThb moc/ie0BaTEILHOCTD HellepeceKaromuxcs coopituit A; C §2, A; N A; = @, Torna

oo

P(lJ4) =) P(4)

i=1 %

B arom ciayuae 3nauenue P(A) naspiBaercst BeposTHOCTHIO cobbitus A C Q. Muoxkectso ) BMecTe ¢ BepogTHOCTHIO P
HAa3bIBAETCS BEPOSATHOCTHBIM IIPOCTPAHCTBOM. VIMEHHO 3Ta mapa MOJTHOCTHIO OMUCHIBAET JIIOOOM CIIyJallHbIl OO BHEKT.
Orobpazkenne BepOATHOCTH P elle Ha3bIBAIOT BEPOSITHOCTHOM MepOii.

BeposiTHOCTB J1H060T0 COOBITHST 0653aTEIBHO HAXOANTCS MEXK/Ly HysleM u exuHureil. Yeiaosue P(&) = 0 o3navaer,
YTO BEPOSITHOCTH HEBO3MOYKHOI'O COOBITHSI PaBHa HyJto, a ycaosue P(2) = 1 o3HavaeT, 9T0 BEPOSITHOCTD, YTO YTO-
HUOYIb /12 IPOU30§/1eT PaBHA €JIMHHUIIE.

Tperbe ycsioBue — 310 Jurib OoJsiee cuabHasA Bepcus BToporo. [loromy BTopoe ycaoBre MOKHO ObLIO ObI OTKUHY Th,
HO OHO OYeHDb IOJIE3HO I MOHUMAHUS, YTO IPOUCXOAUT. BTopoe yciioBme o3HadaeT, 4TO €CJu y BacC €CTb JIBa
COOBITUS, KOTOPBIE HE MOTI'YT CJIYYUTHCHA OJHOBPEMEHHO, TO BEPOSATHOCTH TOT'O, UYTO CJIYYUTCH OJHO U3 HUX PaBHA
cyMMe BeposgTHoOcTell. Erre mose3Ho IOHNMATh CIIeIyIoIIre CBOfCTBA

1. Ecim ectpb aBa cobbitus A C B C 2, To ectb cobblTe A Beerma Biaeder cobpitue B, ToO
P(B\ A)=P(B)— P(A)

9710 3HAYMT, 9TO ecan A BiledeT B, TO BEPOATHOCTH, YTO IPOU30iieT B, HO A IIpU 9TOM He CJIy9IUTCs, PaBHA
pasnoctu BepogrHocreit P(B) — P(A).

2. Ecnu ectb nBa npousBosibHBIX cobbitus A, B C ), To
P(B\A)=P(B)-P(ANB)

DTO 3HAYUT, UTO €CJIU €CTh JIBa IPOU3BOJIBHBIX COObITHUSI A 1 B, TO BEpOSITHOCTH TOTO, UTO pousoiiger B, HO
He A, paBHa Pa3HOCTH BEPOSITHOCTU TOTO, YTO MPOU30iAeT B BEPOATHOCTU OIHOBPEMEHHOIO BbINajeHns A u

B.

23970 opiHA U3 OYEHD TOIYJISPHEIX ¥ HE OYEBUIHBIX aKCHOM TEOPHM MHOKecTB. IIpo6ieMa B TOM, 9TO B aBCTPAKTHO MATeMATHKE OHA,
OYeHb IOJIE3HAS.
3To ecrp 3amuch A € 2% ozmauaer, uro A C Q.



3. s moboro cobbrtus A C (), Bepro

P(A)=1-P(A)
To ecTh BEpOATHOCTH OTPUIAHUSA COOLITUS A €CTh JIOTOTHEHNE BEPOATHOCTA A 10 e MHUTIbI.
4. Ecnu ectb gpa cobbitug A C B C Q, To ectb A Biiewer B, To
P(A) < P(B)

To ecTb y He MeHBIIETO COOBITHS, HE MEHbIIIE BEPOSITHOCTh. MOoXKeT Tak 0Ka3aTbCsl, 9TO Y OOJIBIIEro cOObITHS
BEPOSITHOCTH TaKasi XKe, HO TO OyIeT 03HAYATH, YTO BEPOATHOCTh MX PA3HOCTH HYJIEBAs.

5. Ecmu ects nBa cobbrrust A, B C ), To
P(AUB)=P(A)+ P(B)— P(ANB)

Eciu Bo1 3HAaeTE, 9T0 COOBITHS A 1 B MOTYT MPOU30NTH OJHOBPEMEHHO, TO BEPOSITHOCTH TOrO, YTO CJIYIUTCS
OJIHO U3 HUX CIUTAETCS 110 (DOPMYyJIe BBIIIE, HAJIO CJIOXKUATH BEPOATHOCTU COOBITAN M BBIYECTH BEPOSATHOCTH MX
OJ/THOBPEMEHHOI'O BBINMAIEHUsI. DTO HA3BIBAETCS (POPMYJIa BKIIIOUCHUST UCKIIIOUCHS.

Onsares npuMmep ¢ Kyobukom Jlasaiire nepexsnodunmcs Ha HAII IpuMep ¢ Kybukom. B srom ciyuae 2 = {1,2,3,4,5,
Orkyna 6pars Mepy? Ee namo 3ajars. 13 kakux coobpazkennii? 31eCh HAIO UCXOINUTH U3 (DPU3MIECKUX YCJIOBUH 3a-
gauan. Bcee 3aBucHT OT TOro, KAKMMH CBOMCTBaMH 00Ja/aeT Hall KyOuk. Eciaum Mbl cumTaeM, 9T0 KyOMK XOPOIITO
c6aJIaHCUPOBaH, TO 9TO O3HAUAET, YTO BEPOSTHOCTD MOJYIUTh JIOOYI0 TpaHb onuHakosast. To ectb P(i) = p € Ry,
rae 1 < ¢ < 6. C apyroit cropoHbI

1=PQ)=P{1}U{2u{BtU {4} U{5} U{6}) = P({1}) + P({2}) + P({3}) + P({4}) + P({5}) + P({6}) = 6p

3HaguT p = %. Ho eciiz MBI coMHeBaeMcsI, UTO KYOMK ObLI IIPABUJIBHBIM, TO BOODIIE IOBOPsi, YTOOBI 33/1aTh BEPOSIT-
HOCTB Ha BCEX COOBITUSIX MbI JIOJIZKHBI 33/1aTh BEPOSITHOCTH KAKIOI0 3JIEMEHTAPHOTO NCXOJIa TPOU3BOJILHO P (1) = py,
rae 1 < ¢ <6, upusrom 0 < p; u Z?:1 p; = 1. Teopernyuecku moIX0OAAT JTHOObIE HAOOPBI YUCEN P; YIOBJIETBOPSIIOIIHE
ITOCJIEIHAM JIBYM ycJioBUsiM. Bce oHE OyayT OoTBeYaTh KyOMKaM C PA3HON CTEIEHBI0 DAJAHCUPOBKHU I'DaHEei.

Kak M0xkHO 6BLIO OBI 9KCIEPUMEHTAIBHO U3MEPHUTD 1MOI00HbBIE ducaa p;? MoxkHO ObLT0 OBI CIeIaTh Tak: bepem
KyOuK u KujaeM ero 1 pa3. CuuraeM CKOJIBKO pa3 BBIIAJIO YUcIo 1 1 mosydaeM aucio ky, (1), mis qucia 2 nosaydaem

6 ‘ .
kn(2) m .11 Baxkno, aro ) ), ky, (i) = n. Terepsb mocMoTpuM Ha YaCTOTY BBIIAICHHS I'PAHH 4 IIOCJIE 7 SKCIIEPUMEHTOB

Fon (3 i
7 TIOJTY IUM % Ecau 661 MBI MOTUIM IIPOBECTH IKCIEPUMEHT OECKOHETHO JIOJITO, TO MBI MOTJIM ObI HAWTHU TIPeJIes
. ka(9)
p; = lim
n—oo n

D10 U ObLIN OBI TE€ CaMble BEPOSITHOCTH, KOTOPbIE HAJIO OBLIO ObI MIPUIUCATH K JIAHHOMY KOHKPETHOMY KyOUKY.

ITpumep ¢ monerkamu Ilycts MbI OpocaeM MOHETKY n pa3d. B ciytuae Bbinasenust opia Mbl OyaeM mucats 0, a B
ciiyuae Bblnajenus pemku — 1. Torja B KadecTBe pe3ysibrara HAIIEro dKCIepUMeHTa (UM OTBETa YePHOIO SIIIUKA)
y Hac OyayT nociemoBarensHocTr u3 0 u 1 gmuae n. Beero takux mocnenoBarensnocreit oyaer 2”. Takum obpazom
Q = {(a1,...,a,) | a; € {0,1}}. Beposirnocrs 3anamum tak: P(aq,...,a,) = 1/2". To ectb BCe 371€MeHTAPHbIE
HCXO/bI PABHOBEPOSITHBIE.

Koneunbie MHOXKeCTBa 3JI€MEHTAPHBIX UCXOOOB llycrh y HAC HEKOTODBIN CIIy9IalHBIH OOBEKT OIMUCHIBACTCS
MHOYKECTBOM HUCXOJIOB ) M IYCTh 9TO MHOXKECTBO KOHEYHO, TO €CTh Yy HAC BO3MOYKHO BCETO JIMIIb KOHETHOE UHCJIO
BO3MOXKHBIX COCTOSIHWI y HaIero ciaydaiinoro oobekra. Ilycts Q = {wy,...,w,}. OkasbiBaeTcs, 9T0 9TOOBI 331aThH
BEPOSITHOCTh Ha TAKOM IIPOCTPAHCTBE, TO JIOCTATOYHO KaXKJOH TOYKEe w; IPUINCATH €€ BEPOATHOCTb, a MMEHHO
nonoxkuTh P(w;) = p;, The 9ucia p; yIOBJIETBOPSIOT CIELYIOIMUM JABYM YCJIOBHSIM

n
O0<pim sz:l
i=1

Torma sepoarrocTs P: 2% — R, 3amaercs 1o npasmiy, mis jo6oro A C € momoxKum

P(A):Zpi

wi; €A



To ecTb, 9TOOBI TOCYUTATH BEPOATHOCTD COOBITHST A, HAJIO CJIOXKUTH BEPOSATHOCTH BCEX FJIEMEHTAPHBIX UCXOJ0OB 9TOTO
cOOBITUSI. DTO CaMBbIii IPOCTOIi crI0Ccob 3a/1aBaTh BeposaTHOCTH. Ha KOHEUYHBIX MHOXKECTBAX JIPYIUX CIIOCOOOB 3a/1aBaTh
BEPOSITHOCTH He cyIecTByeT. IloToMy, KOrjia OIUChIBAIOT CJIyYaiiHbIil OObEKT C KOHEYHBIM YUCJIOM COCTOSIHUI, BCEra
YKa3bIBAIOT BEPOSTHOCTH BCEX JIEMEHTAPHBIX MCXO0B. EIe B MOMOOHBIX CIydasix MPUHSTO CUUTATh, 9TO p; > 0,
TaK KaK €CJIA Y JIEMEHTAPHOI'O MCXOa BEPOSTHOCTH HOJIb, TO €r0 MOXKHO BBIKMHYTH u3 ) mbOO 3TO ObI 03HAYAJIO,
9TO ITOT MCXO/J] IIPOCTO HE MOYKET ITPOU30HTH.

IIpumeps! «HenmpepbIBHBIX» Mep Ilycrs y mHac Q = [0, 1] — orpesok. Torma must moboro uaTepBata [a,b] C [0, 1]
nosoxxuM P([a,b]) = b — a, TO ecTh BEPOATHOCTH paBHA JyinHe oTpeska. st moboro mogmuoxkectsa X C [0, 1] Mol
MOYKEM 33]]aTh Mepy Kak

P(X) :)Zld:c

Eciu X = [a, b], TO MbI 110JIy9uM BBEJIEHHOE BBIIIE IIPABUJIO — JJIUHY OTpe3Ka. Ho 9T0 IpaBusio npuMeHuMo Jjist Kydu
JpyruxX MHOXKeCTB. MOXKHO B3ATh TOUKY, WK 00beINHEHIE OTPE3KOB, WJIN MOJIynHTepBaJbl. Ha camoM jiesie MOYKHO
O6paThb JTII0060€e TTOIMHOKECTBO Ha OTPE3Ke, HO TOTJA MPUJIETCS CTPOUTDH MPABUABHYIO Bepcuio mHTerpaJsa. [lomobuas
BEPOSITHOCTh «PABHOMEDHO pacupejiesieHas mo orpesky [0, 1]. Erme obpaTure BHUMaHUE, YTO BEPOSITHOCTD IIOIACTH B
TOYKY paBHa HyJto, To ectb P({a}) = 0 nuist sir060ii a € [0, 1]. Tem He MeHee, cama BepOsiTHOCTHAs Mepa P ipu aToM
HE HyJIeBas. DTOT IPUMED MOSCHSIET, T0YeMy He JOCTATOYHO Mepy 3aJlaBaTh TOJLKO Ha JIEMEHTAPHBIX UCXOAX.

VYcnoBHas BepositTHOCTb IlycTh y Hac ecrb BeposaTHOCTHOE HpocrpancTso (€2, P), omnuceiBaioniee Kakoii-iu6o
CIIyJaiiHbIi OO'BEKT U IIyCTh Y HAC ecTh (pukcupoBarHoe cobbitre B C Q. Teneps mpeioioKuM, 9T0 HAC HHTEPECY 0T
HE BCe COOBITHS CJIyYailHOTO OO'bEKTa, & TOJIBKO Te, 4TO CJIydaloTcsd BHYTpu cobbitus B. IIpo 310 MOXKHO aymarh
TaK, Mbl HTHOPUPYEM JII0DO0 OTBET HAIIETO Y€PHOI0 AIMMKA JI0 TeX 0P, [MOKa He IOHaJIca oTBeT u3 cobbitusa B. To
€CThb Yy TAKOI'0 HOBOI'O YEPHOIO SINUKA MPOCTPAHCTBO BCEX cocTosHMiT — 310 B. Bompoc, a Kak ke TaM ycTpoeHa
BEPOSITHOCTH? DTa BEPOATHOCTH HA3BIBAETCS YCJIOBHON BEPOATHOCTBHIO W cumTaercs Tak: myctb A C ) — jmoboe
cobbiTue Ha ), Torma

P(ANB)

P(B)

[TocseHee BhIpaskeHre HA3BIBAETCs YCJOBHOI BeposiTHOCTBHIO A mpu yciosuu B. IIpo 3ro Hamo maymarb Tak. Tak
KaK MbI TEIEePb HHTEPECYEMCsl TOJHKO TEMHU MCXOJAMH, YTO JIeXKaT BHYTPHU B, TO KOTJa MbI IpoBepsieM coobiTre A
y Hac obg3aresibHo ciydaercs cobbitue A N B (to ecrb omuospemento A u B), no P(A N B) — 3T0 BepoATHOCTH
9TOr0 COOBITHS B MCXOIHOM IdKcIepuMmenTe. FKcim Mbl 3a0biBaeM Bce coObITHS BHE B, TO BEpOATHOCTH B 10IKHA
cTtaTh eguHUIE. [IoToMy MBI TOTTOJTHUTETFHO HOPMUPYEM Ha BeposTHOCTH B. Kak Buano m3 hopMysibl, TOT00HYIO
KOHCTPYKIIMIO MOXKHO TIPOBEPHYTH TOJIbKO ecou P(B) # 0.

Erme 1po 310 MoxKHO JymMarh Tak: P(2) = 1 — 310 Kak Obl J0Js1 BCEX BOBMOKHBIX 3JIEMEHTAPHBIX UCXOJOB B {) 1
pasyMHO, 4TO BCe MCXo/bl Jaror poiro 1. Torpa P(B) — aro josst Tex cobbiTuit, 9ro jexar B B, a P(AN B) — 310
noJia cobbituii onnospemento B A u B. Torna Pg(A) nokaseiBaer 1010 cobbitug A N B B cobbituu B.

Eie obparure BHEMaHME, YTO P — 3TO BEPOATHOCTHAsA Mepa Ha nCXomHoM §2, a He Tosbko Ha B. IIpocro eciu
cobbITHE A He MOXKeT HACTYIHTH OJHOBpPeMeHHo ¢ B (3ro smaxur A N B = @ mim 4to To e camoe A C B), To
Pp(A) = 0. Boobme, Pg(A) = 0 Torma u Tosbko Torja, Korga P(ANB) = 0, To ecTb eciin BepOSITHOCTb HACTY IIJIEHHS]
000X COOBITHI OJTHOBPEMEHHO PaBHA HYJIIO.

Eme sty dhopmysty mose3no nepenucarb Tak

P(A| B) = Pg(4) =

P(ANB) = P(B)P(A| B)

To ecTb, 9TOOBI TTOCYUTATH BEPOSITHOCTH OJHOBPEMEHHOTO HACTYILICHUS COObITHIT A 1 B HaJI0 yMHOXKHUTDH BEPOSIT-
HOCTb HACTYILJIEHUsI COOBITUSI B Ha YCJIOBHYIO BEPOSITHOCTH HACTYILIeHUs] cOObITUs A IIpU ycjIoBUM HaCTyILieHus: B.
ITpuuem B 9TOM BHJE HaM He HaJo Tpebosarhb, uroObl P(B) # 0. OHa BepHa jaxe B ciaydae P(B) = 0, B aToM
ciaydae obe 4acTH paBeHCTBa HyJieBble. B TakoM Bu/ie Ta hopMysia HoJe3Ha B 3a/a4ax.

HesaBucumbie cobbitusi  Ilycrs (2, P) — HEKOTOPOe BEPOSITHOCTHOE IIPOCTPAHCTBO, ONUCHIBAIONIEE KAKONR-TO CJIy-
qaiinbiit 06bexT. [Tycrs A, B C ) — nBa coberrusa. OHu HasbIBalOTCH He3aBUCHMbIME, ecin P(A N B) = P(A)P(B).
Hasaiite pazbepemcs ¢ a1uM dopMasbHbIM onpejesnenueM. Bo-nepsbix, ecim P(A) = 0, 1o A HezaBucumo ¢ Jo6bM
cobbrTreM B u Haoboport, ecin P(B) = 0, To OHO HE3aBUCHMO ¢ JIIOOBIM cOObITHEM A. DT0 BayKHBINH YaCTHBIN CIIyvai,



KOTOpDBIIl Ha/I0 uMeTh B Buay. [lomumo 910 ocraercs cirydaii, Korga ode BEPOSTHOCTH He HOJIb. B 9TOM cirydae Mbl
MOZKeM IepelnucaTh yCJIOBHEe HEe3aBUCUMOCTHU B BUJIE

pay =208 _ pia )
P(B)

DTO PaBEHCTBO MOYKHO MPOYMTATH B HecuMMeTpudHoii dhopme. Cobbitne A He 3aBUCHUT OT coObITHS B, eciin ero
ycaoBHas BepositHoctb P(A | B) me 3aBucur or B u paBaa o6bruHoil BepositHoctu P(A). Ho 3amerum, uro dbpasa
«A He 3aBucuT OoT B» — 3T0 JMIIb Ccrocob mpounTaTh (HGOPMYILY, PEATBHO ITO BCETJA O3HAYAET CUMMETPUYHOE
ycsioBue, 9To 06a COOBITHS He3aBUCUMBI, TO ecTh paBeHcTBo P(A N B) = P(A)P(B).

JasaiiTe npuBe/ieM IpHMeD 3aBUCHMBIX U HE3ABHCHMBIX cOObITHI. Bo3bMeM NpaBUIIbHBII HIDATIBHBINA KyOUK, TO
ects 2 ={1,2,3,4,5,6} u P(i) = 1/6. B stom ciryuae paccmorpum cobbitust A = {1,2} («BbIIaJeT oAuH nin asas )
u B ={1,3} («Bomager oxun wiu tpus). Torga 5Tu cOObITUS 32aBUCHMBI

P(ANB) = P({1,2} N {1,3}) = P({1}) = ¢

1 1 1 1 1

P(A)P(B)=P({1,2})P({1 = (Z+Z)[=+2) ==

@wre) = 2P = (5+5) (5+5) =3

Erme nojie3no moHnMaTh, €Cjin y Bac €CTh JiBa He TepeceKaronuxcs codbbitus A u B, nMeroriye HeHyIeBble BEPOITHO-

cru (P(A) # 0 u P(B) # 0), 1o onn Bcerja 3asucumsl, aeficrsurensuo P(AN B) = P(@) =0, no P(A)P(B) # 0.
Tenepb npuBesieM npuMep HesapucuMbix cobbrruii. [yers A = {1,2,3} u B = {1,4}, rorga

P(AN B) = P({1,2,3} N {1,4}) = P({1}) = é
PuyPm) = paL2spria = (z+5+5) (5+5) =

Boobriiie roBopst, 3T0 0YeHb HE OYEBMJIHBINA BOIIPOC, KaK, VIS B IVIa3a JBYM COOBITHSIM, BBIIBITATH Y HUX HE3aBU-
CUMBI OHM WJIU HeT. EJIMHCTBEHHBIN CIIOCOO — MOJICTaBUTH B (OPMYJIy U IIPOBEPUTH paBeHCTBO. Hudero Jrydire He
cymectByer. Ho 3aT0 KOrJia BBI 3HaeTe, YTO KAKUE-TO COOBITHSI HE3ABUCHUMBI — 3TO OOBIYHO OIDOMHBIN TIOBOJ, JIJIst
pagocTu.

OO0bIvYHAs CUTYAINs, KOI/Ia [TOJIyYaloTCs HE3aBUCUMbIe COOBITHS — KOI'/Ia BbI IIPOBOJIUTE IB& PA3HBIX CJIydallHbIX
JKCIIepUMeHTa. A MMEHHO, IIyCTh y BacC €CThb JBa YEPHBIX Amnka X U Y M KaxKblil jJaer cBoit orBeT. Terepb BbI
CTPOUTE HOBBI YEPHBII SIMK Z KaK TaKOH, YTO BBIJIAET Iapy OTBETOB OT JIBYX HNpeXKHuX Amukos. OKa3biBaeTcs,
910 COOBITUS C(HOPMYITUPOBaHHBIE B TepMUHAX X U COOBITHS CHOPMYJIMPOBAHHBIE B TEDMUHAX Y OY/yT HE3ABUCUMbI
s aamka Z. C MaTeMaTHIecKoit TOUKW 3peHns TMOCTeIHAs IpoIeaypa o3HadaeT ciaemyiomee. [Iycts y Bac ecThb
BepodaTHOCTHBIE TpocTpancTBa (21, P1) u (Qg, P2) onucbiBatomue depubie sinwku X u Y, coorBercrBenHo. Torma
€CJIM YEePHBIA SAIMUK BbIJIAET JBa OTBETa HE3ABUCHMO, TO €I'0 BEPOSITHOCTHOE IIPOCTPAHCTBO Oyer {21 X . A kakas
Oyner BeposTHOCTB? st 00bix jByx cobbituit A C Q1 u B C )y MBI MOXKEM IOJIOXKHUTb BEPOSITHOCTH COOBITHS
A x B C )y x Qs 1o npaBuLy

P(A x B)=P(A)P(B)

IOTOMY 9TO OHO IO CYyTH O3Ha4aeT, Y70 X BbLJIAJ oTBeT u3 A, a Y Bbigas oTBeT u3 B. DTa BepOsITHOCTD JIOJIZKHA OBIThH
[IPOU3BEJICHUEM BEPOSITHOCTEH JIJIsT KaXKJIOTO U3 YE€PHBIX SIIIIUKOB B CUJIy HE3aBUCUMOCTH. TakuM 00pa30M MBI 3HAEM
BEPOSITHOCTD Ha BCEX «IIPAMOYTOIbHIKaX» Buja A X B B 1 X Qo. A najiee u3 aJINTUBHOCTH BEPOATHOCTH MbI MOYKEM
npubJInKATh TAKAMU TPSMOYTOJBHUKAMU JIPYTHAE MPOU3BOJIbHBIE COOBITHsT Ha ()1 X (o M MOJYyYUM TIOJHOIEHHYTO
BEPOSITHOCTb.

[Tone3ubiM pUMEpPOM SABJISIETCS CJleyomas 3aaada. [IpernomoKum Mbl PABHOMEPHO KHJIAeM TOUYKY HA OTPE30K
[0,1]. Torma 2 = [0, 1], a BeposiTHOCTD — AyTMHA. ECm ke MBI KHIaeM PABHOMEPHO Ha OTPE30K JIBE TOUKU HE3ABUCHU-
MO JIpYT OT JIpyra, 9TO O3HAUAET, UTO MBI KHJaeM TouKy Ha kBajpar [0, 1] x [0, 1], a KoopuHATEI 9TOH TOUKH — ITO
[IOJIOYKEHME [TePBOIl U BTOPOil OpOIIEHHOM TOYKKA. A B CHUJIy HE3aBUCUMOCTH BEPOSITHOCTb Ha, KBaJpaTe CTAHOBUTCS
IO IbI0. AHAJIOTHYIHO BO BCEX JIPYTHMX 3ajadaX, KOIJla HE3aBUCUMO KHUJAIOT TOYKU Ha Pa3IUdHbe (DUTYPHI B
PA3HBIX KOJIMYECTBAX, MPOCTPAHCTBO JIEMEHTAPHBIX UCXOI0B IPEBPAIIAETCS B POU3BEJICHIE IPOCTPAHCTB, & BEPO-
SITHOCTh B «IIPOM3BEJICHUE» BEPOSTHOCTEH B CMBICJIE BhIe. 1o ecTh ecyin GUrypbl UMeJN B KA9eCTBE BEPOATHOCTH
IJIOMIA/IH, JITINHBI, 00BEMBI U [IPOYee, TO UTOrOBasi BEPOATHOCTD OyJIeT MHOTOMEPHBIM OOHEMOM.



HesaBucumocts B coBokymHoctu [lycrs (€2, P) — Halll BEpOATHOCTHBIHA Y€PHBIIA ANIUK U B HEM 33/[aHbI COOBITHS
Ay, ..., A, C Q. Torna oHM HA3BIBAIOTCS HE3ABUCUMBIMU B COBOKYITHOCTH, €CJIN

P(A;, N...NAy) = P(A;)... P(A;,)

Just moboro Habopa mogmuoXKecTB A; ..., A; , tme 1 <y < ... <ip <nul<k<n 4 xouy obparuts BHIMA-
HUe, 9TO eCJIH COOBITUSI HE3ABUCUMBI B COBOKYIIHOCTH, TO JII0O0€ IMOAMHOXKeCTBO cobbituit A;, , ..., A;, Toxe Oymer
HE3aBUCUMBIM B COBOKYITHOCTH. B 9aCTHOCTH BCe COOBITHs OymyT momapHO He3aBucHMbIMEU. OJHAKO, M3 MOMAapHOit
HE3aBUCUMOCTHU HE CJIEJIYeT HE3aBUCUMOCTh B COBOKYITHOCTHU. JlaBaiiTe paccMOTpUM CJIEIYIONUI TpuMep.

Pacemorpum HesasucuMoe Gpocanue nBYX mpaBuibHBIX MoHeToK. Torma € = {(0,0),(0,1),(1,0),(1,1)}, tme 0
O3HAYAET BBINAJIECHUE OpJa, a 1 — BBIIAJEHHE PelKd. BeposTHOCTh KaxKIOro M3 9TUX COObITHil mosjaraercs 1/4.
Torga paccMoTpuM Tpu COOBITHS:

e A ={(1,0),(1,1)}, uro 3HAUMT «y IIE€PBOIl MOHETHI BBIIAJIA PEIIKa.
o Ay ={(0,1),(1,1)}, uro 3HAUMT «y BTOPOIl MOHETHI BBIIAJIA PEIIKay.
e Ay ={(0,1),(1,0)}, uro 3HAUUT «MOHETHI BBIIAJN [IO-PASHOMY .

3amernm, UTO BCe 3TU COOBITHS OJJHOBDEMEHHO HE COBMECTHBI, TO ecTh Ag N A1 N Ay = &. Iloromy paBeHCTBO
P(Ag N A1 N Ag) = P(Ap)P(A1)P(Az) ne BomonHsiercss. Ho, npsiMble BBIYHCJICHNUS, TOKA3BIBAIOT, YTO BCE ITH
cobbITUsL TIOAPHO He3aBucuMbl. IIpoBepum 310 B ciayuae A; u As. Bumum, uro P(A;) = 1/2, P(As) = 1/2 n
P(A1NAy)=P({(1,1)}) =1/4 = P(A1)P(As). AHATIOTIYHO IETAIOTCS OCTAJIBHBIE JIBA CITyYasl.

JlyMaTh mpo STOT IpUMep Hajo Tak. Jjist Kaxkjoi mapbl cOOBITHsI HACTYIAIOT He3aBUCHMO. TO eCTh BeposiT-
HOCTb TOIO CJHY4YMTCsl A; MM HeT HUKAaK He 3aBUCUT OT TOro mpomsonuio Ag miam Her. OJHAKO, €CJIM MBI XOTHM
cdopmympoBaTh Gosiee cI0KHOE cobbITHe, HanmpuMmep, Ag N Aj, UTO 03HAYAET «MOHETHI IOKA3aJIN Pa3HBIH Pe3yIlb-
TAT W HA MEPBOH MOHETE BBINAJIA PEIKa». B 9TOM CiIydae MbI BUJMM, YTO PE3YJIbTAT BBIIJIECHNUS BTOPOil MOHETHI
LPEJIONPEENIeH, OH 00s3aH ObITh OPJIOM, TYT HET HUKAKON HE3ABHCHMOCTH.

Eme pa3 npo monerku Ilycth mMbI n pa3 6pocaem mMoHeTKy. Toria smeMeHTapHBIMEU UCXOIaMU y HAC SABJISIIACH
[0CJIeJ0BATEIBHOCTD U3 HyJIel u e uHuIl JyHBL n. Mel nosaramnu, aro P(ay,...,a,) = 1/2". Tloas3ysick noHATHEM
HE3ABUCUMOCTH, MOXKHO JIATh €CTECTBEHHOE 00ObsICHEHME TOMY, UYTO 9TO O3HAYAET JJIs HAIlero sKcrepumenTa. Jleii-
CTBUTEJIBHO, COOBbITUE (A7, ..., d,) O3HAYAET: « IEepPBas MOHETA [OKa3aja 1, BTOpas MOHETa IOKA3aJa dg,. .., N5
MOHETa MOKA3aJ1a dy,». 10 €CThb 3TO mepecedenre COObITHIT BUIA «i-s MOHETa MOKa3aja a;». Lorga BHIHO, 9TO MbI
ITOJIOYKUJIU HAILY BEPOATHOCTD I10 IIPABUILY

1
P(ay,...,a,) = P(«1-a MOHeTa IOKa3aja a1») ... P(«n-s MOHeTa NOKa3aJa Gp») = g

Taxum 06pa30M IPEAIOIOKEHNE O PABHOMEPHOCTH PACIIPEe/IeHIs] BEPOSATHOCTH IO BCeM OPOCAHMSIM MOHETOK O3Ha-
9aeT, YTO BBIMAJEHUS OPJIOB M PEIIeK Y PA3HBIX MOHET IPOUCXOIUT HE3ABUCHUMO IPYT OT Apyra. B sTom ciryuae
TOBOPSIT, 9TO MBI 6POCAEM 1 MOHETOK HE3aBHCHMO JIPYT OT JIpyTa.

D opmyJIbl OJMHOM BeposaTHOCTH IlycThb y Bac ecrb BeposgTHOCTHOE IIpocTpancTBo (2, P), onuchiBaolee Kakoii-
To ciaydaiinelii 00bext. Ilycrs y Bac 3aganm mabop cobwrrmii Aq,..., A, C § Taxoii, uro A; N A; = & jis JI100bIX
1 #juQd=AU...UA,. To ectb cOOBITHSI He MEPECEKAIOTCS U MOKPBIBAIOT BCE ITPOCTPAHCTBO 3JIEMEHTAPHBIX
ncxonoB. Torma Takoit HA6OpP cobbITHil Ha3biBaeTcs pasbuenuem (). HedopmaabHo po pasbuenune HAO AyMaTh TaK:
BBI [IEPEIUCIIACTE B3ANMOUCKIIOYAIONINE COCTOSTHUS B KOTOPBIX MOXKET OBITH cucrteMa. Hampumep, B ciaydae KyOuka
BBI MOXKeTe BhIOpaTh pa3bnueHne u3 JByX COOBITHIL: «BBIIAJIO YETHOE» U «BBIAJIO HeUYeTHOE». BBl 3HAETE, YTO BCerja
[POU30MIET OJIHO M3 JIBYX UM HUYErO JIPYroro ObITh He MoxkeT. Eime MOXKHO pasbute Ha cobbrtust A; = {1,2},
Ay = {3,4} u A3 = {5,6}. D11 cOOBITUS CJIOXKHO OIUCATH CJIOBECHO, TOUHEE MOXKHO, HO OyJieT 3By4arh ruyno. Ho
TeM He MeHee, 9TO TOXKe BIIOJIHE cebe pazdueHue.
[Tycts Teneps y HAC ecTh cobbITHE A, TOT/A BBIMTOJIHIETCS CJIELYIONast (hopMyia

n
P(A) = P(A| A\)P(A1) + ...+ P(A| Ay)P(An) = Y P(A| A)P(4))
i=1
Dra dopmyia Ha3bBaeTcs (HOPMYJIONH Mmoo BeposTHOCTH. OHA OBIBAET IMOJIE3HA, KOTJA BbI 3HAETE YCJIOBHBIE
BepositHocTu P(A | A;) u 3Haere BepositHoctu P(A;), ¢ KOTOPBIME Ballle IPOCTPAHCTBO ObETCs HA ITU COOBITUSL.



®opmyanl Baiieca Ilpespinymias dhopmysia 0ObITHO WIET B CBSA3KE C ele OJHON momy asspaoit dopmysioit. Ona
cBsi3aHa ¢ TeM, Kak nepecantats P(A | B) uepes P(B | A) u mHao6opor. dtu GbopMysbl HasbBawTCs GOPMyTaMu
Baiieca. Ilyctb y Hac ectb jBa cobbrtust A u B B §2, Torja

P(BNA) P(ANB) P(A|B)P(B)

_ _ _ |
P(B]A) = P(A) o P(A) o P(A)
Hrorosoe pasencrso
ey P(A| B)P(B)
P(B|A)= W

u Ha3bIiBaeTcs popMysioil Baiieca.

BeposTHOCTb COBMECTHOrO HACTyIUIeHusl coObiTuii Ilycrs B BepogTHOCTHOM npocrpancrse (£, P) 3amaHbt
cobbrrust A, B, C, D C Q, Torja BepoOsiTHOCTh OJIHOBPEMEHHOIO HACTYILICHUST COOBITHIH MOYKHO CUYUTATH CJIELYIOIIAM
obpazom
P(CD)=P(C | D)P(D)
P(BCD)=P(B|CD)P(C | D)P(D)
P(ABCD)=P(A| BCD)P(B|CD)P(C | D)P(D)



Cemunap 1

Sagadmn:

1.

Bacwuauit permmm mokpacoBaThes miepet Bacuancoit n yTBepKIaeT, ITO OpOCUB JiBa KyOUKa, Y HETO 00s13aTe/IHHO
BBINIAJIET [IIECTEPKA. Bacuimca co CBOell CTOPOHBI PEIIuia MoAAaThcss Bacuimio u OyjileT iTHOpUPOBaTh BCe €ro
O6pocKu, ecin Ha KyOWKax BBIMAJIN OJWHAKOBBIE uncia. Haiiure BeposTHOCTB TOTO, UuTO Bacuinii mpousseer
BIeUaT/IeHUE Ha Bacwincy B 3TUX yC/IOBUSIX.

B mexkoropom mpekpacnoM ropojie «Mkcs nacemenme Boipocso axk j10 10 denosek. Ilo aTomy mpekpacHOMy
CJIydaro B HEM OTKPBUICS MApK aTTPAKIMOHOB, /e MOXKHO mompbiraTh Ha Garyre. OKazajioch, 9To GaryT
00s13aTeJIbHO PBETCSI, €CJIM HA HEM HAXOIUTCHA D JeJIOBEK, B ciydae 4 YeJIOBEK OH PBETCS C BepOATHOCTHIO 0, 8,
B ciydae 3 JesioBek ¢ BeposaATHOCTHIO 0,6, B ciaydae 2 4deyoBek ¢ BeposTHOCTBHIO 0,4, B ciydae 1 dyemoBeka C
BeposiTHOCTHIO (), 2 U IPOU3BOAUTE/Ib FAPAHTUPYET, YTO UX HAJIEYKHbIE U KAUeCTBEHHbIE 0ATYTHI caMu 110 cebe He
pByTcs. HecmoTpst Ha npasgaudHOoe cobbITHe, KuTen ropojaa «VKey oveHb 3aHSATHI, KaXK bl U3 HIUX MOXKET
IpUHTH B TAPK € BepoaTHOCTHIO 0, 5. Y3HaiiTe, KAKOBa BEPOSITHOCTH TOTO, 9TO y K€ B IIEPBBI JIeHb OU3HEC C
6aTyTOM HAKPOETCS.

B merke JiekuT Tpu mapa: J1Ba 9epHbIX U oJuH Gestbiit. Mbl IPOU3BOINM CJIE Iy IONIHE JIEHCTBUSI: BHITACKIBAEM
map, 3aluchbBaeM ero IBeT 1 00paTHO KJIaJeM Iap JIpyroro rnsera. Takue JeificTBIsS TPOIEIBIBAIOTCS TPH Pa3a.
PaccMarpuBasi TAaKON 9KCIIEPHUMEHT KaK CJIyJaifHBbIN, ONMIINTE BEPOSITHOCTHOE IpocTpaHcTBo (§2, P), TO ecTh
POCTPAHCTEO 3JTEMEHTAPHBIX UCXO7I0B §) 1 BeposTHOCTHYIO Mepy P: 2% — [0, 1] na mem. Kaxosa BeposTHOCTE
IOy Th OEJIbIil map Ha TpeTbeM Imare?

. Hdano muoxecrso X = {1,2,3,4}. Byaem pasaoBeposTHO Boibuparh rpad G ua sepmmnax u3 X. Haiinure

CJIeJTyIOIIEe BEPOSITHOCTH

(a) BepositHocTb, uTO rpad cBa3eH.
(b

) BeposiTHOCTB, 4TO rpad sIBJIsIeTCs J€PEBOM.
(¢) BepositHOCTB, 9TO rpad JepeBo, IpU YCJIOBUU, YTO OH CBSI3CH.

(d) BepositHOCTB, uTO Tpadh CBA3EH, IPU YCJIOBUM, 9TO OH HE JIEPEBO.

Besynuuk Epmosiait npumes B Ka3uHO ¢ JByMsi MOHeTaMu. Jleiast CTaBKY OH BBIMTPBIBAET C BEPOSTHOCTHIO P
7 TIPOUTPBHIBAET C BEPOSTHOCTHIO ¢. 3a MOOETy MK MPOUTPHIIT OH MOy YIAeT UIN COOTBETCTBEHHO TEPSAET OTHY
MoHeTy. EpMosiaii permui He MeJIOYUThCA U UIPATh [0 IIOJIHOM rmoTepu JeHer. Haliinre BEpOSTHOCTD, YTO OH
cliesiaeT XOTs ObI 5 CTaBOK.

B kBazgpar co cropoHoii 2 paBHOMepPHO OpocaroT JWMCK pajuyca r < 1/4 Tak, 9TO OH IEJMKOM IOlaJaer
B IpsiMOyTroyibHUK. OMUIIUTE BEPOSTHOCTHOE IIPOCTPAHCTBO M HAiIMTe BEPOSTHOCTH TOTO, YTO OPOIIEHHBIH
JIMCK TIepecedeTr XOTsi Obl OJIHY JUaroHaJjb KBapara.



Teopust BepogTHOCTH

Jnma Tpymma

Cemunap 2

CayuaiiHble BEeJINYNHBI

IlousitTue ciy4uaiiHoii BeaumyuuHbI [IpeamosokuM Bl U3ydaeTe KAKOH-TO CAyIaiiHbIil 00beKT. UT0oOBI ommcarh
TaKoil 06'bEKT, BbI JIOJIZKHBI OITUCATH MHOYKECTBO BCEX €r0 COCTOSHUH () U BEPOSTHOCTHYIO MEPY HA 9TOM MHOXKECTBE
P. OpgHako, MOXKET TaK CJIYYUTHCH, UYTO MHOXKECTBO ) HEIOHSITHO KaK YCTPOEHHBIM, MOO BbI K€ He 3HAeTe, UTO
BHYTPH Balllero 4epHOro smmuka. Hampumep, eciim paboraere ¢ 3jieMeHTapHbIMU dactuniamu. la ¢ur ero 3naer,
KaK TaM 9TO Yy HUX YCTPOEHO W B KAKUX COCTOSTHUAX MoyKeT ObiTh vyacturia! Ho jaxke eciin BBl ero 3uaere, MOKeT
CIIy9IUTbCS ApyTasi 0e1a, OHO HA CTOJIHKO OTPOMHOE, YTO HEITOHATHO Kak ¢ HuM paborars. Hampumep, ecu BbI xoTHTE
B34Th CJIy4ailHOTO YeJIOBEKA, TO BCE BOSMOXKHBIE HCXOJIbI — 9TO BCe BO3MOXKHBIE JIIO/IM Ha 3eMmiie. KTo xo4uer paborarh
¢ MHOXKeCTBOM () TOpsiaKa 7,5 MUJLIAApa 3JIeMEHTOB?

OjHako, 9acTo JiJIsd pelreHust KOHKPETHOM 3a/iadu HaM ¥ He HaJlo 3HaTh Bce () mesmkoM. Bmecto sToro Hajo
JINIIb 3HATH YTO-TO, YTO BAYKHO JJIsl 3a7a49u. 1yT Ha IMOMOIb IPUXOIAT CJIyJaiiHble BEJTNIUHBI.

IIpeacraBbTe, 9TO ¥ Bac €CTh HEKOTOPBIN YepHBIN amuk. BMecTo Toro, 9Tobbl 3a/1aBaTh eMy Bompoc: «B kakom
ThI COCTOSTHUU» MBI MOYKEM 3a/[aBaTh 60Jiee KOHKPETHBIE BOIIPOCHL: «KaKas y Tebsi TeMrieparypa’s, «Kakoil y rTebs
nBer?», «kakoe y Tebs maiaerne?» u T.7. [Ipo 970 MOKHO JyMaTh TaK, ITO K HAIIEMY UePHOMY SIIUKY MbI TPUKPETI-
JIsIeM U3MEPUTEJIbHBIN TPUOOP, KOTOPbI Ha BBIXO/E BHIIAET HEKOTOPOe YrcJio. M Korja Mbl 33/1a€M BOIIPOC YEPHOMY
SITIIUKY, MBI IIPOCTO CMOTPUM Ha MOKA3aHUsI HAIero rnpubopa. B pesysnbrare, Mbl osryuaeMm nHAGOPMAIUIO HE B BU-
Jie TIOJTHOTO OINMCAHWS B KAKOM COCTOSTHUU HAXOIWTCS HAIl YEPHBIA SIIIUK, a8 BCEro JIUIIb YUCIO0, MOKA3BIBAIOIIEE
3HaYeHNEe KOHKPETHOW BEJINIUHBI.

Ecin nam coryuaiinbiii 00bekT onmcbiBadics napoii (€2, P), To ciaydaiinas BeJIMIMHA — 9TO IPABUIIO, KOTOPOE KaXK-
JIOMY 3JIEMEHTAPHOMY UCXOJY w € {) CTABUT B COOTBETCTBHE HEKOTOPOE BellecTBeHHOe ducio. To ecTh, ciydaiiHast
BeJIMYIUHA — 3T0 oToOpaxkenue &: {2 — R.

IIpumepsnt

1. 3mocuacTHbIl KyOuk ommcbBaercs mapoit (2, P), tne Q = {1,2,3,4,5,6} u P(k) = 1/6. laBaiiTe paccMoTpuM
cyuaiinyio Besmanty &: ) — R o npasuiy (k) = k (mod 2), To ects ocratok or mesennst Ha 2. Torga &
YeTHBIE TIEPEBOJINT B HOJIb, a HedeTHbIe epesoauT B 1. Takum ob6pazom £ Mopenupyer HaM OpocaHue MOHETKH
0 = {0,1}. C mpyroit croponsl, 0 MOKeT BblacTb Ha cobbiTin {2,4,6}, TO €CTh BEPOSTHOCTH BBIIAEHUS
0 nrst € pasra 1/2. To ecTh MBI MOJIyYUIN TPABWJILHYIO MOHETKY C DABHOBEPOSITHBIM BBIAJECHUEM OPJIa U

PeIKH.

2. Tlycrb Ternepb y HAC PACCMATPUBAETCS HE3aBUCUMOE Gpocanue n npasuibHbix MoreToK. Torma Q = {(aq,...,ay |
a; € {0,1})} cocrour u3 Beex nociemoBaTeabHOCTE U3 HyJel U exuHUI AyuHbL 1. JlaBaiiTe paccMOTPUM CJTy-
vaiinyo Besimuudy £: () — R paBHYI0 KOJIMYECTBY BBIIABIIUX PEIIEK, TO ecTb &(a1,...,a,) = a1 + ... + ap.

Torma ¢ npunumaer 3Hadenns ot 0 10 7 ¥ BEPOATHOCTH TOro, uTo & = k pasna CF /2", D10 vacTHbI cryJait
OMHOMUAIBLHOTO pacipe/iesenus. B jannoM cirydae Ha £ MOXKHO CMOTPETb KaK Ha YEPHBIH SIIUK C IPOCTPaH-
creom Q = {0,...,n}, mpu arom P(k) = CF/2".

Ternepb Kora Mbl ©3MepPsieM TOJILKO TI0Ka3aHust Npubopa (Halry cirydaiiHyio BeJIMINHY ), Mbl MOYKEM CMOTDETH Ha,
YepHBII AMUK C TPUOOPOM, KAK HA HOBBIH CJIyYallHBIN OOBEKT, COCTOSHIST KOTOPOT'O — 9TO BCE JAeHCTBUTE/IbHBIE YUCTIA
R. Bosaukaer Bompoc, a Kak »Ke Ha 9TOM YePHOM SIUKe ycTpoeHa BeposiTHOCTH! Ilo ompenesieHnio BepOSTHOCTH
HOBOI'O AIUKA yCTPOEHAa TaK:

P:(A) =P € A) = P({w| &w) € A}) = P(§(A)), ana moboro A C R

To ecrb mysg xKaxkaoro nmogmuoxkectsa A C R Mbl cMOTpuM Ha cOOBITHE, YTO HAIla CJIydaiiHas BeJUYNHA BbLIAJA
orBeT u3 MHOKecTBa A. UT00OBI MOCUYNTATH 9TO 3HAYEHUE, MBI CMOTPUM BCE JIEMEHTAPHBIE UCXOIbI W, IIPH KOTOPBIX



&(w) € A, cajuBaeM WX B OJIHO COOBITHE U U3MEPSAEM €ro BEPOATHOCTb. DTO U OYJET TO, YTO MBI TOJHKO YTO
OTIPEIEeITILIN.

Tenepb, Koryla HAC MHTEPeCYIOT JIMIIb OKa3aHus Ipubopa, BMecto uzydenus ({2, P) Mbl OyJ1eM n3yvaTh HOBYIO
napy (R, P¢). VI Ham COBEpIIEHHO He BarKHO, KAKHUM OBLIO OPUTHHAIBHOE MpocTpaHcTBO () u Mepa P. Eciu orser
Ha HAIly 3aJady 3aBHCUT TOJIBKO OT 3HadeHmit £, TO BCe, 9TO HAM HAJO 3HATH, — 9TO Mepa Py Ha mpsmoii. Teneps
BO3HHUKAaeT Pe3OHHLIH BOIIPOC: a KaK BOODIE 337aBaTh BEPOATHOCTHLIE MEpPHI Ha IIPAMOIl I KAKUMH OHHI ObBafoT? $1
HpeIaraio pasobpaThes ¢ THM BOIIPOCOM JaJiee.

BepositHOoCcTHBIE MepbI Ha mpaAMOil  UTo 3HAYUT 33/aTh BEPOATHOCTH HA HPSMON! DTO 3HAYMUT, MbI JOJIZKHBI
Jis Kazkioro nogMuoxkectsa A C R 3agars uncino P(A) Tak, 4ro6bl BBIIOJHSINCH AKCUOMBI JIJIsl BEPOSITHOCTH:

1. Hust mo6oro A € R Bepro, uto 0 < P(A) < 1.
2. P(@) =0, P(R) = 1.

3. s 0601t mocsIeI0BATEBHOCTH TIOTIAPHO HEIIEPECEKAIOIUXC s TOAMHOXKeCTB Ay, Aa, ..., Ay, ... C R (T0 ecTb

A;NA; = @) somonneno P(J:2, Ai) =Y oo P(A)).

MSIrKo TOBOPsI HEIIOHSITHO, KaK BOOOIIE TepebpaTh BCe TIOJAMHOXKECTBA U MIPUIIACATD UM HYKHOE YHCJIO, TaK eIlle
7 OTBPATUTEJIBHO CJIOKHOE YCJIOBHE I0J] TPETHUM IIyHKTOM HaMEKaeT, 9YTO Mbl OyjaeM MyuuThesa. OKasblBaeTcst, 9TO
JIOCTATOYHO HAY YUThCS 38/1aBaTh BEPOSITHOCTH TOTO, YTO CJIyJYaiiHas BeJIMUNHA [I0IaJa B IOy uHTepBaJl (a, b], To ecTh
BepoaTHOCTh cobbiTus Pla < & < b).%'% A nanmee ecTh 0b6Imas mporeypa, KOTopas FOBOPHUT, KaK PACIPOCTPAHHUTD
HAIIy BEPOSITHOCTH HA JII000€ TIOJIMHOXKECTBO MTPSIMOI.

Mpbr e OyzeM cebst MyduTh 9TOM abCTPAKTHOI 0OITeit TIpoIie Iy poii, a MOsICHUM Ha TTape TPUMepPOB, KaK OTCIOIA
BBITAIIUTH MePhI 0Tpe3Ka 1 uHTepBasia. [lycrb Mbl xorum nocuurars P([a, b]). Torna Hao BHIOGPATH MOCIEI0BATEb-
HOCTBb YHCeJT a4y, < G TAKUX, 9TO @, — a npu n — oo. Torma P([a,b]) = lim, oo P((an,d]), T0 ecTh MBI mepeceuem
[OJIyMHTEPBAJIbI C JIEBBIMU KOHIIAMU 9yTh JIeBee TOYKU G. AHAJIOTUYHO, ecjiu Mbl xoTuM nocuurars P((a,b)), Boibe-
peM IOCJIEIOBATENBHOCTD duced b, < b Takyio, 4ro b, — b nupu n — co. Torma P((a,b)) = lim,_, P((a, by]), TO
€CTh MbI O0'bEJIMHUM TIOJIyUHTEPBAJIBI C IPABBIME KOHIIAMHU 9y Th JieBee b.

®yHkuMs pacnpegeiaeHuss UTobbl HAyINThCs 3a1aBaTh BepositHocTu P(€ € (a,b]) nocTaTouHO HAYYIUTHCS W3-
MEpATH CJIEAYIONIYIO BEJIUIAHY
Fe(x) = P(§ <z) = P(§ € (—o0,7])

Torpa dyuknus Fe(xr) HasbiBaercs GyHKIMER pacnpeneseHus ciydaiinoil seauaunel . JIeHCTBUTENBHO, B 9TOM
cirydae
P(€ € (a,b]) = P(§ € (—00,b]) = P(§ € (—00,a]) = Fe(b) — Fe(a)

To ecTb, 4TOOBI 387]aTh BEPOSITHOCTHYIO MEPY Ha MPSIMON, HAM JOCTATOYHO 3aJaTh OJHY €JIMHCTBEHHYIO (DYyHKIUIO
F¢(x) u oma oIHO3HAMHO OLPENEINT HEKOTOPYIO BEPOATHOCTL. IIpudem dopMyita Bbllle JaeT SBHLIN BHJ AJIS BEPO-
SATHOCTH TOMAJAHNS B HOJYUHTEPBAJ, & B IPEIBIIAYIIEM PA3Iese si OMUCAJ KAK CIUTAETCS IOMAJaHNue B OTKPBITHINA
¥ 3aMKHYTBIIl HHTEPBAJIbL.

Terepsb Bech BOIIPOC B TOM, a JIFOOYI0 i (DYHKIMIO MOXKHO B36ITh B KadecTBe F¢(x) u eciu He 00y10, TO KaKne
Ha Hee JIOJIKHBI OBITH ycsioBusi? KoHedHo ke coBcem jr0bast (DYHKIMS He OO0 IeT WHadYe He OYJIYT BBIIOJIHSITHCS
AKCHOMBI Ha, BEPOATHOCTH. HO ciiemyronuil ClimcoK aKCHOM SIBJISIETCSI TIOJTHBIM OIUCcaHueM (DYHKIIHA pacIIpe e/IeH s

VYrBepxkaeaue. Oynxuus F: R — R asasemen dynxyuet pacnpedenerus, mo ecmsv 3adaem HEKOMOPYIO GEPOAM-
HOCTIHYIO MEPY, M0204 U MOALKO Tozda, Ko2da ona ydosaemseopaem cAedyouUUM CE0TCTNEaAM:

1. F asasemes neybwvearowel gyrrkyuet, mo ecmy, ecau x < y, mo F(x) < F(y).
2. limg oo F(2) =0 wlimg— o F(z) = 1.
3. Qynuxyusa F uenpepviena cnpasa, mo ecmov 0as 40600 mowku x € R eepro

F(z+) = t>%17rg1_>0 F(z+1t)=F(x)

1 PoBHO M0 9TOMY K€ TIPHHIUITY GBUIH OIIpeIeIeHbl BEPOSTHOCTHBIE MEPHI B IPIMEPAX BbIIIIE.

2Eciu y Bac meXKaBIo C HT€PATOPAMH B CTAHIAPTHBIX GHOIMOTEKAaX S3BIKOB IIPOIPAMMHDOBAHUS, TO 3TO He Caydaiino. VI Tam u TyT
PEHIKH U3MEPSIOTCS ITOJIynHTEPBaJIaMU.

3HeobxoauMocTh paboThI C IOJYHHTEPBAJAMU CBA3aHa BOT C deM. MOXKeT TakK OKa3aThbCs, YTO BEPOATHOCTDH IIONACTh B TDAHUILY
MHTEPBAJIA SIBJISIETCS] HEHYJIEBBIM YUCJIOM. UTOOBI He OBLIO IyTAHWUIL C IIPABUJIAMH U BBIUYMCIEHUSIMU, OKA3bIBAETCSI, YTO MOy UHTEPBAJIBL
BeJyT cebsl CHIIBHO JIydllle, YeM MHTEPBAJbl (OTKPLITHIE UM 3aMKHYTBIE).



IIpumepsl pyHKIMI pacnpenegeHUs

1. Bpocamme MoHETKH.

Coin Distribution
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2. PasHOMepHOe pacrpeziesierne Ha orpeske [0, 1].

Uniform Distribution

1.0 Uniform
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Kaxkue ObIBAlOT BEPOSITHOCTHBIE MepbI HA mpsiMoit  DyHKIUs pacrpejiesieHust — 3T0 3amedaresibHo. C momMo-
IO Hee MOXKHO 33/1aTh aOCOTIOTHO JIIOOYIO BEPOSITHOCTD Ha, IpsiMoii. Ho oka3biBaeTcs, ITO €Cin yMEPUTD aleTUTHI
U CTapaThbCsl OIUCATH HE BCE BO3MOXKHBIE BEPOSITHOCTHBIE MEPhI, MOXKHO JaTh elle 0oJjiee KJieBoe omucanue. Tax mo-
JIYIHJIOCH, UYTO B MaTeMaTHKe €CTh TPU KJIACCA BEPOATHOCTHBIX Mep:

1. uckperHble.
2. HenpepoiHbie.
3. DK30THKA.

loBopst 10 YecTHOMY, BTOPOU KJiacC Ha3biBaeTCs «AOCOJIFOTHO HempepbiBHBIE», a «HemnpepbiBHbIMIY HA3BIBAETCS
BTODOIl U TpeTuil Kjaacc Bmecre. VIMeHHO Takasi TEpMUHOJIOTHs [IpUHATA B MareMmaruke. OIHAKO, TAK CJIOKUIOCH,
YTO IK30TUIECKUE PACHPEICJEHNs B XKU3HU HE BCTPEYAIOTCH, 9TO JIUIIb IJI0T GOJIbHOI (paHTa3nn MaTeMaTuKoB (XoTs
TYT s MOTY ¥ TAPOYKY IPUMEPOB IPUBECTH ). [109TOMY B MHKEHEPHOI U TIPUKJIaIHON JIUTEPATY e TPETH KJIACC BOBCE
HE YIIOMUHAIOT, 8 BTOPOI JJIsl IPOCTOTHI HA3BIBAIOT HEIIPEPBIBHLIMU. #1 pEnmI, ITO MPUKJIaTHAT TEPMIHOJIOTHS HAC
BIIOJIHE YCTPOUT, TeM HO0Jjiee UTO MPUJIETCsl TOBOPUTH MEHBIIE 3aIly TAHHBIX CJIOB.

JuckperHblie cirydaiiHble BeJIUYUHBI [lycTh s X04y 3a/1aTh JUCKPETHYIO CJIyYalHYIO BeJIMYUHY £ HA MPIMOit
R. 4 B mavane gosmkeH 3aduUKCHPOBATH HEKOTOPHIE TaHHBIE:

1. TTocaemoBaTembHOCTD Unces a, € R. DT0 MOXKeT OBITH KOHEUHAsT MM OECKOHETHAs MOCJIEI0BATEILHOCTD JII0-
OBIX YKCes Ha IPIMOii. DTO OYJLYyT BbIJIEJIEHHbIE 3HAYCHNST, KOTOPBIE PA3PEIIeHO MPUHUMATH HAIIEH CJIy daifHOM
BeJINYIUHE. DTU 3HAYCHUsT HA3BIBAIOTCS €Ie ATOMAMMI.

2. IMociemoBarebHOCTL dHCES Pp, € R. DTUX Ynces JOJKHO OBITH CTOJIBKO K€, CKOJIBKO U (. DTO OyIyT Be-
POSITHOCTH, ¢ KOTOPBIMHU HAllla CJIydaiiHasl BeJIMYnHa OyleT IPUHUMATDH BbljIeJIEHHbIE 3HaYeHus. [loroMmy OoHM
JIOJIZKHBI YJIOBJIETBOPSITH CJIEIYIOIIIM CBOACTBAM:

(a) 0<p; <1
(b) Zfi1 pi=1.



Torna s npoussosbHoro A C R BepossTHOCTH 3aa€TCsl Tak

P&(A) = Z Di

a; €A

TO €CTh MBI CMOTPHAM KaKHe ATOMBI TOIAIA B MHOXKECTBO A M CKJIaIbIBA€M COOTBETCTBYIONIUE STUM ATOMAM BEpO-
arHocTu p;. B wactHoctu P(§ = a;) = p;. U ecam 4uciio a He paBHO HUKAKOMY U3 a;, TO BepoarHocTh P(§ = a) = 0.
Qynxrus pacupenenenns: Fe(x) B 9ToM ciydae Oymer CTyImeHIaTOll

Discrete Distribution

0d — Distribution Function *—
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B kauecTBe mprMepa MOXKHO paccMoTperh Opocanue Kyouka. CirydaitHas Besmdauna £ — 9ucjIo Ha Tpann. AToMamu
OyayT uucsia or 1 o 6, a npunucaHHbBIE UM BEPOSTHOCTH Bce paBHBbI 1/6 ecim Kybuk cOasancupoBaHHBIA. Eire
ofUH TpuMep — Opocanume mMoHeTku. Ecim opes, To npubop mokasbiBaeT 0, a eciu pemka, To — 1. Eciaun moneTka
cOaJIaHCUPOBaHHAsI, TO IIPUITUCAHHBIE BEPOSITHOCTH OyyT 1/2 B 060MX Cirydasix.

IIpumepsnt

1. Pacupesnesnenne Beprysum. D70 pacupejienesne jiisl TPOU3BOJIBHON (HEOOsI3aTeIbHO IPABUIIBHOM) MOHETKH.
OTa caydaiiHas BeJUYNHA 3a/IaHa TaOauIeit

0 1

¢ p q

npus3roM p+q=1up,q > 0.

2. BunomuanbHoe pacupejesnerre B(n,p). DTo pacupejeseHue [JIs YUCJIA BBIIABIIUX PEIIEK B 7 HE3ABUCUMbBIX
Gpocanusix (HeoOBs3aTeIbHO MPABUIIbHOM) MOHETKH. JTa CIyvuaifHasi BeJMINHA 3a/aHa Tabuiedt

¢ {0 1 k .on
¢ Copg"™t ... CipfgtTh oL pt
npu3roM p+q=1up,q > 0.

3. Pacupenenenue Ilyaccona P(\), upu srom A > 0. Dra ciaydaiinas BeJudnHa 3a1aHa Tabueit

0 1 k
&~ e~ e ... S_Q!Ak

4. Teomerpuyeckoe pacipejiesieHne. DTO pacipejiesieHue OTBeYaeT 3a BEPOSITHOCTH TOSIBJIEHUsI [IEPBOIO yCIIexa
rpu 6pocaHuU HENPAaBUJIHLHONW MOHETKH, a UMEHHO, 3Ta BeJIMYNHA PaBHA HOMEDY II€PBOrO yCIIeXa.

¢ 1 2 ... k
p g ... ¢"7'p

Bropoii BapuaHT reoMeTpUYeCcKOro pacrupeieeHns: KOJMIeCTBO Heyaad /10 IIePBOro ycexa, To ecTb & — 1.



HenpepsbiBHbIe citydaiiHble BeJnYIuUHbI [lycTh g X049y 3a7aTh HEMPEPLIBHYIO CAYIARHYIO0 BeJIUINHY & Ha, Ipsi-
moit R. 4 B nHagasie momkeH 3adpUKCHPOBATL HEKOTOPBIE JTAHHbBIE:

1. ®yukuusa p: R — R no npasuity  — p(x). Dr1a dyHkims OyJer Ha3bIBATHCH [JIOTHOCTHIO CJIyYailHON BeJI-
9UHBI £ ¥ JIOJI2KHA YIOBJIETBOPSTE CJIELYIONIUM CBOMCTBAM:

(a) 0 < p(x) st Beex x € R.
(b) ffooo p(x)dr = 1.

Torna s npousBosbHOro noaMuokecrsa A C R BEpOATHOCTD 3a/a€TCs TaK

Eciu, nanpumep, A = [a, b], monyunrepsan A = (a,b] nan uarepsan A = (a,b), To

b
Pe([a,b]) = Pe((a,b]) = Pe((a,b)) = /p(w) dx

a

To ecTb mHTErpas OT @ 10 b 3a71aeT BEPOSTHOCTD, YTO CIydaiiHas BeJIMYWHA BBIIAJIA OTBET B MHTEPBAJjeE OT G 10 b.
Eme obparure BHIMaHHTE, ITO [J1s JTIIOOOTO Uncyia a € R BBITOTHEHO

a

P<s=a>=/p<m>dx:o

a

To ecTb BEpPOATHOCTD TIONIACTD B KaXK Iyl0 KOHKPETHYIO TOUKY paBHa HYJII0, HO IIPU 3TOM caMa, (DyHKIUA BepOSTHOCTH
He HyJeBas. Emie crouT o6paTuTh BHIMAaHUE Ha CBA3b MEXKJY ILIOTHOCTBIO U (byHKIHMel pacupenenenus. Ecam Bbl
sHaeTe GYHKIMIO paciupeneaerns Fg (), To INIOTHOCTL GyAeT BHIMUCIATHCA Kak mpoussonHast p(z) = Fe(z)'.

YHacToTHOE MOHUMAHUE IJIOTHOCTU  3J1ECH 51 OIHUIIY, KAK MOYKHO JIYMATh PO IJIOTHOCTD CJIYy9aiffHON BEJIMINHBI.
IIycTp 3amana HenmpepbiBHAS CaydaiiHas BeaumduHa & ¢ mioTHocTeio p: R — R, 1o ecTh fR p(z)dz = 1. Jasaiite
pa306beM BCIO MIPSIMYIO HA MHTEPBAJIBI PABHOM JJIMHBI, CKAXKeM JIJIMHBI §. ByjeM jiymMarTh IIpo 9TU MHTEPBAJIBI KaK
po Kop3uHbl. Terepsb mocTaBuUM 7 SKCIEPUMEHTOB C HAIlel CJIydYailHON BeJIMYMHON &, TO eCTh CIIPDOCHM €e COCTO-
sgune n pa3. OHa HAM BBIIACT 1l UUCEJ, CKAXKEM, (1, ..., G, LOTA PA3JIOKUM IOJIYyY€HHBIE OTBETHI IT0 KOP3UHAM.
Teneps gacTora monajanns B KOP3UHY IMOJIyIAETCH PABHA KOJUIECTBY OTBETOB B KOP3WHE JIEJIEHHOMY Ha N — 00Iee
KOJIm4IecTBO OTBETOB. [Tosyunrest crynendarast GpyHKIMsI, KOTOpas IPHU MaJIOM § U GOJILITOM 1 OY/IeT OYeHb TTOX0XKa
Ha IUIOTHOCTh. Hike Ha KapTWHKE CHHAM M300parkeH rpaduk IJIOTHOCTH, & KPACHBIM CTYIEHbBKU U3 YaCTOT JIJIs
kop3uH. CaMy KOP3UHBI OTMEYEHBI IITPUXAMU BJ0JIb TOPU30HTAJIBHON OCH.

@Dynknus p(x) He IPOCTO TaK HA3BIBAETCS IUIOTHOCTBHIO. Eciam jgyMars npo Mepy P He Kak IIPO BEPOSITHOCTD, a
KaK 1po maccy, To Besmunna P(A) nokaspiBaer Kakas mMacca y Kycka npamoit A. Torma p(x) umeer dbusmaeckuii
CMBICJT TOM CaAMOii TNIOTHOCTH K KOTOPOH MBI MPUBBIK/IH B (pusuke. To ecTh OHA MOKA3BIBAET KAK MHOTO BEIECTBA Ha-
XOJUTCA B JAHHOI TOYKE IIPOCTPAHCTBA, & MAcCa OyIeT MHTErpajoM OT INIOTHOCTH. I[0TOMY ILIOTHOCTH BEPOSATHOCTH
IIOKa3bIBa€T KaK 6])1 CKOJIBKO «IIpaBI[‘OHO)IO6HOCTI/I>> HaXOo/IUTCd B ):[‘aHHOfI TOYKE, a BepOﬂTHOCTb 6y)1€T I/IHTeraHOM
OT BTOH «IIPaBJIOIOIO0OHOCTH.



IIpumepsni

1. PaBHOMepHOe pacrpejesieHne Ha orpeske [a, b]. [loTHOCTD MeeT BHL

1 1, z€a,b]

p(l‘) = HX[a,b] ($)7 TAe  Xla,b] (.T) =

2. DKCIOHEHNHAIbHOE pacipejesenne. Ero mIoTHOCTh 3a/1aeTcs B BH/IE
p(z) = Xe™?0(z), rtme O(z)=

IIpu sTom A > 0.
3. Hopmasbhoe pacnpezenenue N (a, o). Ero mwiorHocTs 3ajaercs B Buje

1 _(z—a)?
p(z) = 7%6 207

31ech a € R moboe, a ¢ > 0.4

XapaKTepI/ICTI/IKI/I CﬂyqaﬁHbIX BeJINYNH

ITycrs y Hac £ — HEKOTOpasl CydailHas BeJUYUHA HA HEKOTOPOM BEPOSITHOCTHOM 1pocrpanctse (2, P). ®opmasibho,
& — aro Hekoropast dhyHKnus Ha (). A 9TO 3HAYUAT, UTO ITA BEJIUIMHA HA CAMOM Jlejie He cirydaiiHas! DTO 3HAUWT,
9TOo f OPpUHUMaET OJHO U TO 2K€ 3HaYeHHUEe JIJIsI BCEX dJIEMEHTapPHbIX NCXO/JI0B, TO €CTh g SIBJIA€TCAd KOHCTaHTOM. TaKI/IM
06pa3oM MbI MOYKEM PACCMATPUBATEH OOBITHBIE YUC/IA KAK CJIYYaliHble BEJIMIMHDBI, KOTOPBIE IIPAaB/Ia OKA3BIBAIOTCS YIKE
HEe TaKUMHU YK U cirydaitasiMu. Tak Kak ¢ uncjiaMu paboTaTh IpoIie, 9eM ¢ HeMOHSITHBIMU CJTY YalHBIMU BEJTNIHHAMU.
HeitcTBUTeILHO, ITOOLI 33JaTh THCIO — HAJO 3aJaTh THCJI0°, 8 UTOOBI 330aTh CAyUAHyI0 BEIMTHHY HAM HAIO
33/1aBATh KAKyI0-TO TaM (QYHKIMIO PACIpEeSIEHUs C Kydell BCAKUX CBONCTB, HEMPHUATHO. [loToMy OYeHb MOJIE3HO
UMETh Ha BUJLY HEKOTOPBIE YHCJIOBBIE XaPAKTEPUCTUKY JJIsT CIIYIAMHBIX BEJUIIH.

Maremaruueckoe oxkuganue Duyiocodust ITON XapaKTepUCTUKU cjeaytomas. Jla, Mbl 3HaeM, 4TO HAIla, CJIy-
JaiiHas BeJIMYMHA He sIBJISETCs KOHCTAaHTON U BbIIaeT pa3ublit oTBeT. Ho yK oveHbh HAM XO4YeTcs CINTAThL €€ KOHCTaH-
toit. Torma BO3HHKAET BOIIPOC, & KAKOE UUCJIO SBJISETCH HAWIYYIIel 3aMeHON JjIs HAIMeH CIyJIaliHON BeJIUIUHbBI!
To ecTb: Kakoe 4uCJIO B cpejiHeM OyJieT OTBeYATh TAaK Ke, KaK W Hallla ciaydaiinas sejwmamna?! Ha camom reie B
MaTeMaTUIECKOM aHAJIN3€e JJaBHO U3BECTEH MEXaHU3M 3aMeHbl (DYHKIINU YHUCJIOM — 3aMeHa (PYHKIINU €€ NHTEIDAJIOM.
Paz £: Q — R — 310 dpyHKIust Ha ), TO MBI XOTUM OIIPEJEUTh MATEMATUIECKOE OXKUJIAHNE CJIeyomeil (hopMyIIoit

E(¢) Q/fdPR/def

JlaBaiiTe s IONBITAIOCH NIPUJIATH CMBICT 3THM (DOPMyJIaM, HE BIAABAsCh B JeTaju. PaBeHCTBO HOMED OJIUH IVIACHT

E(¢) = Q/ £dp

Hano upencraButs cebe rpaduk dyukuuu y = &(w). Ilo onpenesenuto uarerpai — 3ro 00beM 1101 rpadukom, Koriaa
3a mwromaab Ha {2 orBedaer P. To ecTb, MBI XOTUM YCPEJHUTH BCE 3HAUEHUSA & C YIETOM TOrO, HA CKOJBKO YACTO
KaXKJ[0e 3HAUYEHKe BCTPEYAeTcs. 3a YacToTy HOsBJIeHUs 3HadeHus &(w) OTBeYaeT BepOaTHOCTb P.

IlaBaiiTe pacCMOTPUM CJIEYIOIINI TIpocToit mpuMmep. Ilycrs

a, weA

&= b, we A

4Huke s paccKasKy Hpo HEro 4yTh GoJiee IMOAPOGHO. DTO OIMH M3 CAMBIX BasKHBIX KJIACCOB PACIIPEIEC/ICHUS] B OCHOBHOM 6iaromapsi
IlenTpasbHO TIpEAEIBLHON TeopeMe, KOTOpas TOBOPHT, UTO 3TO PAaCHpPEIe/IeHIe B HEKOTOPOM CMBICJIE YHUBEPCATBHO.
5Crnacu6o, Kair.



To ecrs caydaiinas Beanauna £ TPUHUMAET [1Ba 3HAYEHUs @ U b. 3HAYEHUE a BBITAJIAET, KOTJA CJIydaeTcst COObITHE
A, a snauenne b, korya ciydaercs A, To ecTh, Korya He ciaydaerca A. Toryia BepoaTHOCTh MOMyunTh a ecth P(A),
a BepoaTHOCTH oTBeta b ectb P(A). 3uaunt B cpeamem Mbl okugaeMm ysuiers orser aP(A) + bP(A). Xopomas
MHTYWIUS TIOJTyIaeTCsl, €CIH JIyMaTh 9aCTOTHO. FC/u MBI IIpOBEIN N 9KCIEPUMEHTOB U k pa3 ObLI OTBET a, TO N — k
pa3 orser b. Eciim MBI Tenepb yCpegHNM BCE OTBETBI, TO IMOJIYIHM

ak +bn—k) k n—k

— =aP(A P(A
p an+bn aP(A) 4+ bP(A)

ocJIe/iHee PABEHCTBO BO3HUKAET U3 YaCTOTHON nHTepuperaimuu Beposgraocreil P(A) = k/n — Kax 4acTo MbI HOJLyIUM
orBer u3 A. Tenepb nmocmorpum Ha rpaduk GyHKIUU £ — 3TO cTyneH4Yaras (PYHKINs, OHa paBHa a Hajx A u paBHA
b man A. Ilo onpejenenuio naTErpa

/ &dpP

Q
o3HavdaeT — obbeM 1o, rpadukoM YHKIHE, ecan 3a Ioma s Ha ) orseuaer mepa P. Torma obbeMm mom Takoit
dbynkmueit Gyer paseH cyMMe 00beMOB IBYX IUIMHIPOB: IUIHHAP Hal A BBICOTOM a n mmmmHap Ham A BbicoToit b
(¢ yueroM 3HaKOB a U b 06beM GyJIeT MOJIOKUTENBHBIM WM OTPUIATEIbHBIM). Ho 06beM mepBoro muimHapa — 31o
€ro BBICOTA HA ILIONIA b OCHOBaHUsI, TO ecThb aP(A), a o6bem Broporo — bP(A). Takum o6pa3oM B3sITHe HHTErpaja —
9TO B TOYHOCTHU yCPETHEHUE BCEX 3HAUCHUIA CJIYIANHON BEJIMIUHBI ¢ yIETOM YACTOTHI UX TOSBJICHUs. DTy UHTYHUIIAIO
MOXKHO PACIPOCTPAHUTH HA CJIydail mpousBosbHOi . I dhopmasbHas KOHCTPYKIMS UHTErpaJIa

Q/fdP

YCTPOEHa TaK, 9TOOBI 9TA UHTYUIINS ITPOJOJIKAIA PAabOTATE.

IIpumepsr  Popmysia Bbilie ObIBAET OYEHD HOJIE3HA, KOIJA BEPOATHOCTHOE IPOCTPaHCTBO ({2, P) yCcTpOeHO «Ipo-
CTO», TO €CTh MBI MOYKEM IIPUIATH CMBICIA STOMY HHTerpasy. /laBaiiTe mocMoTpuM Ha JBA BAYKHBIX CJIydasi.

1. TIycrs Q = [0, 1]? — xBagpar Ha miockocTu. U mycTh BEpOSTHOCTB — 3TO MII0Ma 1. Toraa ciiyvaiinas BeTuanHa
&: Q — R — 310 npoussosbHag GyHKIus Ha KBajpare. Hampumep, Mbl MOKeM cKa3arb, 4To &(x,y) = xy +
cos(z) — sin(y). U rorma maTeMaTrndeckoe 0OXKUJAHUE 110 OIPEIETICHHUIO OYIET PABHO

/fdP = / (zy + cos(z) — sin(y)) dzdy
Q

[0,1]2

2. Jlpyroii Xoponmii IpuMep MOYKHO IHOJIyYHUThb B CJIydae JUCKpeTHoro npocrpancrsa. Ilycrs Q = {(a1,a2) | a; €
{0,1}} — npocrpaucrBo onuceiBaoriee 6POCOK ABYX MOHET. Il MbI cuuTaeM, 4To BCe UCXOIbl PABHOBEPOSATHBI,
TO €CTh MbI JIJIAE€M «He3aBUCUMbIe» Opocanus MoHeT. Paccmorpum dyukuumio £(ar,a2) = ai + a2, 10 ecTb £ —
3TO KOJIMIECTBO peIrek 3a JBa Opocka. Torma rpaduk GyHKIUNT MOXKHO n300pa3uTh TabDIUIIEH

] o 1 1 2
w | (0,0) | (0,1) | (0,1) | (1,1)

Tak Kak £ HOCTOSIHHA HA KAXKJIOM OJIHOTOYEYHOM MHOXKecTBe Buia {(a1,az2)}, TO «momaaby 1o/ rpadbukom
MOKHO CYMTATh KaK CyMMy <«IUlomiajeii» dersipex ¢uryp. B nauase 6epem crynensky naz roukoit (0,0). Ee
BeicoTa Oymer 0, 3Haunt twromazns oymer 0 - P(0,0) = 0. Bropast crynenbka Oymer Hax toukoit (0,1) u ee
BbIcOTA 1, 3HAUHUT ee wiomas Oyer 1- P(0,1) = 1/4. Tperbst crynenbka Gyzer Ha Toukoit (1,0) u ee BbicoTa
ondarh 1, sHauuT u ee wiomaas oygaer 1 - P(1,0) = 1/4. Yersepraga crynenbka Oyuer Haz toukoii (1,1) u ee
BbicoTa 2. 3HaunT ee wiomaap Oyger 2 - P(1,1) = 1/2. B urore maremaruyieckoe oxkujanue OygeT paBHO
/.gdp — £(0,0)P(0,0) + £(0, 1)P(0, 1) + £(1,0)P(1,0) + £(1, )P(1,1) = 1- i +1. i +1. i +2. i

Q

[To anayiorum ¢ 5TUM CIy9aeM MOXKHO IOJXOJIWUTH K CUTYalldd, KOTJIa BEPOSITHOCTH PACIIPEJIE/IeHa Ha IIPSIMOIA,
Jiexkareil Ha mrockocTu. 1orma Hy»KHO (PYHKIIUIO C IJIOCKOCTH OTPAHUYUTH HA MPSIMYIO U IPOUHTErPUPOBATH IO
npsivoit. mu npyrue momobubie curyamun. Hajeroch, 9To 9Tu Ba MpuMepa CAeIAl0T [IJisi BAC ODIIYI0 HEIOHSITHYIO
dopmyty Gosee MOJIE3HOIR.



3amMeHa nepeMeHHOIT u Apyras dopmysia MaToXKuJaHus Terneps gaBaiiTe IOrOBOPUM PO PABEHCTBO

/gdpz /xdpE

Q R

Ha camom siesie — 310 3aMeHa nepeMeHHON B mHTerpaje. CMOTpUTE YTO IIPOUCXOAMT. ¥ HAC €CTh O0TODpasKeHue
«3amenbl nepemennoii» £: Q@ — R. Kpome Toro, ectb dynkuua f: R — R no npasuny f(x) = z na upsamoii R.
Wurerpas 3aBucur or AByX Bemleil: 3Hadenuil GyHKuu u cnocoba mojcyera «IUIOMa iy HA TOPU30HTAILHON OCH.
To ecTb HAM HAJIO czeIaTh 3aMeHy it (DYHKIMH U JIJIsl MEPBI, IIPH [IEePeX0Jie OT OJHOrO MHTerpaJsa K apyromy. Ilpu
Takoii 3aMene nepeMeHHbIX GyHKIus f npespaimaercd B f o &: ) — R no npasmiy w — £(w), T0O ectb 310 U Gymer
Hama ciayvaiinas sesuauta €. Ilo onpenenennto Pe(A) = P(§71(A)) aas moGoro A C R. To ectb, ecs y HAC ecTb
kycouek mpamoit A C R, To emy Ha ) cooTBercTByeT Kycouek & 1(A) m Tak Kak OHM TIepexoJdaT JpyT B JpyTa,
TO OHU JIOJZKHBI UMETh OJIMHAKOBYIO «ILIOIIAIb» (TO €CTh OJMHAKOBYIO BEPOSITHOCTD). 3HAYUT IIPU TAKON «3aMeHe
[IEPEMEHHOM» IPABHJIO MOACYeTa «ILIOMAIN» Py Ha IPsSMON COOTBETCTBYeT IPABUILy MOACHIeTa «ILIomagms P Ha Q.
B maranasmse MBI feaau Tak: da Ha Ipsmoil mepesommin B d€(w) Ha €, u oHa coBmamamna ¢ &' (w)dw. Beex aTmx
CHMBOJIOB y HAC HeT Ha §) U 370 GecCMbIC/IeHHas paboTa ¢ 6ECCMbICIEHHBIME OYKBAME, HO CYTh CBSI3U POBHO TaKas
Ke, TOJAbKO MBI muieM dPg Bmecro dr u dP Bmecro d€(w) = &' (w)dw.

MaTtemaTudeckoe oXKuJaHue ¢ IIoMolIbio (pyHKIuUM pacnpeaesienus: 1lycTh ciydaiinas sesmauna £ nMeer
dbyukumo pacnpenenenus Fe(x) = P(€ < ). Torma

oo

E(¢) = / v dF(z)

— 00

Yrobsr 312 hbopmyTa paboTasa, JOCTATOIHO HOTPeOOBATH, ITOOB! [y Oblma auddepeHnupyeMoit ¢ HellpepBIBHOI
npou3BoHO. OHAKO, €CTh pa3HbIe JIPYrUe BapUalliy B3siTUsI MHTerpaJja Bpoje uHrerpasia Pumana-Crusbreca. B
PeasbHOM >KIU3HU BCTPEIAIOTCs CIELYONIIe CATYallu: Bala (DyHKIUA KyCOUHO TJIaJKasd U MEXK/Ly STUMH KyCOUKaMu
€CTb TOUKH pa3pbiBa. Ilycrs Fe(x) = F(x) n mycTh ay, ..., dy, ... — 9TO TOUKH Pa3pbiBa, a BeJIUIHHA pa3pbiBa Oymer
Diy- -y Pn,- - A KazKjoi Touku (3necs p; = F(a;) — F(a;—). YL nycrs @(x) — 910 dyHKIM, B KOTOPOii MbI y6paiu
BCe TOYKH pa3pbiBa y Gynkmun F. Torma mjisa maTerpasa fR xdF(x)

o Kaxkas TouKa pas3pbiBa a; BHOCUT BKJIAJ 4;];.
e Bce ocrasbuble TouKM BHOCAT BKIaL [p x dp(x) = [, ¢ (x) dx.
To ecTh MHTErpas MOJSyYAETCs paBeH
E() = /xdF(x) = Zaipi + /xcp’(a:) dx
R ‘ R

O6paruTe BHUMAaHKE, YTO TYT Mbl HE YyUUTBIBAEM 110 CyTU IK30TUIECKHE PACIIPEEIEHsI. DTO HE C IIPOCTa, ubo ITO
He npocto. Kpome Toro, B ciiydae JUCKPETHOTO MM HEIPEPBIBHOTO pacipesesieHust GOPMYIIy MOXKHO CeJIATh elne
JIydIIe.

MarteMmaTudeckoe oxKuJaHNe B AUCKPETHOM ciiydae IlycTs y Hac 3a1ana [uCKpeTHAS CIydaiiHasi BeJTMINHA

5 a; a2 ... Qp
pr p2 --- DPn

Torna omnpemenuM ee MaTeMaTUIECKOe OXKMJIAHUE CJIeyTolnei hpopMyJIoi
o0 o0
E(¢) = Zaipi = Z%‘P(f = a;)
=1 =1

Ecan momymaTsh, TO HammcaHHOE 37€Ch TOBOPUT Cjeayiomiee. Mbl TOMKHBI KaK/10e 3HAYEHUE G; B3ATh ¢ Kodddu-
[IMEHTOM DABHBIM BEPOSITHOCTH (YACTOTE MOSIBJIEHWsI OTBETA B YEPHOM SIIUKE) JIsl TOTO 3HAUEHHUs. A TIOTOM BCe
CJI0KUTh. 10O €CTh MBI ITOJIyYUM KAKOW OTBET HAIIl YEPHBII SIIUK JIAET B CPEIHEM.



MaremaTuyeckoe OXKW/IaHne B HEMpePbIBHOM cuaydae [lycThb y Hac 3ajaHa HelmpepbiBHAS CJIydaiiHas BeJd-
qmHa & ¢ WIoTHOCTHIO p(z). Torma onpesesnm ee MaTeMaTHIECKOe OXKUIAHNE Creytormei hbopmyIoi

E(¢) = 7:'31)(33) dzx

B mammom ciyuae dbusmdeckuii CMBICT TAaKOW Ke KaK M B JUCKPETHOM ciydae. MbI ycpemmasieM Bce BO3MOXKHBIE
3Ha4YeHUs X, KOTOpble IIPUHUMaeT Hallla cilydaiinas BeJUYUHa, YYUTbIBad KazK/Iblii & IPONOPIMOHAJIBLHO IIJIOTHO-
cru p(x). Yem Goibllle IJIOTHOCTH B TOYKE X, TeM GOJIbllle BKJAJ BHeceT & B (uHaIbHOE 3HaueHne. OUsATh Ke,
MaTeMaTHIeCKOe OXKUJIaHUe ITOKa3bIBaeT KAKOW OTBET B CpedHeM HaM OyJeT JaBaTh HAIl YePHBIN SIIUK.

CpaBHeHnune bopmyJ1 Ojd MaTeMaTUIeCKOro oXKujaHus JlaBaiiTe BCIOMHUM HEIOHATHYIO (DOPMYJLY:

E(¢) = / v dP;

R

B caydae jguckperHO# ciydailHONM BeJIMYUHBI, HAJIO 3aMEHWTh 3HAK WHTerpaJja cyMMoil. Ilepemennast x B 3TOM
WHTerpaJje mpoberaeT Bce 3HAUEHUS HA MIPSIMOif, TO €CTh €€ HaJ0 3aMEHUTHh HA 3HAYUEHUS CJIYJIAHON BEJIUIUHBI, TO
ecr Ha a;. A dP: J0/2KHa OTBEYATD 33 BEPOSATHOCTD LIPUHATH 3HaYeHUE a;. Jesnas 3ameny

(oo}
/HZ xra; dPe— p;
2 i=1

MBI [TOJIy 9UM (HPOPMYILY JJIs JUCKPETHOTO Ciiydasi. B HelpepbIBHOM ciIy4ae, 3HaK HHTErPaJjia OCTaBJIseM HETPOHYThIM,
[EPEMEHHYIO & OCTaBJITeM HETPOLYTOll, a BOT cuMBOI dP; MenseM Ha p(z) dz, TO €CTh 3aMeHa BUAA

/»—)/ x>z dP:— p(z)de
R —o00

[Tpu Takoit moacTaHOBKE, MBI ITOIYyInM (DOPMYILY [IJIsi HEIIPEPBIBHOTO ciydasi. Ha camom fieste ecThb 00IIass MaTeMaTu-
qecKasi TeOpUsl, KOTOPas I03BOJISET BCe (DOPMYIIbI CINTATH OJIHUM CIIOCOOOM, HO HAM IPUJIETCS HEMHOI'O IIOMY YUThCS
or Harrero He3Hanus. OJHAKO, He 3abbIBaiiTe, YTO OT 3HAHWS Mydaellbcs erle 60Jbine! Tak 4To 3TO HMpHEMIIEMOE
cTpaJlaHue.

CpoiicTBa MAaTEMaTUIECKOTO OXKUIAHUS
1. Mycre € — HekoTopasg ciaydaiinas Bejmauna u a,b € R, Torga E(aé + b) = aE(€) + b.
2. Ilycrs € — HekoTopas ciydaiinag sequunna, Torga E(E —E(€)) = 0.

3. Ilycrs € u n — aBe ciaydaiinble Besmanabl, Torma E(E +n) = E(€) + E(n).

Huncnepcust  OTiaudHO, MBI 3aMEHUIH CIYYalHYIO BeJNIUHY £ CAMBIM €€ JIYUIINM YHCJIOBBIM IpuO/mKkennem EE.
A Ha CcKOJIBKO OTyIMYaeTcsd ciydaiiHas BeauduHa OT cBoero npubimxkenus? Odenb npocro, pasuuna & — E() —
9TO HOBasl CJIydaiiHasi BEJUYMHA, KOTOpas XapaKTepuayer ormdne. UTo, omsiTh cjiydaiinas BequanHa? A MOXKHO
qucsio? IIpocro B3sars MaToxumanue or £ —E(§) — ne camast srydmast ujest, K60 IOJIyIUTCs HOJIb, YTO O3HAYAET, ITO
B cpepreM & n E(§) He ornmyarorcsi. A BOT 9TOOBI OTBETUTH, HA CKOJILKO OHU B CPEJIHEM OTJINYAIOTCS HAJO BMECTO
pasHocTu 1oMeputh paccrosuue mexiy & u E(€). Ecrh pasuble cnocobbl 3TO ¢eaTh, HO CAMBIH HOIYJISPHBIA —
KBaJ[paT Pa3HOCTU. A TIOTOM B34Th MATEMATHIECKOE OXKUJIAHUE.
Eciu £ — nekoropas ciydaitiast BeJU9uHa, TO €€ JIUCHEePCHeil HA3bIBAETCS CJIEIyIOIIee BhIPAYKEHIEe

D(¢) = E ((§ — E(¢))*) = E(€*) — (E(¢))?

Besmunna (E—E(¢ ))2 [TOKa3bIBAET KBAJIPATUIHOE OTKJIOHEHUE MaTOXKMIaHUs OT £. A 3HAYNT, JIUCIIEPCUs] IOKA3BIBAET
cpeliHe KBaJ[PATUYHOE OTKJOHEHHE OT MATOXKHIaHWA. 1O €CTh 3TO YHUCT0, KOTOPOE XapaKTEPU3yeT, Ha CKOJbKO
B cpemHeM & OTJIMYAaeTCs OT CBOErO HAWJIYUINEro MPUOJIMKEHUsS HecaydaidHbIM gyucjaoM. [Ipobiema ¢ mucnepcueit



TOJILKO B omHOM. Eciam £ m3mepsiiach B MeTpax, TO JUCIEPCHS OYIET M3MEpPAThCI B MeTpax B KBajapare. UToObI
OJIyIUTh G0JIee Pa3yMHYIO BEJIHMUHUHY, OIIPE/IEIINM CTAHIAPTHOE OTKJIOHEHUE CJIEIYIONNM 00pa30M

o(§) = vVD(E)

To ecTh 9TO KOpPEHb U3 CPETHEKBAIPATUIHOTO OTKJOHEHUsI. BOT 3Ty BeJMYMHY MOXKHO PACCMATPUBATHL KaK 9yTh
boJtee a/IEKBATHYIO MePY OTKJIOHEHUsI OT MaTEMATHIECKOTIO OXKUIaHus. Fle TPEenMyIIecTBO Iepet IUCIEePCHeil B TOM,
YTO OHa U3MepAeTcsd B TeX 2Ke eJIMHUIAX, YTO U UCXOJHad clydaiiHad BeJIuduta.

Hucrniepcust ¢ nomoipio dyHKIuA pacupesenenus llycrs ciyvaiinas Bequnansa £ nMeeT (BYHKIUIO pacupe-
nenenus Fe(z) = P(§ < z). Torma

D(e) = [ (@~ af dFe(e)

rae a = E(§). U Teneppb 3T0 BBIpayKEeHNE CUUTAETCSI 10 TEM Ke TIPABIJIAM, YTO U MATEMATHIECKOEe OXKUJAHUE.

IIycts Fe(z) = F(x) u mycTb G1,...,Gn,... — 9TO TOUKH PA3PLIBA, & BEIMUIMHA Pa3pbLIBa OYIET Pi,..., D n,. - -
JUIs KaxkJoi Touku (31eck p; = F(a;) — F(a;—). U mycts o(x) — 910 DyHKIHSs, B KOTOPOIl MBI yOpaJi BCe TOYKH
paspoiBa y dyuknun F. Torma

D) = [ (o - @PdF@) = Y (o —afpi+ [(o- 0P @)do

Kak u ¢ MaTO2KUJaHUEM IJId JUCKPETHOI'O U HENIPEPBIBHOI'O CJIyvad OTACJIBHO IMOJYYUTCA CHUJIBHO JIYYIIIe.

ucnepcus B ciryyae auckpeTHoro pacnpenesenusa llycrsb y Hac 3ajiaHa JTUCKpeTHAs CIydaiiHas BeJIMINHA

f a; a2 ... Qp
pPr P2 ... Dn

TOF,ZL& JUCIIEPCUA CHUTACTCA TaK

oo

D) = (a; —m)’pi, tae m =B = ap;

=1 i=1

Jucnepcust B ciiydae HenpepbIBHOTO pacnpeseiaeHus: llycrs y Hac 3a7aHa HeIpepbIBHAs CIydaiiHas Besu-
uynHa £ ¢ wiotHocThio p(2). Torma ducnepcust cuanraercs 1o dhopmysie

D(¢) = /(m —m)?*p(x) dz, tne m =E(¢) = / xp(z) dx

CeoiictBa aucnepcun FEciim £ — HeKoTOpasi ciydaiiHas BeJUduHa, a a,b € R, Torma
D(a€ +b) = a®D(¢)

MowmenTtbl Eciau & — mekoTopas ciiydaiinasi BeJIMIUHA, TO MOXKHO OIPEIE/UTD ee k-blif MOMEHT CJIeIYIONIM 00-
pasom

M. (€) = E(¢)

To ecTb HepBbeI MOMEHT — 9TO MaTOXKHJIaHHE. Ecim MaTOXKH1/IaHue HYJIeBOEe, TO BTOpOI7I MOMEHT — 9TO JUCIEPCHI.

MowmeHnTbl B AucKpeTHOM ciayd4ae llycrs y Hac 3ajaHa [ucKpeTHas CiaydaiiHas BeJUIUHA

€ ay ag cee Qp
pP1 P2 ... Pn

Torma MOMEHTBI CAUTAIOTCS IO POPMYJIE

My () = afp;
=1

10



MomMeHTBI B HellpepbIBHOM cJiy4dae IlycTh y mac 3ajana HempepbIiBHAs CaydaiiHas BeJandIuHa & ¢ MI0THOCTHIO
p(z). Torma MoMeHTHI cunTalOTCs IO hopMyJIe

3amMeuyanne npo PYHKIMHU OT CJAYYAWHOU BesimumHBI IlycTh y Bac ecrb ciydaiiHasi BeJMduHa £ M IIPOU3-
BoJsibHas pyHKIus f: R — R, Torma Bl MOXKeTe OJCTABUTH CAYYailHYIO BeJIMYUHY B (DYHKIUIO U [TOJIYIUTh HOBYIO
cayuaitayio sBesuunny f(€). Cmblica aToro geiicrBust — Bbl 06paboTasiu MCXOHbIE JIAHHBIE CBOEro Ipubopa, KOTo-
pbiit ObLI BOTKHYT B 9epHBIi AmuK. Eciau Bbl XOTHTE HOCYUTATH MaTeMarudeckoe oxuganue or f(£), To MOXKHO
HCIOJIB30BATD CJIEIYIONLYI0 KADTHHKY

Ef(€) = / f(w) dP;

KOTOpast B JINCKPETHOM W HEIIPEPBLIBHOM CJIyYae IPEBPAIAETCH B CJIEAYIONE (DOPMYIIBI

oo

Ef€) =Y flan u Ef(©)= / F@)p(e) da

Otu HOPMYJIBI TOIYIAIOTCS U3 MPEIbIIYIIel HEMOHATHON (hOPMYJIbI 3aMEHAME OIMUCAHHBIMEA B Pa3ejie PO MAaTO-
2KUJIaHue.

Hopmasabaoe niu I'ayccoBo pacupeneniedne EcTh B HayKe 09eHD NOMYJISPHBIA BIL, PACIIPEICICHA, KOTOPBIi
HA3BIBAETCA HOPMAJIBHBIM UJIM FayCCOBLIM. TaK MOJIy9UJIOCh, 9TO 3TOT BHJ PACIPEIEICHUS MOAEJUPYET MHOIO II0-
XOXKHX TPOIECCOB, HAIPUMED, aKKyPATHOCTh CTPEJIKA [0 MUIIEHW WK Ciaydaiiubiit nmiyMm. [lomynaspaocTs rayccosa
pacIpesiesieHus B OCHOBHOM CBSI3aHA C TE€M, UTO €r0 MaTeMATUYECKUe CBOMCTBA OYEHb IIPOCTHIE U U3YUYEHBI BIOJb 1
momnepek. A Tak Kak Ha IJIa3, ero MOoBeIeHHe aJeKBATHO OTPaXKaeT TO, UYTO HY»KHO B IPUJIOXKEHUIX, TO II0UYeMy Obl
€ro He MCIOJIb30BaTh’

TayccoBo pacupenenenne — 3TO HeIpephIBHas caydaiiHas BesnunHa & Ha npsaMoil R 3amaBaemasi INIOTHOCTHIO

1 _(z—a)?

p(z) = 7%6 202

Korja 3a1a10T rayccoBy cirydaiiHyIo BeJuduny £ ¢ IapaMeTpaMu a U o, 00bIMHO iyist Kparkoctu nuinyt & ~ N(a, o).
Ecin mocuntars 9ucoBble XapaKTEPUCTHKH STOTO PACIIPE/IEIEHUsI, TO BBISCHUTCS

1. E(¢) = a.
2. D(&) = 02 u B wactHocTH 0(§) = 0.

Ha cnemxyromeit kapTunke n300parkeH rpaduK MJIOTHOCTH:

Density of Normal Distribution

0.401 — £~ N(0,1)
0.35 1
0.30 1
0.25 1

0.20 q

0.10 9

0.05

T
I
1
1
1
1
1
1
I
1
1
1
1
1
1
1
1
1
1
1
1
1
]
1
I
1
0

[Muk MWIOTHOCTH TPUXOAUTCS HA YUCJIO ¢ OT KOTOPOIO IJIOTHOCTD CHaIaeT B 00€ CTOPOHBI 9KCIOHEHITNAIBHO. JlymMarh
PO 3TO HAJIO TaK, MBI C OOJIBINEH BEPOATHOCTHIO OTBEYAEM UHCJIA B OKPECTHOCTH TOYKHU @. ¥ ITOro rpaduka ecTb

11



JIB€ TOYKW Iepernda CjIieBa U CIpaBa OT MAKCHMYM, & UMEHHO, 3TO TOYKU @ —0 U ¢+ 0. 10 ecTh CpeaHeKBapaTuIHoe
OTKJIOHEHHE YKa3bIBaeT B TOYHOCTU HA PACCTOsIHME OT MaKCHMyMa, JO0 TO4YeK Ieperuba mo 6okaMm. Eie mosesnbrit
daxr, B unTepsase [a — 30,a + 30] conepxkurcst 0,997 Beeil miaoTHOCTH, TO €cTh BeposTHOCTH P(a — 30 < € <
a-+30) > 0,997. Ha npakTuke 3T0 03HAYAET, 9TO BHE ITOrO MHTEPBAJIA MOXKHO IIPEeHEOPEYh 3HAYCHUSIMY [LJIOTHOCTH
U CUMTATh ee HyJeBOoil. Bor 1y opueHTHpA e1e HeCKOIbKO (DyHKITUI IJIOTHOCTH JJIsi HOPMAJIBHOTO PACIPEIeICHUS
COCPEIOTOYEHHOrO B HYJIE€, HO PA3HBIMU JUCIEPCUSIMU.

Normal Distributions

€~ N(0,1/2)
— ¢~ N(0.1)
0.8 — £~ N(0,3)

0.6

0.4 4

0.2

0.0 T T T T T T T T T
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CemuHap 2

Sagadmn:

1.

. Haiitn maremarnieckoe 0:KujlaHue U JUCHEPCUIO BEJIMYUHBL § C IUIOTHOCTBIO P(T) = 5-€

Iycrs € — coyuaiinas BeaumunHa Takas, yro P(§ = —1) = i unP(=2)= i u auis JobbIx Touek a,b € [0,1] ¢
ycnosueM a < b Bepro P(€ € [a,b]) = I’_Ta. Hapucyiire rpaduk dbynkmun pacupenenenus Fe(z) = P(§ < z).
HaiimuTe MmaTemMaTnyeckoe oXXKujJaHue U JUCIEPCHIO .

. B norepee na 1% 6uieros suimager sumrpsin B 200 py6ueit, na 0.01% 6userop Beinagaer Beurpbim B 1000

pyb0Jeii, a ocTasibHble OuseThl 6e3 Bhrurpbia. Hailiure cpeimit BRIMPHII B 9T0# joTepee ( B pacueTe Ha OIUH
UJIeT), T Th H MPMEeTUIeCKOe BRIUTPHITIIEi BceX OMIIETOB. MaiiTe, KaK 3T MyJIUPOBaTD
O6uer), TO eCTh CpeaHee a eTUIeCcKoe eit Bcex 6ueros. Ilo, afite, Kak 310 cHo 0Ba,
B TEPMUHAX CIIYYANHBIX BEJIUINH U MATEMATUIECKOTO OXKUTAHU.

B psi pacrosiozkenst m npegameros. Ciydaiino BeiOuparorcst k npeamero, k < m. Ciydaitnas sejuanna X
paBHA KOJIMYECTBY TAKUX IIPEIMETOB ¢, 9TO ¢ BBIOpaH, & BCce ero cocein He BbiOpanbl. Halinre maTemarmyeckoe
oxkmupanue X.

B pasraocTopontem Tpeyrosibauke ABC miomaau 1 Beibupaem touky M. Haiitu MmaremMaTudeckoe OxKuJIaHIE

mromaau ABM.

1 |lz—a

2a
Iycre Pe(x) = P(§ =x) u Fe(x) = P({ < ).
(a) ITokazars, 9ro st ¢ > 0 m —00 < b < 00

Pagy(z) = Pe (x ; b) u Foepp(z) = Fy (x ; b)

aﬁﬂHTe YHKIIUIO pacIIpeJe/IeHnd 2\Y BbIpa3UTE €€ Yepe3 u .
b) H d Fe Fe u P



Teopust BepogTHOCTH

Jnma Tpymma

Cemunap 3

Ciry4gaiiHble BEKTOD

[TycTs Teneph Ha HAII YePHBIIT SIKUK, ONUChIBaeMbI 1apoii (€2, P) MbI XOTUM [IPUIENATH HECKOJILKO U3MEPUTEIbHBIX
YCTPOMCTB. DTO 03HAYAET, YTO MBI UMEEM HECKOJIBKO CJIyYailHbIX BeJnduH &1, . .., &y 2 — R. B 3ToM ciryyae ymo6HO
BCe ST CJIydafiHble BEIMYMHBI OOLEUHUTL B OMH BEKTOP M paccMorperh &: Q — R™ mo mpasmny w — (w) =
(&1 (w), ..., &n(w)). To ecThb myist TOro, YTOOBI U3YIATH HECKOJIBKO CILyIalHBIX BEJTUYUH BMECTE, JIOCTATOYHO U3YIUThH
OJIMH CJIyYaiiHBI BEKTOp. TyT BOSHMKAET IEPBBIH BOIIPOC: a MoYeMy Obl HAM He M3y9YaTh KayKJyIo U3 CIIydailHbIX
BemanH oTeasH0? OCHOBHAS TPOGJIEMA B TOM, UTO, U3ydasl CJIyJaiiHble BEJIMIUHBI OTAEILHO, MBI HE MOYKEM HIIETO
Y3HATH O BEPOSITHOCTAX UX B3aUMOJIeficTBrs MeXK 1y coboit. Hanpumep, ecim Mbl Kujjaem MoHeTKy u € saer 0 B ciaydae
opiia u 1 B ciyuae perku. MoKHO OIpeieIuTh 1), KOTopast JAeficTByeT Haobopor, jaer 1 B ciydae opia u 0 B caydae
pemku. Torma y Hac 3Tu caydailHble BEJIMYUHBI HE MOI'YT OJIHOBPEMEHHO JIATh JBA HYJIS WA JBe enuHuIbl. To ecTh
MeXKJIy HUMHU €CTh HeKoe B3ammojeiicTBue. UToOBI MOHSTH 9TO B3aWMOJEHCTBHE WX HAMO U3YYIaThb OITHOBPEMEHHO,
[OTOMY HAJI0 U3YYUTDH CJydaiiubiii BekTop (&,7).

Kak n B caygae ommol ciydailHON BEJTUYHHBI, CJAYyYaAWHBI BEKTOP f_ : 2 — R"™ gaer HOBoe paclipeiejieHue B
npocrpancTse BeKTOpoB R™. A umenHO, jiist Jiro6oro nmogMuokectBa A C R™ paccMOTpuUM BEPOSITHOCTH TIOTACTH B
9TO TOJIMHOYKECTBO

Pe(A) = P(§ € A) = P({w | {(w) € A}) = P(§71(4))

BepositnocTs Py Ha3bIBA€TCS COBMECTHBIM PacIpe/eleHueM &1, . . ., &n.

MmuoromepHasa dyHKIUA pacrnpenejgeHnsa Kak u B OJHOMEPHOM CIydae, CIyIaiiHblii BEKTOP MOYKHO 33/1aBATh
HeKOll (pyHKIMell, Ha3biBaeMOil (DYHKIMEH pacipeieieHus, HO Telepb 370 (DYHKIMS OT HECKOJBKUX [EPEMEHHBIX

Fe(wy,...,2n) = Pe((—00, 1] X ... X (=00, 2p]) = P(§1 < w1, ,&n < Tn)

Oyukrmst Fg(zy,...,7,) HasbBaeTcs (yHKIMEH COBMECTHOTO DACHpejie/IeHusl CIyqaliHbIX Bemuaud §y, ..., &,. B
3TOM CJIydae MOXKHO BOCCTAHOBUTH BEPOATHOCTH TONAJAHHUS B IPOU3BOJBHBIN IPSIMOYTOMBHBIN ITAPAJLICTEITAIIE]
(a1,b1] %...%x(an, by] no dpopmyse BRIOUEHNS UCKIIOUEHUS. S IPOJIIEMOHCTPUPYIO 9TO HA CIyYae JABYX [EPEMEHHbBIX.
Econ

Fem(w1,22) = P(E < ap,m < 2) = f(21,22)

Torua
Pla; <& <byyag < <) = f(by,b2) — flar,b2) — f(b1,a2) + flay,br)

U nasee cyniecTByer HeKast 001as IpoleLypa (KOTopast KHTEPECHA TOJIBKO MaTEMATUKAM ), O3BOJISIONIAL IIPOJIUTh
3TO ompeeseHne Ha Jobble ToaMHoKecTBa B R™.

Bunap!r cioy4aitHbIx BekTOpoB Kak u B ciydae ciIydailHON BEJIUYMHBI, MOXKHO PAaCcCMATPUBATh J[Ba BUIA CJIIy-
JafiHbIX BEKTOPOB: JUCKPETHBIC U HEIPEPBIBHBIE, TO €CTh BCE KOOPAMHATHI JJUOO OJITHOBPEMEHHO JTUCKPETHBIE, JTUOO
OJIHOBPEMEHHO HEINPEPBIBHbBIE, 14 eIlle U KAK-TO MOT'YT MeXK/Iy CoDOil B3anmmoeiicTBoBaTh. BuiBatoT u 6oJiee mHTEpEC-
HBIE CMECHU CJIYyYaflHbIX BEKTOPOB, KOIJIa OJIHA KOODJMHATA JUCKPETHA, a JApyras HempepbiBHA. BuiBaeT erne Gosee
WHTEPECHOE COYeTaHNe, KOTJa KayK/1as KOOPIMHATA SBJISI€TCS CMeChIO 1 TOro u pyroro. K coxasenuio, ueM cIoxKHee
YCTPOEHBI KOOPJMHATHI ¥ CIy4YaiftHOrO BEKTODPa, TeM CJIOXKHee C HUM B3auMOJEHCTBOBATbL U IIPUXOJUTCS CTPAJATh.
YT006B! CTpaIaTh IOMEHBIIE U IOHATH, KAK BCE 9TO PA0OTAET s COCPEIOTOUY CBOE BHIUMAHIE B HA4YaJIe Ha «YUCTHIX»
cayJaiiHbIX BeKTOpax (Bce KOODJMHATHI JUCKPETHBI UM BCE KOOP/MHATHI HEIPEPBIBHBI), & OTOM IIOrOBOPIO, YTO
JleTaTh B CTydae, eclii eTh KOOPAMHATHI 060WX COPTOB (TaKme MTYKH BCTPEIAlOTCs B TPUJIOZKEHHAX ). !

11\/[aTel\/IaTI/IKI/I IIPUBBIKJIN BCE 9TO OejiaThb B CaMOM OGH.IeM BUIE N MaTeMaTUYeCKON Teopuu I‘J'Iy6OKO IJIeBaTh, KaAKNe NMEHHO BU/bI
CJIy‘{afIHbIX BEJIMYUH y9aCTBYIOT B 3aKOHaX, OHa yMeeT pa60TaT1> CO BCEMHU OTMHAKOBO, TOJIBKO JIJIA 3TOI'O IPUXOJUTCA ITHUCATh CbOpMyJIbI7



duckpernbie ciaydaiiibie BeKTOpbl it Toro, 9Todbl 3a7aTh AUCKPETHDLIN caydaiubiii BekTop £ B R™ Hamo
3a/1aTh CJIEJYIONINE JTAHHbIE

1. Habop BeKTOpPOB a1, a2, ..., ay, ... € R™. OH MOXKeT OBITh KOHEIHBIM I OECKOHEYHBIM. DTO Oy/IyT BBIIEIECH-
Hble 3HAYEHUs, KOTOPbIE PA3pEIIeH0 MPUHUMATH HAIEMY CaydaiiHomy BekTopy. OHu eme OyyT Ha3bIBATHCS
ATOMAaMU.

2. Habop BepogarHocTeil p1,pa,...,Pn,--. € [0,1], KOTOpbIE IPUIKUCHIBAIOTCST COOTBETCTBYIOIIEMY 3HAUYCHUIO ;.

Onu 1oJKHLI 00/181aTh CBOMCTBAMEI

(a) 0 <pp <L
(b) leil Pe =1

B arom cayuae P(€ = a;) = p; u s jmoboro yucia ¢ € R He paBHOro Hu ofHOMY U3 a; Mbl uMeeM P(€ = a) = 0.
st nponssosbHOro MuokecTBa A C R™ €ro BepoaTHOCTD CUYATACTCS

P{(A) = Z pi
a; €A

TO €CThb HAJO0 CJOXKHUTH BEPOATHOCTH BCEX aTOMOB, IIOIIaBIINX B MHOXKECTBO A.

HenpepsbiBHbie ciydaiiibie BeKTOpbl s TOro, 9T0OBI 3a7aTh HEMPEPBIBHBINA CIyYaiiHbIi BEKTOp &, HAJIO
3amaTh Gysrnuo p: R” — R, KoTopasi Ha3bIBaeTCsI IIOTHOCTHIO CIIYyIaifHOIO BEKTOPA, CO CJIEIyOIIUMU CBORCTBAMHE

L. 0<p(ay,...,xn).

2. fRnp(xl,...,xn)dml...dxn =1

Torpma s npousBosibHOroO momMuokecrsa A C R™ BepoATHOCTD MONACTH B HENO PABHA

Pg(A) = /p(a:l, ooy xp)dey .. doy,
A

B srom ciryuae dyHKIMs pacipeiesieHus UMeeT BUJL

Ty Tn
Fg(zl,,xn)://pg(tl,,tn)dtldtn

To ecTh, 3HAs MTOTHOCTH, MBI MIOCINTAIN (PYHKIAIO pacpegeeHus. B oOpaTHy0 CTOPOHY, U3 PYHKIIUN PACIPEIe-
JIEHUST TIJIOTHOCTH HAXOJAUTCs A DepeHiimpoBaHreM 110 BCEM BEPXHUM MapaMeTpaM HHTErPAJIOB, a NMEHHO

d d

dxy dz, g(@1,- - n)

pe(z1,. . Tn) =

IIpumepsnt

1. Ilycte MBI GpOCaeM MOHETKY TaK, 9TO BEPOSITHOCTD BBHIAJIEHUS OPJIA €CTh P, & BEPOATHOCTD BBITAIEHUS PEIIKA
— ¢ (upu 3TtoM p+ ¢ = 1). Ilycrs € — cayuaiinas Beauunna, KoTopas pasaa 0, KOrja BbIIAJaeT OpeJ U 1, Koria
BBIIIAJIAET Perika. 1orma 9To AUCKpeTHAas CiIydaiiHas BeJIUYHHA ¢ TabJIMIKOn

0 1
e~ {
p g
Teneps paccMmoTpum ciryyaitayio Beauduny 1) = 1 — &, 1o ectb y Hee Boinaaer 0 Ha permky u 1 za opsa. Torga

7) 38J1a€TCsI TAOJIUIKO
. {0 1
q p

HasaiiTe 1moiimem, a Kakoe e y HHUX OyJeT coBMecTHoe pacupejienenne? s ciaydaitaoro sekropa (€,7)
[TOJTYIMM CJIEJTYTOILYO TaOJIUILy

KOTOPBIe COZlep?KaT (PyHKIUH PACIPENesICHNsI. A HEKOTOPBIE BEIH IPUXOJUTCS OIPEAETIATh KOCBEHHBIM 00pa3oM (yCJIOBHBIE MAaTEMaTH-
YecKHe OXKUJAHUsI BaM elle I1epPeayT IPUBET).



Buauenus (£,n) ‘ BeposiTHOCTH BBINIAICHS

(0,0) 0
(0,1) p
(1,0) q
(1,1) 0

2. Iycrs Teneps y Hac ecth kBajpart [0, 1]2. Pacemorpum dbynkimmto miotHocTH p(z, y) Takyio, ato p(z,y) = 1 npn
yenosun (z,y) € [0,1]% u p(z,y) = 0 unade. 1o naer nam Q = [0,1]% u Beposrnocts P(A) = [, p(x,y) dudy.
Torya BekTOp (2, y) — Oy/Ier caydaiiHbIM BEKTOPOM Ha KBaJjpaTe. 9TO PABHOMEPHO PACIpeIeJIeHHbIH Ha KBa/l-
paTe BEKTOP B TOM CMBbIC/IE, UTO BePOSTHOCT TonacThb B moamuokectso A C [0, 1] B TounocTu pasHo miomatm
3TOr0 MOJMHOXKECTBa, A.

Boccranosienue pacupeesieHuii koopauHar —IIpeanonoxkuM HaM 3ajaH ciydaiubiii Bekrop £ = (&1,...,&,)
Ha npoctpancTse R™ u Mbl 3HaeM ero pacnpejenenne Pg. Bompoc, a Kak HaflTh pacupejiesienus ero KOOp/JUHAT
&7 OxasbiBaercst odeHb npocro. Jlapaiite npojenaeM Ha npumepe 1. Ham Hajo jyis roboro muoxkectsa A C R
nocuurarh BepositHocTh P(&; € A). Ho

P& € A)=PE €A &ER,... .6 €R) = P(AXxRx...xR)

C mpyroit CTOPOHBI MOXKET BO3HUKHYTD KeJIAHUE 33JaTh JIPYTOil BOIPOC, & KAK BOCCTAHOBUTH COBMECTHOE PACIIPe-
JIeJIEHNE TI0 pacipeeseHusM Koopauaatr? TyT oTBeT o4eHb IpoCToil — HUKAK. BoobIe roBopsi COBMECTHOE pacIpe-
JIeJIEHUE COZEPXKUT O0JibIlle NH(MOPMAIIMH, YeM IIPOCTO PACIIPE/IeIEHIe KaXKI0i KOODMHATHI, OHO eIlle U KOIUPYeET,
KaK KOOPJIMHATHI B3aUMOJIEHCTBYIOT. Elc/in MBI 3HAEM pacIpe/ieJIeHre KOOPINHAT, TO IPEXK/JIe IeM BOCCTAHABINBATH
COBMECTHOE pACIIpejie/ieHne, HaM HyKHa, Kakas-TO mHMOpMaIus 00 3TOM CaMOM B3aWMOIEHCTBUN MEXK]Iy KOOPJIU-
HaTamu. B ob61mieM Bujie €cTh TOJBKO OIUH CIydail, KOTJa 3TO BO3MOXKHO — IIPU YCJIOBUM HE3aBUCHMOCTHU KOOD/IMHAT.
Yo 9T0 TaKoe U KaK BOCCTAHABIUBATH COBMECTHOE PACIIPEJIEJICHIE B 3TOM CJIyUae sl PACCKAXKY IyTh MO3Ke. A MoKa
IIPOJIEMOHCTPUPYIO BBIIIECKA3aHHOE Ha IIPUMepe JUCKPETHOI'O U HEeIIPEPLIBHOI'O pacIIpe/lesIeHui.

Boccranosienne byHKIM pacnpeneaeHns KoopauHaT Ilycrs ciydaitaerii BeKTop & nMeeT byHKIIO Pac-
npenenennst F(xq,...,2,) = P(& < 21,...,& < ). Torma GyHKIWMs pacipe/ienenust 1js ePBOH KOOPIMHATHI &1
Oyner

Fi(r1) =P <z1)=P <21, €R,... .6, eR) =

= lim P& <z, <20,..,8, <xy) = lim Flxy,...,z,)
xo—+00 xo—+00
Ty —400 T —400

Takum 06pa3oM, ey MbI XOTUM HANTH DYHKITUIO pACIPEIETEHN i-0if KOOPAUHATDI, HA 0 BCE OCTAJIBHBIE YCTPEMUTH
K +00.

BoccraHoBiieHNEe KOOpAWHAT B AUCKPETHOM ciydae Eciu ciaydailublit BeKTOp & 3a/1aBajics JaHHBIMA

¢ a; as ... ayp ... €R"
pr p2 ... Pn ...

O6o3ua4uM, depes (a;)1 HEPBYIO KOOPJIMHATY BEKTOPa a;. Toraa 3HaYeHus CJryyailHol BeJuduHbl 1 OyayT Bee ducia
Buza (a;)1, TO €CTh BCe NEPBbIE KOOPJMHATHI, KOTOPbIe HAM BCTPETUJINCH B Tabiure. A BEPOSTHOCTH CIMTAETCS 1O
dopmyite
Pl&=a)= > pi
(ai)lza

TO €CThb Mbl HaXO/JIUM BCE€ BEKTODDI G;, Y KOTOPbLIX II€pBasi KOOp/JAUHaTa paBHa a. ECJII/I TaKHUX HET, TO BEPOATHOCTDH
rojiaraeTcst HyJjieM. Kcju ecTh, TO MbI CKJIJIBIBAEM BCE MX BEPOSITHOCTU BMECTe — 3TO U OyJIeT BEPOSITHOCTD IIOIIACTh
B a.



BoccraHoBiieHne KOOpAUHAT B HEIPEPBIBHOM cjydae [lycTb HEKOTODBI CIydaiiHblit BEKTOp £ 3a/1aH IJI0T-
HOCTBIO P(Z1,...,Ty). Torga nocunraeM QyHKIMIO pacipeieseHus &1 10 OLPEeIeJIEHIUIO

Z1

Fe (z1) = / p(ml,...,xn)dxl...dxn:/ /p(xl,xg,...,mn)dmg...dxn dzq

(—o0,x1]XRx...xR —00 n—1

Ho nnorHOCTH BBIYMC/ISIETCS, KAK TPOU3BOIHAsT OT (DYHKIIUNA PACIPEIETICHIS, TO €CTh

pe, (1) = Fg(o1) = / p(x1,@a,...,2,) dxs ... dz,
Rr—1

Takum 06pa3om, 9TOOBI Oy YUTH IIOTHOCTD JIJIsI IIEPBO KOOPIWHATHI, HAJI0 TPONHTETPUPOBATH COBMECTHYIO TLJIOT-
HOCTD [0 BCEM OCTAJIbHBIM KOODJIMHATAM BJIOJIb BCEU IPSIMOI.

Hanpuwmep, B citydae JByMEpHOro CIydaitHOro BekTopa (£,7) € IIOTHOCTBIO Pg(T,Yy), MIOTHOCTH caMux & U 1)
MOJTy9ai0TCs 110 (DOPMYIaM

pg(x):/p(wyy)dy u pn(y):/p(fv,y) dx

R R

HezaBucumocts Ouenb 9acTo BCTPEYALTCS MOHITHE O HE3ABUCUMBIX n3Mepenusix. Mbl jjymaeM o HUX, Kak 00 u3-
MEpPeHUsIX, KOTOPble HUKAK JAPYT Ha JApyra He BJIUSIIOT, HUKOUM o0pa3oM. Hampumep, MbI MOYKEM B3SITh U HE3ABUCHMO
OJIOPOCUTH MOHETKY, CHavaJjIa OJUH pa3, a OTOM JApyroil. Vu ere Jiydiie, B3ITh JBYX Pa3HBIX JIFOJENH U KaXKJIbIi
W3 HUX HE3aBHCHMO OT JAPYTOr0o MOAOPOCAT MOHETKY. MBI MHTYUTHBHO YYBCTBYEM, UTO ITO JOJKHO 3HAYHUTH, HO
XOPOIIO OBl UMETh MATEMATUIECKOE BBIPAXKEHUE JIJIsl MIOI00HOr0 sIBJIEHNUSI, YTOOBI UM KaK-TO MOJIb30BaThCst. Ho st
HavYaJIa g X049y MPUBECTU TPUMeEp 3aBUCHMBIX n3Mmepennit. Ckaxkem mpumep, Korja & mgaer 0 B ciydae BBITAJIEHUS
opyia 1 1 B cjIydae BBIIAQJEHUS DEIIKA, & 1) HAo0opoT. TyT Mbl HHTYUTHBHO HOHUMAEM, YTO €CJIM MBI 3HAEM OTBET
JIst €, TO W JIJIsI 1) OTBET BOCCTAHABJIMBAETCS OJHO3HAYHO, HET HUKAKON HE3aBUCUMOCTU MEXKJLY STUMU CJIYIANHBIME
BEJIMIHMHAMUA.

IMycth y HAC ecThb JBe cilydaiiHble BEIMYUHBL £ U 7) HA OJHOM U TOM YK€ BEPOSITHOCTHOM mpocrpaucrse (€2, P),
TO ecThb 3T0 ABa orobpaxkenus &,7:  — R. Ounu HazpiBaoTCa He3aBucHMbIMEU U TuinyT & 1L 7, eciau ajist JIIOOBIX
vuoxecTB A C R u B C R coberrua 1 (A) u =1 (B) mezasucumbr. To ecTh cobbiTie «£ momarno B A» He 3aBECHMO
¢ cOOBITHEM «7) TIOTIAJIO B B» 1 JII0OBIX JBYX MOAMHOXKecTB. HarmoMHio, 9TO HE3aBUCUMOCTD COOBITHI O3HAYAET,
9TO BBIIIOJTHEHO

PEH(A) Ny~ (B)) = P71 (A))P(n~"(B))

WA B TEKCTOBOI hpopme
P(«& nonana B A» u «n nonasia B B») = P(«£ nonana B A»)P(«n nonana B B»)

JlaBaiiTe si HEMHOI'O IIOSICHIO 3TO orpeuesienue. Js ciaydaiinoit pesmaumabl &: 3 — R MOXKHO OIpeiesnTh 3arac
coObITHi M3 (), KOTOpbIE BHIPAXKAIOTCS B TEPMHUHAX ITOH CJIy4allHONW BEJUYUHBI. DTO TaK HA3bIBaeMas ajredbpa
cobbIThil £ (MM ee IPUHSTO HA3bIBAThH o-aJjrebpa cobbiruii). O6o3Hauaercss ona o{&} u 1O oupeesIeHNI0

o{¢} ={¢(A) CQ|ACR}

JleiicTBUTEIHEHO, KOT/IA MBI BUJIUM BMECTO HAIIIETO 9€PHOTO SANUKA, 3HAIOIIET0 BCE, YTO TOJIHKO MOXKHO, IIPO {2, BUIUM
TOJIBKO CJIyYaiHYIO BeJUYUHY &, €IMHCTBEHHAs JOCTYIIHAS HaM HHMOpMAaIns — 3HaAYeHHe &, & 9TO OOBIYHOE YUCIIO.
[Toromy coOBITHSI, KOTOPBIE MBI MOIJIH ObI BHIPA3UTh, BHIPAYKAIOTCS B TEPMUHAX ITOTO YHUCJIA. SHAYUT 10 CyTH, MbI
MOXKEM JIUIIIh IIPOBEPUTH TIONAIAHNE 3HAUYeHUsI £ B KAKOe-TO MOAMHOXKECTBO. 10 ecTh & _1(A) mist A C R — s70 Bee,
9TO MBI TOJIBKO MOYKEM IPONIYNaTh B HAIIEM YePHOM dIuKe ¢ momoribio £. [loroMmy ompejiesienne HE3aBUCUMOCTH
JJIST CJTY 9aifHbIX BEJIMYNH O3HAYAET, YTO MBI XOTUM, ITOOBI JTI0060€ COOBITHE, KOTOPOE MBI TOJIBKO MOYKEM BLIPA3UTH B
TePMHUHAX OJIHOM CJIyYaliHOH BEJTMINHBI ObIJIO0 HE3ABUCUMBIM C JIIOOBIM JPYTUM COOBITHEM, KOTOPOE MOXKHO BBIPDA3UTH
B TepMUHAaX JAPYyroil cay4daino BEJIMUINHBL.

2ECTL u apyrue 6oJtee IIPpUJINYHBbIEC IPDUMEHEHUA 1A am‘e6p CO6];>ITI/II‘/'I7 OHU IIOJIE3HBI IJId pa60TI:»I C YyCJIOBHBIMU MaTeMaTHYCeCKUMH
O2KHJTaHUAMU.



HeszaBucumbie unaukaropsl  [lycrs (€2, P) — BEpOsSTHOCTHOE IPOCTPAHCTBO OIKUCHIBAIOIIEE KAKOW-TO CJLy daiiHbIi
qepHbIil amuk. QUKCHpyeM JBa MPOU3BOJIbHBIX coObiTust A, B C () m paccMOTpUM JiBe MHMKATOPHBIE CJIydaiiHbIe
BEJIMYUHBL X 4 U X . HanoMuro, uro X 4(w) pasHa 1, ecsiu w € A, u 0 nunade. Torja ¢ MOMOIIBIO X 4 MOXKHO BBIPA3UTh
wernipe cobbrrust: &, A, A u Q. Jeiictsuremsno, A = x; (1) u A = x;'(0), @ = x;'(2) u Q = x;*(R). Huuero
JIPYTOrO BBIPA3UTD Yepe3 Hee HeJTb3s. AHAJOTUYHO U JJisd X . JJjist TOro, 94T06bI TPOBEPUTH UX HE3ABUCUMOCTH, HAJO
MPOBEPUTD, ITO M0boe cobbITHe W3 crucKa {J, A, A, Q} HezapucmMO ¢ TOOBIM cOOBITHEM U3 cricKa {J, B, B, Q}.
Tax Kaxk & 1 §) He 3aBUCAT C JTIOOBIM COOBITHEM, TO OCTAETCS MPOBEPHUTD, UTO JMoboe cobbitie n3 { A, A} He zaBucuT
¢ ar00bIM cobbiTneMm u3 {B ,B}. B uacrrOCTH OTCIONA Ciieayer, uTo cobbitusi A u B HesaBucumbl. Haobopor, eciu
cobbiTHsa A 1 B He3aBHCUMBI, TO I cOObITHS A 1 B HezaBHCHMBI (s ceifuac 3TO IOKasKy). A 3HAYHT M BCE OCTATbHbIC
mapbl COOBITHIT HE3aBUCUMBI. 10 €CTh HE3ABUCUMOCTH WHIMKATOPHBIX CJIYYailHbIX BEJUYIUH XA U X3 PABHOCUIHHAS
HezaBUCHMOCTH camux cobbituit A u B. Temnepn nasaiite s mposepio mesasucumocts A u B, eciu A u B Guuim
HezaBucuMbIMu. JleficTBuTespHo,

P(ANB) = P(AN(Q\B)) = P(A\(ANB)) = P(A)—P(ANB) = P(A)—P(A)P(B) = P(A)(1—P(B)) = P(A)P(B)

HezaBucumocTs B TepmuHax byHKIU pacripesiesienus I[lycTh 3a7anbl ABe ciydaiiible BeJTUYIUHBI £ U 1) C
coBMecTHOH yHKIwmel pacnpenenenust F(z,y). Ipeamnonoxum, 9To € U 1) HE3ABUCHMBI, TOTJIA 110 ONPEJIEIEeHUIO

F(z,y) =P <a,n<y) =P <z,n<y) = PE<2)P(n<y) = Fe(o)Fy(y)

Pasencro F(z,y) = F¢(z)F,(y) osnauaer nesasucumoctsb cobbrruit Bua €1 (—oo,x] u n~1(—o0,y]. Tak xkak sTu
COOBITHS TOPOXKJIAIOT BCE OCTAJBHBIE B HEKOTOPOM CMBICJIE, KOTOPBIH 51 00CY 2K IaJ1 JIUIIb HEDOPMATBHO, TO U3 ITOTO
cJIe/lyeT He3aBUCHMOCTh BCEX BO3MOXKHBIX Tap cobbrtuit Buyia € 1(A) u n~1(B) mia A, B C R.

B cyxom ocrarke, JaBe ciydaiiHble BETMUUHbBL £ U 1) HE3ABUCUMBbI TOTJA U TOJLKO TOTJIA, KOTJIa UX (DYHKIUSA COB-
MECTHOTO PACHpPEJIeIEHIs €CTh TPOou3Beenne (DyHKIMI pacipeienenns. 37eCh s X0Uy C¢IeJIaTh BasKHOe 3aMeTaHune.
DTO O3HAMAET, UTO €CJU BbI 3aJAJIA PACHPEIEICHIE I CJIYIARHbIX BETMINH £ W 1) U CKA3aJId, 9TO OHU He3aBU-
CHMBI, TO 3TO aBTOMATHYECKH 33JIA€T WX COBMECTHOE DAaCIpe/iejieHne, a 3HAYUT Bbl 3HAETE BCIO BEPOATHOCTHYIO
MHOOPMAITAIO, ITOOBI paOOTATh C ITUMU CAYIANHBIMUA BEJTUINHAMUA.

HeszaBucumMocTs B AUCKPETHOM ciyd4ae llycTh 3ajjaHbl JiBe MCKPETHBIE Caydaiinble Beandusbl & u 1. Onn
Oy/lyT HE3aBUCUMBI TOTJIa U TOJBKO TOTJIA, KOT/IA

P =a,n=0b)=P=a)P(n=1"»), nus mobbx a,b € R

Ecan xxe nam BbIIaJIX IBE JUCKPETHBIC Cﬂy‘{aﬁHble BEJIMYNHDBI

g ay N 7 " b1 bn

Torma cayqaitablit BekTop (€,7) UMeeT pacipeeseHue

(5777) ~ {(al,b1) (an,bm)

p1g1 cee Pndm

ITpo 9T0 MOXKHO JyMaTh CJIEAyIONMM o0pa3oM. BepoarrocTu mjis BeKTopa (£, 1) 33Ja10TCs ¢ MOMOIILIO MATPHUIIHI
A, tzme B i j-oit sueiike crout BepogrHocTs P(§ = a;,n = b;). Pacupenenenue nis § 3amaercs BeKTOPOM v, THE i-
s KOOpJMHATA — 9T0 BepoaTHOCTb P(§ = a;). AHajiorm4yo, pacupejesieHue Jjis 1) 3a/1a€TCs BEKTOPOM U, TJe -5
KoopjimHaTa — 3T0 BepostHOCcTh P(n = b;). Toraa nezasucumoctsh osuavaer, uro A = vul. To ectb marpuna A
SIBJISIETCsI MaTpUIlell padra 1. 9To B 4aCTHOCTH IIOKA3bIBAET, YTO HE3ABUCUMOCTH 9TO OUYEHb PEJIKOe sBJIeHHe. IToObI
HEKOTOpasi MaTpulia A 3ajaBajia pacipejeieHne JUCKPETHOIO BEKTOPa Ha MJIOCKOCTH, JIOCTATOYHO, UTOOBI BCE ee
3JIEMEHTHI OBbLIM HEOTPHUIATELHBIMIA U CyMMa BCEX 3JIEMEHTOB MaTpulibl Obuia paBaa 1. Ho cpemu aux mourn Her
marpur panra 1. Coydaiinas Takas MaTpPUIA OyIeT MMeTb [TOJIHBIA DAHT.

HeszaBucumMocTh B HENPepBIBHOM ciydae IlycTh 3aJaHbI JBe HENPEPHIBHBIE CJIyYailHble BEJIMIUHBI £ U 1) C
COBMECTHOI IIIOTHOCTBIO D¢ (&, y) U KaxKAast UMeeT INIOTHOCTE Pg(2) U py(y) coorBercTBenno. Torma atu ciywaii-
Hbl€ BeJIMYMHBI HE3ABUCUMBI TOIJA M TOJIBKO TOLJA, KOrua Pe,(z,y) = pe(x)py(y). 1o maer cmocob mpoBepkn Ha
HE3aBUCUMOCTD U CII0CO0 MOCTPOEHMs BEKTOPA U3 JIBYX HE3aBUCHMBIX CJIyYailHbIX BeJIMUnH. KpaTKo IpaBuIo MOsKHO
PE3IOMUPOBATDH CJIEAYIOMMUM 0Opa3oM. Ecau y Bac ecTh JiBe IJIOTHOCTU HE3aBUCHUMBIX CIIYyYalHBIX BEJUTHH, TO JIJIS
MTOCTPOEHNsI COBMECTHOM TJIOTHOCTH, X HAJIO TIEPEMHOKHUTH, MOJICTABIAS B KaXK IyTO IIOTHOCTBIO CBOIO COOCTBEHHYIO
[EPEMEHHYTO.



MaTO)KI/I,ELaHI/Ie n JUCIIEPCHUs B CJIyvdae He3aBUCHUMbIX CJIy‘-IaﬁHI:IX BeJINYNH HyCTI) g u 7 — ABe HE3aBUCU-
MbI€ Cﬂyqafmme BeJINYUHBI, TOT'/1a

L E(&n) = E(OE(n).
2. D(§ +n) = D(§) + D(n).

Bropoe BBIBOIUTCS U3 IEPBOTO, HOJIB3YACH ONpEJeIeHIEM. A IIepBOe SABJIAETCH LIPEIEIbHOI Bepcueil onpeeste-
uust. Jasafite gaM onus nosesHsiit npumep. Ecin € = x4 U 1) = Xp — MHJAWKATOPHBIE cayvalinble BenmdauHbl. Tora
E(xa) = P(A), E(xp) = P(B), E(xaxs) = E(xans) = P(AN B). Takum obpazom ¢dopmyia IpeBpainaercs: B
onpenestenne Hesapucumoctn P(A N B) = P(A)P(B). O6mast dbopMyia HOIydaeTcs: IepexoioM OT 3Toi mpocTeii-
mreit hbopMyJIBl K HHTErpaJly ¢ MOMONIBI0 CYMM H IIPEJeIbHBIX IepexonoB. Ho 910 yke oTmesnbHas MCTOPHUA IS
sgrobuTeseit ToHkocTelt MaremaTukn. st Hac 6ostee MOE3HO MOHUMATE WUJIEI0, TTOYeMy 9TO TaK paboTaeT, U yMeThb
BCEM 9TUM II0JIb30BATHCS.

3amMeuyanue 0 60OJBIIOM KOJUYECTBE CJIYyYalHbIX BEJIMYMH B ciiydae, KOrja y Hac eCTb HECKOJIBKO COOBITHUI
Aq, ..., A, €, TO OHU HA3BIBAIOTCSA HE3ABUCUMBIMU, €CJIU

P(A;,N...NA;,)=P(A;)...P(A;,), aus Bcex BOBMOXKHBIX 1 < i1 < ... < it <N

Hamowm#ro, 910 coOBITHS MOTYT OBITH HOMAPHO HE3aBUCHMBIMU, HO IIPU BCE BMECTE OHUM 3aBHUCUMBI, TO €CTh 3TO II0-
HATHE He CBOJIUTCH K IPOBEPKY HE3aBUCHMOCTHU B KaxK 0l ape. Torga Ha HE3aBUCHUMOCTD CIyYallHBIX BEJIMIUH ITO
OIpejieJIeHre PACIIPOCTPAHsIETCs TaK. Kejm ecTh ciaydailHble BeJIMIuHbl £1, ..., &, 8 = R, TO 115 JIFOOBIX TIOJIMHO-
xecTB Aq, ..., A, C R, MbI XOTHM, 9TOOBI COOBITHUSI El_l(Al), oo 67Y(AL) € 6B B COBOKYITHOCTH HE3ABUCHMBI.
Kak u panbIlle, ”HTYUTHBHO 9TO O3HAYAET, YTO BCE COOBITHSI, KOTOPBIE TOJBKO MOYKHO BBIPA3UTh B TEPMUHAX HAIINAX
CIy9IafiHbIX BEJIMYMH 110 OTIEIHbHOCTH HE 3aBUCAT B COBOKYITHOCTH.

B muckpernom ciaydae, econ &1, . . ., €, — IUCKPETHBIE CIIyJaiiHbIE BEJIMINHBI, TO OHA HE3ABUCUMBI TOTIA U TOJIHKO
TOr/a, KOIjia

P& =ay,....& =a,) = P& =a1)...P(& = a,), ana mobeix ay,...,a, € R

B HenpephIBHOM ciIydae, eci 1, . . . , &, — HellpephIBHbIE CJIyYaifHble BEJIMIUHBI, TO OHU HE3aBUCUMBI TOTJIA ¥ TOJIBKO
TOT/IA, KOTAA Pe(T1, ..., Tn) = Pg, (T1) - - - pe,, (Tn).-

C nomormpio QYHKIMI PaCIpe/Ie/ICHIsT MOKHO [TPOBEPUTH Ha HE3aBUCHMOCTH JIOOBIe HAOOPHI N3 CIIydailHbIX Be-
JsirauH Jiio6oro Bua. Cirydaiiinble BeUnIuHbl &1, . . . , &, HE3ABUCUMBI TOL/Ia U TOJIBKO TOT/IA, KOTJIA JJIsd BCEX X1, . . ., Tp

FEla'“vfn(Il? s ,In) = Ffl (561) . an(xn)

HAIOMHIO, IT0 (YHKIMS pacipenesenus — 910 Fe, e (T1,...,2,) = P(&1 < 21,...,& < Ty).

ObpaTure BHUMAaHUE, YTO B CJIydae COOBITHUIH JIJIsi HE3ABUCUMOCTH MbI JIOJIKHBI [IPOBEPSThH, UTO BCE BO3MOXKHBIE
[IOJMHOKECTBa YAOBJIETBOPAIOT (POPMYJIE [JIsd IPOUM3BEIEHN, 8 B CJIydae CJIyJailHbIX BEJTMIHH, Mbl BCErIa CMOTPUM
Ha BeCh HAOOP CJAyYalHBIX BEJMYUH. DTO KaXKETCsl CTPAHHBIM, YYUTBIBas, YTO HE3ABUCUMOCTH B COBOKYIITHOCTU
s A, B,C' C € nojizkHa OBITh PaBHOCHJIBHA HE3aBUCUMOCTHU X 4, X B, XCc- O/IHaKO, He 3abblBaiiTe, 4TO B CiIydae
CIIyYalHBIX BEJIUYHMHBI Y HAC €CTh JOMOJIHUTENbHBIA KOHTPOJb. MBI MOXKEM TECTHUPOBATH Ha IONAJAHHUE B JIIOOOE
[IOJMHOXKECTBO Ha upsimoii. Hampumep,

P(ANB)=P(xa=1,xp=1)=P(xa=1Lxp=1,xc €R) =
=P(xa=1)P(xp=1)P(xc €R) =P(xa=1)P(xz =1) = P(A)P(B)
B UTOIre BazXHO 3aH01\/IHI/IT]), 9TO B C.quae C.)Iy‘{af/'IHI)IX BE€JINYUH HE Ha,,ILO Hepe6I/IpaTb HO,I[I\IHO}KGCTB& Cpe,ZLI/I caMUux
BeJH/I‘{I/IH, HO HaIO0 HpOBepI/ITb 60ﬂee CUJIbHOE yCﬂOBHe Ha BCE BEJIMYUHDI.

B obmiem cydae 115t HE3ABUCHMBIX B COBOKYITHOCTH CJIyYaifHBIX BEJINYUH &1, . . . , £, BEPHBI CJIEAYIOIINE CBOMCTBA
JJId MaTeMaTUdeCKOro OKUJaHUudA U JIUCIePCUI

2.DEG+...+&)=DE)+ ... +D(&).



IlepBast dpopmysia roBopu O TOM, YTO HA CIAyJaflHble BEJIUIUHBI MOYXKHO CMOTDPETH KAK HA <HEYETKHE COOBITHSI»,
a UX MaTeMaTUIeCKOe OXKUJIAHUE — 9TO KaK Obl «BEPOATHOCTU» ITHX HEIETKUX cOObITHil. To ecTh coOBITHE — 3TO
TaKoe COOBITHE ¢ KPATHOCTAMHE JJIsl 3JIEMEHTAPHBIX MCXOA0B (IPUYEM MbI MOXKEM CUYUTATH, UTO 3JIEMEHTAPHBIA HC-
X0/l He MIPUHAIJIEXKUT «COOBITUIO» € KAKOH-TO KPATHOCTBIO IIPU OTPUIIATEIHLHOM 3HadeHun ). Ilpasia Torga, BOT ara
«BEPOSITHOCTH» B BUJIE MATEMATHYECKOTO OXKHUIAHUSI CTAHOBUTCS CTPAHHOI, OHA MOXKET OBITh U IOJIOKUATEIHHON
¥ OTPUIATEJHHON, BhIPAayKasi HAILY CTEIEeHb YBEPEHHOCTH IMPUHAIEKHOCTH <«HEYETKOMY coObITuio». Ilocsie Takoit
aHAJIOTUN TepBasi (POPMyJIa MPEBPAIAETCA B MPUBBIUHYIO (OPMYIYy HE3aBUCHUMOCTHU s cobbiTuit. Hamo TpakTo-
BaTh 3Ty (DOPMYILy KaK «HE3aBHCHMOCTH B CpejHeM». KOHEYHO Ke 9TO PaBEHCTBO Cjiabee YeCTHON He3aBUCUMOCTHU
CAy4alHbIX BEJIMYUH.

ITocTpoeHue HE3ABUCHUMBbIX CIIyYalHbIX BeJauduH IlycTh Ha ciaydaitnom dephom smmke (§2, P) 3agan nabop
HE3AaBUCUMBIX B COBOKYITHOCTHU CJIYyIaflHbIX BenanH 1, . .., &, 1 2 — R. JlaBaiiTe pazoObeM nX Ha JIBe HE ITEPECEKATO-
mecst 9act &1, ..., & 1 &y, - - -, En. Teeps mycth f: R™ — R u g: R"™™ — R — nBe npou3BosibHbIE (DYHKITNH.
Torna cayuaiiabie Besmausbl f (€1, ..., &m) 1 9(Emt1, - - -, En) OYAYT HE3ABUCHMBIMUA. AHAJIOTHIHBIN TPIOK paboTaer,
ecjii Mbl pa300beM MCXOJHOe MHOXKECTBO CJIy4YaiHbIX BeauduH 1, ...,&, Ha IIPOU3BOJILHOE YHUCJIO HE IEePECEKaro-
MUXCS TIOAMHOYKECTB, 3JIeMEHThI KaXKI0r0 MOJIMHOXKECTBA TOJCTABUM B CBOIO (PYHKIIAIO, TOT/IA IOJIyYeHHBIH HAOOD
CIyJIaflHBIX BEJIMYIMH TaK YK€ OKAXKeTCsl HEe3aBUCHMBIM B COBOKYITHOCTH. 1109TOMy, KOrja BBI CTAPTOBAJIU C U€ro-
TO HE3aBHCHMOI'O, TO BBl MOYKETE OU€Hb €CTECTBEHHBIM 00PAa30M CTPOUTH IEJIbIE CEMEUCTBA HE3ABUCUMBIX BEJIMINH
UCXOnd U3 HAOJIIOEHNUS BBIIIE.

XapakTepuCTUKN CIIy4YalHBbIX BEKTOPOB

Ec/m na BeposTHOCTHOM TpocTpancTse (2, P) onpenenen ciydaitnbiit Bekrop &:  — R™, To s Hero ompejiedte-
HBI AHAJIOTU MATEeMAaTHIeCKOr0 OXKWJIaHUs U auciepcuu. MareMaTnaeckoe OxKujaHue OyJIeT HEKOTOPBIM BEKTOPOM,
KOTODBIIl B CpEHEM MPUOJIMAKAET HAI CIyYailHbI, a BOT JUCIEPCHUs OyJIeT MaTpUIleil KBaIpaTUIHON (HOPMBI, OT-
BEYAIONICH 3a CIIy4allHble OTKJIOHEHUs OT 3TOr'O CPEJHEro 3HAYCHUS.

MaremaTudeckoe oXXuaanme MareMaTudeckoe OKUIAHNE OISITh K€ OIMPEIeNIAeTCsS MYTHOW (hOpMysIoi st

UHTEeTrpUPOBaHUST
E(£) :/gdP: /5ch5—
(9] R
3nech T = (x1,...,2T,) — BEKTOD U3 IepeMeHHbIX. JlaBaiiTe IpHIAIMM eff CMBICJI B T€X CUTYAIUsSX B KOTOPBIX MBI

yMeeM paboTaTh CO CJIyYailHbIMU BEKTOPAaMHU.
B magase mamo ckazarh, 9TO MHTErPUPOBATH BEKTODP — 9TO TO K€ CAMOE, UTO UHTETPUPOBATH KaXKIYIO €ro
koopuHary. [Toromy dbopmysa Bbillle O3HAYAET BBIYUCICHAE 1 MHTETPAJIOB JIJIsT KaXKJI0M U3 KOOPAUHAT. A 3HAUWT,

st Bekropa & = (&1, . .,&,), BepHa dopmya

To ecTb MaremMaTndeckoe OXKUJIAHUE MOXKHO BBIYUC/ISITH TOKOOPAUHATHO. JIjist Hadaja HAJI0 BBIYUCUTD pacipejie-
JIEHUsT KaXKJOW U3 KOOPIAWHATHI, & MTOTOM MOCUYATATH MATOXKUJIAHUE I KAYKJI0W KOODIMHATHI.

CkaszaHHOEe BBINIE SIBJISIETCS 9yTh JIM HE YJIBTUMATUBHBIM 3HAHUEM PO MATEMATHYECKOe OXKHJIAHWE BEKTOpa,
KOTOpOe He TpebyeT Gosbliie BOOOINe HUKAKUX 3HaHuit. TeM He MeHee, maBaiiTe 0OCYIUM sSBHBIE (DOPMYJIBI B TPEX
cydasix.

MaremaTundyeckoe OXKHJaHUE B AUCKPETHOM ciydae Ilycth ciaydalinbiii BeKTOp € MMeeT JUCKPETHOE pac-
peJieJieHne
a ... Gp ... €ER7?

&~ PL oo Dn ... €]0,1]

Torna

E(z) = Zaipi = ZaiP(f_: a;)
i=1 i=1



MaremaTudeckoe oXKujaHue B HEIIPepPbIBHOM cjiydae llycTb Tenepb £ MMeeT HellpepbIBHOE paclipejesieHue
¢ WwioTHOCTHIO P(x1, ..., x,). Torma

E(&) = /i:p(xl, ooy xp)dey .. dy,
R’ﬂ
O6parure BHUMAHUE, YTO TYT UHTEIPUPYETCs BeKTOpHAs DYHKIWA TP(T1, ..., Tn), THe T = (T1,...,Ty).

MaremaTudeckoe oXKugaHue U (pYyHKIUs pacrpejesienus l[lycTs cayvdaifiubiit BeKTop £ Ha MPOCTPAHCTBE
R™ nmeer dysxnuio pacupenesnenust F(zq,...,z,), Torna

E(§) = /idF(xl,...,z")

R™

[Toka mpore B HOHUMAHUH 3TOr0 HHTErpaJsa HaMm He ctajo. OHAKO, TYT MOXKHO IPUOErHyTh K TaKOMY TpIoky. Hasto
HaiiTu Bce aroMbl (DYHKIMU PACHPEEIEHs U [IPEBPATUTH ee B (DYHKIMIO 63 Pa3pbhIBOB (AHAJIOTUIHO OJHOMEPHOMY
ciyaaio) o(21, ..., Ty). TOrga aroMbl JAJQyT 9acTh MATEMATHYECKOTO OXKUJAHUs 110 (GOPMYJIAM il JUCKPETHOIO
ciaydasi. A eciau ¢ okazasach auddepeHnmpyeMoil HyKHOe KOJIMIeCTBO pa3, TO 10 Heil MOYKHO HAWTH IJIOTHOCTD
HELIPEPBIBHO YacTy Jisi PACIIPEJIeJIeHUs, & UMEHHO, HAJO ©(T1,. .., Ty) TpoauddepeHIIpOBaTh 0 KaXKIOMYy ap-
TYMEHTY OJHH pa3. ITO MOKa JIyHUIlee, 9TO 51 MOI'Y CKa3aTh IIPO OOIIUi Corydail.

Martpuiia kopapuanuu B ciiyyae HECKOJIBKUX CJIyYailHbIX BeJIMYMH MbI OYJIEM OIPEJIE/IsiTh He TOJIBKO CpeliHee
OTKJIOHEHHE OT CPEeJHETO, HO W KOPEJTUPOBAHHOCTD KaXKJIOU Maphl cIydaitHbix BeauanH. 1lo onpemenenuio koBapua-
nueit CIydaiiHbIX BeJandnH £ U 1) HA3bIBAETCs CJIELYIOIIee BhIPAXKeHre

cov(§,n) = E (€ —EE)(n — En)) = E(§n) — E(§E(n)

O6parure BauManue, uro D(£) = cov(§, €). Kpome TOro, paBeHCTBO HYJIO KOBAPHAIMN DABHOCHJIBHO DABEHCTBY
(&n) = (£)(n). Kax s roBopuII BBIIIE, IPO 9TO MOYKHO JIyMaTh, KAK IIPO «HE3ABUCAMOCTH B CPEJHEM» JIJIsl HAIINX
crydaitHbIX BesuaruH. To ecTh 3aBUCHMOCTD BOOOINE TOBOPST €CTh, HO IIPH OOJIBIIOM KOJIMYECTBE SKCIIEPUMEHTOB JIJIsT
YCPEJHEHHBIX JTAHHBIX MBI €€ He TTPOHAOIIONAEM.

Eciu st nByx cotydaiinbix Besmaud € u 1) Mbl uMeeM cov(€,7) = 0, TO roBOpsT, UTO CJydailHble BEJHMYUHDLI
HekoppempoBanbl. OTMETHM, 9TO €CJIU CJIyvaliHble BeJIMYUHBI HE3ABUCUMBI, TO OHU U HEKOPPEIUPOBAHLI, OJIHAKO,
obpaTrHOe BOOOIIE TOBOPs HE BEPHO.

Eciu € = (&1, ...,&,) — ciydaliHBIN BEKTOP Ha HEKOTOPOM BEPOSITHOCTHOM IPOCTPAHCTBE, TO MATPHIEH KOBAPH-
aIlM 3TOr0 BEKTOPA HA3LIBACTCS

cov(€y,&1) ... cov(&r, &)
() = : - ;
cov(én,&1) ... cov(én,&n)

Bazknoe 3amevanue. Dra MATPHUIA BCEIJIA ABJISETCS CUMMETPUYHON 1 HEOTPUIATEJILHO OlIPEJIeJICHHOM. A 3HAYUT, B
cJlydae, eCJIM OHA He BBIPOXKJIEHA, TO OHA 3aJ1a€T HEKOTOPOEe CKAJsSpHOEe npoussejeHne Ha R™, a umenso B(x,y) =
2t (€)71y.® Mbl 3HaEM, 9TO MOXKHO NPEJICTaBUTL MaTpuIy Y(£) B ciejyronieM Buje

¥(§) =UDU", tme U = (uy] ... |u,) — oproronamsnas marpuna u D = diag(dy, . . ., d,)

B sTom cityuae maBaiiTe mOCMOTPUM Ha TOBEPXHOCTH :z:tZ(f_)*lzzz = 1 — 3TO MOBEPXHOCTD, TOKA3BIBAIOMIA TPAHUILY
CPEJIHETO OTKJIOHEHHS BEKTOPa £ OT ero MaTeMaTHUecKOro OKUIAHMS. DTa IDAHHIA 00pasyeT S/IMIC. BeKTophI
ULy ..., Uy — OYAYT OCAMH ITOTO SJUINAICA, & YUCIA di,...,d, XapaKTepU3ylT HA CKOJIBKO ITOT JLIUIIC BBITAHYT
BJIOJIb KaXKJIOH U3 OCel U1, ..., U, (KOpHU U3 d; NOKA3bIBAIOT MAKCUMAJbHOE 3HAYEHNE T; 110 MOJLYIIO).

CsoiicTBa KoBapuanuumn ,ZLTIH KOBapualumn C.Hy‘{aﬁHbIX BEJIMYUHBI BBIIIOJIHEHBI CJIC/IYyIOINe CBOICTBa

1. Ecim & m n — npou3BoJIbHBIE CIIydYaiiHble BEJIMYUHBI, TO

cov(&,n) = cov(n,§)

306parure BHEMaHKE Ha OOPATHYIO CTEIICHD!



2. Ecnu &1, &5, — IpOU3BOJIbHBIE CIIyYaiiHble BEJUIAHDI, TO
cov(&1 + &2,m) = cov(&1,n) + cov (&2, n)
3. Hus miobbIx ciry4daitHbix Beaudud & u 1) u duciaa a € R BepHO
cov(aé,n) = acov(&,n) = cov(,an)
4. Jns mo0bIxX corydaifiHbIx BeauduHd € u 1 u duciaa a € R BepHO
cov(§ — a,n) = cov(&, )

MHoromMmepHoOe rayccoBO pacupefesieHne ¢ xody 3a/1aTh aHAJIOI IayCcCoBa PaCIpeJeIeHNsI B IIPOCTPAHCTBE
R™. ITus sToro 3adukcupyeM HeKOTOpbIH BekTop a € R™ u marpuny ¥ € M, (R) takyto, uro ¥ cuMMeTpUYHA U
MIOJIOXKUTEJIbHA OIpefieeHa. Torma MOXKHO 33JaTh HEIIPEPBIBHOE PACIpeesIeHe CO CIeAYIONeil MIOTHOCTHIO

(2) = —————
(x) = e
be (2m)" det

—i(z—a)'=" (z—a)

B sTom CJIy4dae I1oJydaeM
1. E(¢) = a.
2. COV(fi,gj) = Ei,j-

Huke na KapTHUHKe HapUuCOBaHa IIJIOTHOCTH HOPMAJIBHOI'O PacCIIpeJieJIeHusA CO CpeITHUM On ManHLLefI KOBapualumnu

FE:

N

Multivariate Normal Distribution

0.6

0.4

0.2

Ba}KHO, 9TO MHOT'OMEPHOE I'ayCCOBO pacIipe/ie/IeHre IIOJTHOCTBIO OIIPEJIeIdeTCA CBOUMU MaTOXKUJTaHUEM U MaTPpU-
Heﬁ KOBapHualli1 Ha CTOJIBKO, YTO €I'0 KOOPpAWHATHI HE3aBUCHUMBI TOT'Ja M TOJIBKO TOTr'Ja, KOTJa OHX HEKOPPE/JINPOBAHBI.

T'eomeTpusa rayccoBa pacnpeneseHus: llycts y Hac 3amaH CirydaifHblil rayccoB BEKTOD & C IJIOTHOCTHIO

pg(x) _ 1 e—%(m—a)tE’l(a:—a)

(2m)r det 2
Toryia BbIpaskeHue T110]1 3KcIoHenToi (z — a)!Y~1(x — a) aBngerca kKBajpaTuaHOil GOPMOit OTHOCHTETHLHO BEKTOPA
x — a. Tax Kax MaTpura X sBjsteTcs MOJ0KHUTEILHO Olpe/iesieHHol, To ypasnenne (r — a)!X ™ (z — a) = 1 3anaer
SJITUTICOUJT, C TIEHTPOM B TOYKE a. TOYKA @ SIBJISIETCS MATEMATUYECKUM OXKMJIAHUEM HAINEH CJIydYaiiHONW BEJIMYUHBI
&, moToMy MBI OyJIeM OXKUJATh, 9TO OTBETHI & OY/IYyT KOMUTHLCA OJIM3KO K 9TOW TOUKe. A yKa3aHHBIN JUIHIICOU]
[MOKA3bIBAET T'PAHUILY CPEJHEr0 OTKJIOHEHUsI 3HAaYeHUs] & OT MaTEeMATUIECKOTO OYKUIAHUSI.

Mpbr 3HaeM, 9TO CYIIECTBYeT OPTOHOPMHUPOBAHHBIN 0a3UC V1, . . ., VU, TAKOHW, YTO MATPHUIA X OYJIET JAUATOHAJIHHA
D = diag(dy,...,d,). Ilyctb C = (v1]...|v,) — MaTpuIa nepexoza oT CTaHAAPTHOrO Gasuca K basuce vy, ..., Up.
Torna marpuna C oproronambha, To ectb C'C = E. B arom cayuae D = C'XC.

JlaBaiiTe ciBUHEM HAYAJIO KOODJMHAT B @ M BHIOEPEM KOOPJMHATHBIE OCH BJIOJb BEKTOPOB V1, ..., Un. LOrja B
HOBOM 6a3mce v1, ..., 0, ¥ HOBBIM HAYaJIOM KOOPJMHAT ciaydaiinbiii BekTop & umeer suj 1 = C'(£ — a). Bekrop 7



OyJleT HOPMAJILHO PACIIPEJIEJIEHHBIM BEKTOPOM € 1IeHTpoM B Touke 0 u Marpuueil koapuanuu D = diag(dy, ..., d,).
To ecthb

2 2
1 3 (H+5) 1 = 1 =2
) = ———— ¢ ") =—m —¢ 2d1 | — ¢ 2dn
) = . Nezoh ord,

Buaunt di OyJer nucnepcueil mepBoit KOOPIUHATHI Jist 1), dg JJist BTOpOit U T.;1. KpoMme Toro, KOOpAnHATHI BEKTOPA
7) OKA3aJINCh HE3ABUCHUMBIMEM M HOPMAJBHO pacipejiesenbl. [IoToMy MbI 3HaeM, 9TO i-s KOODJMHATA B CPEIHEM
MeHsIeTCsI 0T —v/d; 70 v/d;, TO €CTh B CpeJHEeM 3HAMEHHUs BEKTOPA OYAyT 3aKJIOUEHB B IPAMOYroibHuK. OTHAKO,
TOT PE3YJIbTAT MOYKHO yTOUHUTD, 3HAUEHUs OyJIyT peke OBIBATH B yIJIaX 3TOrO MPSIMOYTOJBHUKA U B UTOTE OyIyT
COCPEIOTOYEHBI B CPEIHEM BHYTPHU YIOMSHYTOTO BBIIIE SJITUICOUIA.

10



Cemunap 3

Sagadmn:

1. Ha cTanmuuio mpuxo/aT B CaydaifHoe BpeMs JBe 3JIeKTPUYIKN. BpeMena nx mpruxo/I0B He3aBUCUMBI 1 IMEIOT 9KC-
[OHEHIMAJIBHOE PACHPEJIENIeHNe ¢ IIIOTHOCTBIO e~ ¥ -0(x). CTymeHT IPUXOUT HA CTAHIMIO B MOMEHT BpEMeHH 2.
Haiiure

(a) BEPOATHOCTH TOI'O, 9TO OH CMOZKET yeXaTbhb XOTs OBl Ha OLLHOIU/I AJICKTPUYIKE]

(b) MaremaTHYeCKOE OXKUJIAHIE BPEMEHU OXKHUIAHUS CTYIEHTOM OJInzKailneii SJIeKTPUUKHU (CIUTAeM, YTO Bpe-
MsI OZKHJIAHUS] PABHO HYJIIO, €CJIU CTY/IEHT OI03/aJl Ha 06 JIEKTPUYIKH).

31ech

1, >0
o) =4 "

0, <0

2. Iycrs (£,m) — HOpMAJBHBIH BeKTOp ¢ MaTeMaTHieckuMm oxujanneM 0 € R? u marpureit kopapuaruu Y =

(13). Haitnure morHoctr ayist ero koopauuar € u 7). B aroii 3an1aue Ha10 UCnosnbp3oBaTh caepyomuii hakr

/e*é dr = V27

R
3. Ilycre &1, ... ,&, — HE3ABUCHMBIE OJIMHAKOBO PACIPEE/ICHHDBIE HEIPEPBIBHBIE CIIydYaiHble BEJINUUH C IJIOTHO-
crbio p(x). Hafigure mrotHOCTE coryuaiiHbix Bemmaus: max(&y, ..., &,) n min(&y, ..., &,).

4. Ilyctp & m n — 1aBe ciay4aiinble BesnduHbl. JloKaXKuTe, 4TO

(a) & u 7 HE3ABUCHMBI TOTJIA M TOJBKO TOT/IA, Korja al + b u 1) HesasucuMbl. 31eck a,b € R npuuem a # 0.

(b) Ecsu kaxnas u3 cayIaifiHbIxX BeJMIUH £ U 1) IPUHUMAET TOJILKO JIBA 3HAYEHUs, TO OHU HE3ABUCHMbI TOLJIA
U TOJIbKO Toria, Korga cov(€,n) = 0.



Teopust BepogTHOCTH

Jnma Tpymma

Cemunap 4

VYciaoBHbIE BEPOATHOCTU U YCJIOBHBbIE MaTeMaTUuv1eCKue O2KuJ1aHnAd

JuckperHsbiit ciaydait [lycTs naHbl 1Be JTUCKPETHBIE CIyJaiiHble BEJIMYUHBL £ U 1)

ay ax ... Qan ... b1 b2 bn
£N n nN
pr P2 ... Pn .- a q2 ... (Qn

TOI‘,ILa OIpee/ICHbl YCJIOBHBIC BepOSITHOCTI/Il

P& =a,n="0)

P=al|n=0)= eED)

B cayuae, eciiu b # b; vu i kaxkoro ¢ (1o ecthb 1pu yejaosuu P(n = b) = 0), To MBI HoJaraeM 3Ty BEPOSTHOCTH
paBHOiT HyJ0. B 3TOM CiIy9ae MOKHO OIIPEJENIUTDb YCJIOBHOE MATEMATUIECKOE OXKHIAHIE

E(|n=0)=)Y aP(=a;|n=0b)
i=1

HenpepsiBHblii ciy4aii  Ilycts Temeps & u 1) — HempepbIBHbIE CJIy<aitHble BEJIUUUHBI C INIOTHOCTSIME P¢ () 1
U COBMECTHOI MHJIOTHOCTBIO X . TOF a MO2KHO OIIpeZIe/JINTh YCJIOBHYIO IIJIOTHOCTH
n &n\Ls

Pepn=y(z) =D =2 |n=1y)= W

B sTtom CJIydae MO2KHO OIIpee/INTh YCJIOBHYIO BEPOATHOCTDL CJIETYIOIIUM 06pa30M

P(§€A|n:y):/p§|n_y(x)dx:/wdw
A A

B srom CJIy4dae yCJIOBHOE€ MaTE€MaTUYICCKOE OKUJaHHUE OIIPEAC/IACTCA TaK

(z,9)
E€|In=y) = [ 2pen=y(z)dr = e Y) g,
]R/ ]R/ pn(y)

Cwmbicat yesoBHOTO pacupejesiernss P(§ € A | n = y) u B JUCKPETHOM U B HENIPEPHIBHOM CJIydae OJMHAKOBBII.
OHO MOKA3BIBAET, KAKOBA BEPOATHOCTD, 4TO & MOKAYKET PE3YJIbTaT U3 MHOMXKECTBa A, P yCIOBUM, YTO 1) MOKAZAJIO
3HadeHne Y. BayKHO, 9TO 15t IUCKPETHBIX CIYyYailHbIX BEJIUMYIUH YCJIOBHOE PACIIPEIe/IeHNne TOXKe OyIeT JUCKPETHBIM,
a IIJIsl HeIIPEPhIBHLIX — HelpepbIBHbIM. [1po ycioBHOoe MaTemarnaeckoe oxxuganue E(E | n = y) nago aymars rak. OHO
[MOKA3bIBAET, KAKOE B CPeJIHEM 3HadeHue Oy/eT TOKa3biBaTh & CPeJ TeX MOIBITOK, KOIJia 1) moKa3biBaeT y. Obparure
panManne, uto ¢(y) = E(£ | n = y) MoKHO paccMaTpuBaTh Kak CiydaiiHyro BeimdnHy Ha R ¢ pacrpesesneHueM 1).
Torna ee MaTeMaTHIECKOE OKUIAHHE OyIeT’

Ey(9(y)) = E(E(¢ [ n =y)) = E(£)

1I‘I’I‘O6LI B 9TOU Q)OPMyJIe IIOCYUTATH YUCJIUTEJIb, HE JOCTATOYHO 3HATH pacCIpeae/IieHue Ka)I(,E[OI‘;I us3 CﬂyqaﬁHLIX BEJIMYWH. Ha,uo II0JI-
HOCTBHIO 3HATh UX COBMECTHOE paclipeleJIEeHue. C),ZLHa,KO7 4 He CTaJl ero BBOOUTH ABHO.

2I/IH,EL6KC Y B MaTeMaTUIC€CKOM OXKHJIAHUU yKa3bIBaeT II0 KaKOU u3 cnyqaﬁﬁblx BEJINYUH MBbI 6epeM MaTeMaTHu4YeCKOe OXKUJJIaHue. to
OY€Hb YacCTO BCTpEeYaeMoe o6o3HaYEeHne OCODEHHO II0JIE3HO BO BTOPOM pDaBEHCTBE, 9TOOBI IIOHATDH, KaKOoro 4epra B006H_le IIPOUCXOOUT.




Ecin 6b1 coyuaiinble Besmannbl € u 1) 6puin 661 HesaBucumbl, To E(E | n = y) = E(£). To ecrb mMbl Bapbupyem
3HaYEHue 1) C MOMOIILIO ¥ U IIPU 3TOM CpeHee I £ ocTaeTcs oMHuM 1 TeM kKe. OIHAKO, eC/In CIydaiiHble BeJIMINHBI
3aBHCHMBI, TO [IPU PA3HbIX 3HAUEHUX 1) CJydaiiHas BesuunHa & Oyler nuMmerTh pasublie cpeanne E(E | n = y). Menss
Y MBI OyZieM MEHATH cpejHee s £ IIpU YCJIOBUH, 9TO 77 = y. HO ecim MbI BO3bMEM M YCDPEJIHUM BCE STH CpeJIHUe
1o 7) (€ y4eToM Mepbl Jyist 7)) TO Mbl B UTOre HOJIy4IuM OObruHOe cpejmee iyist . VIMEHHO 9Ta 10CIeq s MbICIb U
3aKJII09aeTCA B GOPMYJIE JIJIT MATEMATHIECKOTO OXKHMIAHKUA OT yCJIOBHOTO OXKUAaHUsA. Erie Ha 3Ty hopMy/Iy MOXKHO
CMOTDETHh KaK Ha MHTETPHUPOBAHUE IO TACTAM.

VYcioBHOE MaTEMATUYECKOEe OXKHUIaHWE OTHOCHUTEJNbHO nHAnkaTopa FEcmm £: Q — R — npousBosbHas Ciy-
vgaitnas Beqmauaa 1 A C ) — HEKOTOPOEe COOBITHE, TO MOXKHO PACCMOTPETH YCJIOBHOE MATEMATHIECKOE OXKUJIAHUE
& orHOCHUTENIBHO X 4, a uMenHO dyukuuio E(€ | x4 = y). Maremarudeckoe oxkunanue E(£ | x4 = 1) coBuagaer ¢
MaTeMaTHIECKIM OKHJaHIeM &, HO 10 BePOATHOCTHOI Mepe Py(x) = P(x | A), To ectb E(¢ | x4 = 1) = [, dPa.
Takum 06pazom 310 OyJer ycpejaHeHue 3HadeHmili £ 110 BCeM HCXOJaM, KOTopble Berpedaiores B A. Kpome toro,
E(¢ | xa = 0) coBuanaer ¢ E(§ | x5 = 1), a 3HAUAT ABJIAETCS YCPETHEHAEM 110 BCEM 3HAYECHUAM & Ha 3JI€MEHTAPHBIX
nexogax me us A.

CBs3b C KpaTHBIMU UHTErpasiamMu  [IpejiosioKuM y HaC eCThb HelPepbIBHbIH BeKTOD (£, 7)) Ha KAKOM-TO BEPOSIT-
HOCTHOM MPOCTPAHCTEBE € IIOTHOCTBIO g (2, y). Iyers f: R? — R — mekoTopas GpyHKIUS N MBI XOTUM IOCUUTATH
Ef(¢,n). Torma 910 3a/1a4a 110 BHIYUCICHUIO CJIELYIOMIEIO HHTEIPAJIA

/ f(@,y)pe n(,y) dedy

Torma ero MoxKHO OBLIO OB MOCYUTATD IO YACTAM CJIEIYIONTNM 00pa30M

/f(%y)ps,n(%y)dxdy:/ /f(w,y)pg,n(x,y) dy | dx
R2 R

R

OpHako, y IPOMEXKYTOYHUX WHTETPAJIOB HET HUKAKOTO BEPOSTHOCTHOIO CMBIC/IA. BMeCTO 3TOro, MOXKHO CHadaja
cJieJ1aTh IIePEHOPMHUPOBKY.

[ 16wty dady = [ o) P g (0) dady
R2 R2

Komnewuno ke oma BO3MOXKHa TaM, Lae pe(x) # 0, HO maBaiiTe OTIOKHUM cefiac 3T0T (HPOPMAIbHELIT pasrosop.® A BoT
Tellepb UHTETPUPOBAHHUE 110 YaCTAM J1aeT

g?mwmﬁﬁwmw—/’/fxy“ﬁ))@ pe(z) de

TOI‘,ILa BHYTPpEHHEE BbIpa2K€HUE JTacT

/fw y pé”((x 9) /fx Y)Pnle=2(y) dy = E(f(§;m) | § = 7) = p(w)

U noyaeM HEKOTOPYIO (PYHKIHMIO OT &, IIOTOMY 9TO MBI ISl KQsKJIOT0 3HAYECHHUS T CUUTAEM MATEMATHIECKOE OXKH-
nauve f(£,m) = f(x,n) Tonbko o Toit wactu Q, rue £ = x. PopMaTBHO MOCJETHNE CJIOBA HE MOHSITHO, YTO 3HAUAT,
HO MHTYUTHUBHO, MbI YCPEJIHAEM 3HAYEHMs 7] 1O JMHUAM ypoBHs . U ecam mpeacTaBUTh COBMECTHYIO ILIOTHOCTD
Pen(,y), TO BHYTPEHHUI KPATHBIN HHTErPaJI

/ f(@,y)pey(z,y) dy
R

3Ha caMoM fejie HAaJO CHEJATH TAK: BHIKHHYTL U3 HPSMOM KyCOK, I/e Pe(x) = 0 u muCaTL MHTErpaj TOJBKO IIO0 OCTABIIEHCS YaCTH.
B sTOM Ciydae COBMECTHAs INIOTHOCTBH TOXKe OyIeT HyJIeBOi BCIOLy ecim OHa OblIa HENPEpBIBHA W IIOYTH BCIOAY B oOmeM ciydae (ITo
OBl 9TO HU 3HAYMIIO).



Osnavaer, 4To Mbl ycpeiHseM 3Hadenue f(z,y) 10 y Ha cpe3Ke, KOrja T — KoHcranrta. Ho Jyisd npujaHusi Bepo-
SITHOCTHOT'O CMBICJIA, MBI ObI XOTeJH, ITO0BI P¢ n(Zo,y) 387aBaja BEPOSTHOCTD AJIsi GUKCHPOBAHHOIO Z(, & HOTOMY
MOKEM PEHOPMUPOBATH, II0JIEJIUB Ha fR De (0, y) dy = pe(xo). ToToMy 1O CyTn pasHHIBI ¢ KDATHBIM HHTErDAJIOM
HeT. Eciin 2Ke mocMOTpeTh Ha HAIM BBIMUCIEHUS JIAJIbIINE, TO YBUIUM, UTO

Ef(¢,n) = / E(f(£.n) | € = 2)pe(z) dz = Eo (E(f(€.1) | € = )

R

To ecrb Mb1 gourerpupyeM p(x) = E(f(£,7n) | £ = ) no ocrasieiics IIOTHOCTH JIJIsi KOOPJIUHATHL . A 110 KOODIH-
HaTe Ty HaC Kujaa £, BOT 110 €€ IJIOTHOCTHU U JOMHTErpupyeM. Llocsetnee paBeHCTBO — 9TO YKAPTOH JIst «yJ00CTBax.
$1 numy B KaBbIYKaX, IOTOMY YTO 3TO: BO-IIEPBLIX, He yJ0OHO, BO-BTOPBIX, MaTeMATUKK TaK He JeslafoT. Tak Jenaior
MH2KEHEpHhI, a 3HAYUT HaM HaJI0 IIOHMMATh UX YKAPTOH U YTO OHU UMEIOT B BHJLy, KOTJA TaKOe MHUIIIYT.

ITpumeneane YMO
HaBaiiTe pazbepeM CIEAYIONIYIO 3aaTy.

Bamaua. UrpajsbHyro KOCTb € i TPaHsIMHA (M YUCJIAME OT 1 JI0 1 HA 9TUX IPAHIX) HOAOPACHIBAIOT JI0 TEX 110D, IIOKa
CyMMa BBIITABIIUX OYKOB He cTaHeT OoJibIle Jiub0 paBHa 1. Bee rpaHu KOCTH BBIIAAIOT C OJIMHAKOBOI BEPOSTHOCTHIO.
Haiinumre MaTeMaTuaeckoe OKUIAHNE TUCIa OPOCKOB.

Pewenue. daBaiimre BBeleM cjeyoolne caydaiiHble BeJIMUMHbBL: & — 3HAYEHUE, BbIIABIIEE Ha i-OM OPOCAHUU KOCTHU
U 1), — MUHUMAJIbHOE KOJIMYEeCTBO OPOCKOB, KOTOPOE HYXKHO CejIaTh, YTOOBI BBINAJIO XOTsi Obl kK OYKOB CYMMAapHO.
Torna nam mazgo nocuurars E(1,). Jasaiire pemum 6osiee o0miyto 3a1ady U mocauraeM Bee uucia ap = BE(ny) upu
k < n. Samerum, 1to 17 = 1, 9T00BI MOTYYIUTH XOTsI OBl OHO OYKO JIOCTATOYHO KMHYTh KOCTHb 1 pa3. Tak xe mjs
yI00CTBA MOXKHO TIOJIOXKHUTD, 9TO 7)9 = 0, TO ecTh 4T06bI MoyIuTh 0 09KOB Ha10 HpocuTh KocTh () pa3. AHAJIOrmIHO
JJIsl OTPUIATEJbHBIX duces 7—1 = 0 1 T.11.

Teneps mocunTaeM MaTeMaTUIECKOE OXKUJIAHUE C TIOMOIIBIO YCIOBHOIO MATEMATHIECKOTO OXKUIAHUSI.

E(m) = En(Er [ &1 =m)) =B | & =1)PE =1) +... + E(p [ & = n)P(& = n)

Mper1 3naem, yro P(§ = m) = 1/n ayia mo6oro m. Teneps nazo nocuurars E(ng | £ = m) 1 dukcupoBasuoro m.
Ecmu &4 = m to MBI yKe caenanu 1 6pocanne u Temepb HAM OCTaJI0Ch HAOPATh k — m o4koB. To ecTh npu ycjao0BuUM,
qTO £1 = M ciydaiiHast BEJUUIHHA 1) [PEBPAIIACTCI B 1 + Ng—m. 1Ipu 3TOM 7)1y OyJ1i€T Besmannoii or &o, ..., &g, &
TO ecTb He 3aBucut or £;1. [Toromy

E(ne | & =m) =E(1+nk—m | & =m) =E(1 + nk—m)

Takum 06pa30M MOTYIUIH, ITO
E(1 4+ ng_1 E(1 4 n_
By~ BQ o) | B0 )
n n
Tak Kax MBI cauTaeM 3HaYEeHUS IpK k < N 1 BeJIMIUHBI 1), = 0 TPU He TOJIOKUTETbHBIX Kk, TO MOCIEIHIO (hOPMYITY

MOZKHO IIepernuncaTb TaK

E(1+ng_ E(1+
n n
WM, PACKPBIB BCE CKOOKMU, TaK
E(n-1) E(m)

E(n) = 14 —2e=t) - 200
n n
TO €CThb Ha Hallly YUCJIOBYIO IIOCJI€J0BATEJIBHOCTDL Y HaC €CTh CJIEAYIOIMUE COOTHOIIIECHUA
al +...+ag—1
ap=14+ ——7-—

HpI/I 9TOM a1 = 1. BeryreMm 13 9TOro COOTHOIIIEHHsI COOTHOIIIEHIE npu k — 1, TIOJIyIUM

an 1 1\ F1 1\ k1
ar — ag—1 = n_ = akzak_1<1—|—n> = ak:a1<1+n) :<1+n>

Orcrofia ToydaeM, ITo
1 n—1
Blm) = an = (1+7)
n

Tak Kak 3T0 9HCI0 OJU3KO K €, TO 38 ABa~-TPU OPOCKA B CPEIHEM MBI OyIeM CIIPABIISITHCS. O




Dopmysbl Baiteca 1 moiHOI BEPOATHOCTH B HEITPEPBLIBHOM CJIyYae

Ipex e gem gpopMyaupoBaTh GOPMYJILI 1 X0y 00paTHThCs K *)aprony. Korya y Bac ecTb HabOp CIydaiiHBIX BeJn-
qud &1, . . ., &, HA ) ¢ COBMECTHOM ILIOTHOCTBIO P(X1, - . . , Ly ), TO JIOIU Y9ACTO MEHAIOT BEPOATHOCTHOE IIPOCTPAHCTBO
(2, P) ma mosoe (R", Pg). B sToM ciryuae Hamm c/Tyqaiiible BeTITHHBI CTAHOBSATCA MPOCTO KOOPHHATHBIMI (DyHK-
muamu. To ectb BMecro &1: Q — R, Mbl MoxkeM usydars dbyskimo x1: R” — R mo npasuiy (z1,...,2,) — 1.
PoBHO B 9TOM M CyTh CMEHBI IPOCTPAHCTBA, YTO HUYErO HE M3MEHUTCS C BEPOSITHOCTHON TOYKM 3PEHUsl, €CJIA MBI
XOTUM U3y4aTh TOJLKO CJIydailHble BeJIMIuHbl {1, . .., &, 1 HuIero Gosbie mpo §) 3HaTh He XOTHM.

B sTOM citydae JoaM HAUMHAIOT UCIOJIL30BATh JJI T1, . . . , T, BEPOATHOCTHBIE 0003Hadenust. Hanpumep, ecin s
XOTy HAIUCATH YCJOBHYIO IJIOTHOCTH, CKaxkeM & IpHU yCaoBuu £z, TO S MOTY HAIUCATH TaK

p(.’IJl,.’lfQ)

1 | x2) = T1,%9) =
p(x1 | ¥2) = peyje, (21, 72) o(22)

Hamowmnro, 1aro B 3TOM Citydae

play) = / p(a1,as)des u plaz) = / p(, 2) day
R

R

4 npeanounTaro JyMaTh o IJIOTHOCTH, KaK PO «IIpaBonoaobues. [loromy TyT Hanucana gopmyJia JJjisi yCJIOBHOTO
MPABIONOA0OUS 1 TP YCJAOBUU To. A 3HAYUT 10 aHAJOIME MOXKHO 3amucaTh (popMyinl Baiieca

p(x1 | 22)p(w2)

Poa o) =)

Tenepb ﬂaBaﬁTe IIOroBOpuM IIpO aHaJIOT d)Opl\lyJIbI TOJTHOM BEPOATHOCTU, KOTOPagd TOXKeE JOJIZKHa ITNCATHCA JIJIA
mioraocTu. Ilo OIIpeIeJICHUI0O nMeeM

p(z1) = /p(xlva)dQSQ
R

TCHCpI) ,ILaBafITC pacnumieM IJIOTHOCTH BHYTPHU Y€PE3 yCJIOBHYIO IIJIOTHOCTD, IMOJIYyYUM

Z1,T2

p(r1) = /p(p(zz))P(ﬂ?z)dﬂfz = /P(iﬁl | 22)p(x2) dxo
R R

Ha sty dopmymny moxuO cmorpersh Tak. Cobbrtust Buga {w € | n(w) = 22} — JAI0T NONHYIO cUCTeMy COOBITHI
(oHU He mepeceKarTCs U MOKPBIBAIOT BCe). Bea B TOM, uTo uX Gosiee UeM CUEeTHOE MHOXKECTBO W OHH BCe MMEIOT
HYJIEBYIO BEPOSTHOCTH (u3-3a HenpepbiBHOCTH 1)). HO unTerpuposanue pemaer 1y npobiaemy. Ilotomy Mbl, canras
«ITpaBIoTIoobmes» p(x1) MOXKEM MOCYUTATL MOCYUTATL €ro Yepe3 WHTerpupoBaHue’ YCIOBHBIX <«ITPaBIOTION00mit»
OTHOCHUTEJIBHO Lo C BECAMU B BUJIE «IIPABIONOn00us» p(ra).

W mocseamii aHajor, KOTOPBIA 51 XOUy 3aTPOHYTH — <«IIPABJIONOI00ME» COBMECTHOIO HACTYIJIEHUs] COOBITHI.
[Ipore roBopsi, Kak CBsI3aHa COBMECTHASI IIJIOTHOCTH C YCJIOBHBIME, KOTJIa Y BaC MHOI'O IlepeMeHHbIX. B aToM ciydae
s1 X049y YTOYHUTDH OIIPEJIe/IEHUE

p(xla"'axk‘yxk+17"' ;‘rn)
p($k+1,---7$n)

p(xlv"‘vxk xk+17"'7mn) =

Torma cmoTpuTe, YTO MOy IUTCS

p(3,74) = p(3 | 24)p(74)
(w2, 23, 24) = p(v2 | x3,24)p(23, 24) = p(22 | T3, 24)p(23 | T4)p(24)
;0(331,302,3?37964) = P(l’l | 3327333,134)27(562 | 9637%4)?(373 | $4)P(334)

3ameuanue mmpo obmmmit moaxon, CkaxKy MO CEKPETY, UTO eCTh OOIIHi OAX0/] K YCJIOBHOMY MATEMATHIECKOMY
oxuaHnio. Torga MOXKHO OLpeJesuTh Ciaydaiinyo Beaunuuny E(€ | n), Koropas siBisieTcd ycpeHeHneM & Ha BCeX
CODBITHUSIX, BhIpaXKaeMbIX B TepMuHax 7). [loTomy coxpamsieTcs 60s1ee obrast (hopmyiia

E(E(¢ | n)xa) = E(éxa), anst moboro A=7n""(B), tme BCR

4 Bwmecto CYMMUPOBaHUA.




IltoTHOCTHL KOMIIO3UIINI

IIsroTHOCTH KOMIO3UIUN AJIs CJaydaiiHoll Beaw4duHbl llycTh y Hac ecth ciydaiinas Besuuuna £: 2 — R Ha
HEKOTOPOM BepOATHOCTHOM mpocTpancTse (€2, P). IIpeamosnoxum, 410 0OHA HMeeT IIOTHOCTE Pg(z). IlycTs Temepn
3azano orobpazxenue f: R — R u Mbl xoTuM HaiiTu pacipeeienue ciaydaitaoii sesnaunbl f(£). O6paruM BHUMAaHIE
Ha TO, 4To B 0obmeM ciaydae f(€) He obs3aHa MMeTh IUIOTHOCTH, Jaxke ecau £ umesa. Haupumep, f moxker ObITh
nocrosinnoit dyuknueit f(x) = a, Torma f(§) 6yaer aromom B Touke @ Beca 1. [loromMy Ham HyKHBI pa3yMHbIE
ycsoBust Ha f. UTOOBI HE OBLIO ATOMOMOB, HAJIO TOTPEOOBATH, YTOOBI JIMHUHU yPOBHS [ ObLIN HYJEBOW BEPOSTHOCTH
orHocuTeabHO MeHBI Pr. Ho B 9TOM cityuae BMeIIUBaeTCs BCsIKasd 9K30THKa (HEIpepbIBHBIE Mephl (€3 II0THOCTE!)
7 QYHKIIMOHAJIBHBIN aHAIN3 [IJIsi HAIUCAHUS sIBHBIX (DOPMYJI OPTOMPOEKINY B (DYHKIMOHAJIBHBIX IIPOCTPAHCTBAX.
JaBaiiTe mpeamnoaoKuM o4deHb mnpoctoe ycioBue: f: R — R sBisercsa cTporo MOHOTOHHOM riiaakoit dyukimeit. B

9TOM CJIydae
(=)

Fre (@) = P(f(€) <) = P(€ < f~(2) = / p(t) dt

— 00

Tenepn npoauddepeHupyeM 1mo , 9To0bl MOy IUTh IIOTHOCTD it f(€), moaydum

pf(a)($)=m wi pe(y) = prey (fF(W) f'(y)

D1y GopMyJly MOKHO IIOJYyYUTb emle cjepyommuM obpaszom. st jirodboro mommuokectBa A C R J10/12KHO OBITH
BuinosHeno Py (A) = Pe(f~1(A)). Eciim obe Mepbl IMEIOT IJIOTHOCTE, TO

/pf(g)(y)dy= /ps(ﬂﬁ)dl‘

A f=1(4)

Teneps cresaeM 3aMeHy nepeMeHHBbIX y = f(2) B JIEBOH YacTH, TOIJA IOYIINM

[ poter@i= [ i
A £

Tax kax f 6uekTHBHO U A TpoGeraeT Bee MOIMHOMKECTBA, TO 3TO 03HadaeT, uTo f 1 (A) mpoberaeT Bee TIOIMHOMKECTBA.
A orcroma ciiestyer, 9TO MOAUHTErpaIbHble (DYHKIIMKA PABHBI, 9TO U JIA€T OJHY U3 (DOPMYJI BBIIIE.

I110THOCTh KOMITO3UIY ISl CJIydaifHoro BekTopa Ilycrs &: 2: R™ — cirydaiiHbIil BEKTOD C ILIOTHOCTBIO
pe(z1,. .., 7,) umyers ¢: R" — R™ — obpatnmoe ymmeitnoe oTobpazkenue 3ajannoe 1o mpasuity ¢(r) = Az, e
A — obparumas KBaJpaTHas MaTpuia pasmepa n. Torma Mbr xorum maiitu mioraocts AE. IToiiaem BTOpBIM IyTem
spute. ITycrs X C R™ — npoussoibHoe MHOXKeCTBO, Torga Pyz(X) = Pg(A™'(X)). Taxk kak obe 4acTi UMEOT
[JIOTHOCTD, UMEEM

/pAg(yl,...7yn)dy1...dyn: /pg(ml,...,xn)dxl...dmn
X A-1X

Teneps caenaem 3ameny y = Az n moayanm
/ pag(Az)|det(A)|dzy ... dv, = / pe(T1,. ., wp) dy .. day,
A1X AX

Anajiormyno u3 npoussosbHOocTH X C R™ 1 OUEKTUBHOCTH ¢ MBI IIOJIy9aeM, YTO

Pag(Az)| det(A)] = pg(x)

auist Jiroboro x € R™, B yacTHOCTH
. pe(ATMy)



Pacnpe,z;eﬂeHI/Ie CyMMBbI He3aBUCUMBbIX c.nyqaf/'leIx BeJINYNH

ITycTh HA HEKOTOPOM BEpPOSITHOCTHOM HpocTpaHcTse (2, P) IaHBI jiBe HE3aBUCHMBIE CIyJalHble BEJUYUHBL & U 7).
ITpeamonozKuM, 9TO MBI 3HAEM PacupeJeNeHne KaxKI0i U3 HUX, TO eCTh 3HaeM Mephl P: u P, na npamoit R. Hama
3aJada HalTU Mepy it CyMMBI Pe .

Juckpernnbrii ciay4ait. Eciau obe ciaydaiiiable BeUYIUHbI £ U 1) JUCKPETHBI, TO W CYMMa UX OYIET JUCKpPETHA.
[TycTb mcxomHbIE CiTyvaiiHble BEJIUIUHBI 33aHbI CJIELYOIIM 00pa30oM

ay ax ... Qan ... bl b2 bn
é‘r\/ n nN
pr P2 ... Pn .- a q ... (Qn

Torna Bce BO3MOKHBIE 3HAUEHUS [Tl CYMMBI § + 1) IM€IOT BUJ, a; + b;. A COOTBETCTBYIOIIAS MEPA CIUTAECTCH TaK

PE+n=2)= Y  pig

a; +b1 =x

HeupepsiBublii ciryuaii. CBeprka. Tenepb npeionokuM, 910  HENPepbIBHA U 3a/aHa IIOTHOCTHIO p(x), a 7
uMeeT IOTHOCTH ¢(y). YTBep:Kaaercs, 4To ciydaiiHas BeJauduHa & + 1) Tak ke Oy/eT HeIPePbIBHOI ¢ IJIOTHOCTHIO

peen(a) = [ o0t~ ) de = [ o~ (e de
R R

HeficTBuTeIbHO, aBaiiTe JJIsd HAYaJa BRIYUCIUM (DYHKIUIO PACIIPEIEIEHUS

Feuolw) =P +n<a)= [ plulg(v) dud
utv<zx

Tenepb MOXKHO CZeJIATH JIBE 3aMEHbI II€PEMEHHBIX (OJHY JJIsl MOJIyYeHUsl I€PBOr0 BBIPAXKEHUS, JAPYIYIO JJIS — BTO-

poro).
s=u+wv s=u+v
A
t=u t=v

B MaTpUYHOM BHIE 3TH 3aMEHBI BLITJIAIAT
sy (1 1 v sy (1 1
t) = \o 1) \u mo\e) T \o 1
ObparHast 3aMeHa
vy (1 -1 S uwy (1 -1
u) “\o 1) \¢ mo\w) T o1

Tenepnb noab3yemcst GopMyIIoi
dudv = |det(C)|dsdt rtne (u) =C (i)

Fepp(z) = /p(t)q(s—t)dsdt= /Z /oop(t)Q(s—t)dtdSZ /x (7p(t)q(s—t)dt ds

s<x —00 —00 —o00  \~00

=

=

[Tosrywaem

AmnajornaHo Jy1st BTOPOit 3aMEeHbI

T o0 x oo
Feip(z) = / p(s —t)q(t) dsdt = / / p(s —t)q(t) dtds = / / p(s —t)q(t)dt | ds
s<w —00 —00 —oco0  \—o0
Tak Kak IUIOTHOCTH — 9TO [IPOU3BOJIHASL OT (DYHKIIMH PACIIPEIEJICHNUs], TO HYKHbIII 0TBeT 1oJsydaercs guddbepeHiy-
pPOBaHUEM IO .
WNurerpan Buna

/ p(t)ale —t) dt = / Pl — Dq(t) dt
R R

HaszwiBaercst ceeprkoit dyukimit p u g. To ecTb MBI IPOBEPUJIN, YTO JIJisi HE3ABUCUMBIX HEIPEPBIBHBIX BEJUYNH,
IIJIOTHOCTb CYMMBI €CTh CBEPTKa IJIOTHOCTEN CJlaraeMbIX.



XapakTepucrtuieckune (pyHKIIAN

Bui korja-auby b ciiblmaliu mpo npeobpaszopanue Oypoe? OTianyHo, ceifdac eme pa3 ycibimure. Ecrh 001ast KOH-
LEMIUsT TOrO, YTO Takoe mpeobpazoBanne Pypbe W B paMKax TOU KOHIIENIIAA MOXKHO CJHIeJIaTh IpeoOpasoBaHme
Dypbe st CaydaiiHONW BEJUYIUHBI, 8 TOYHEE I ee MEPhI Ha MpsSMOi. 3adeMm 3T0 HyKHO! ECTh HECKOJIBKO Ipu-
quH Jisi ero BBeneHus. OKa3bIBAETCs, YTO U3YUEHHE PA3HBIX BUJIOB CXOJMMOCTH MOYKHO IIPOBOJHUTH C MMOMOIIBIO
BBIYUCJIEHUSI THTEIPAJIOB OT BCEX BO3MOYKHBIX HENPepbIBHBIX (yHKImit. OHAKO, JTOCTATOYHO B3ATH TOJIBKO <XO-
poruey GYHKIHE. DTO HEKOE XOPOoIlee IIOTHOE MHOXKECTBO C 3aMedaTeIbHBIMEU aJIrebpandecKuMU CBOWCTBAMHU.
Camoe BaKHOE B 9TOM CeMeicTBe (QPYHKIU, ITO UX JIOCTATOYHO, YTOOBI MPOIILYaTh JIF0O0e CBOINCTBO MEPHI, a BCe
ceMefiCTBO MOYKHO 3allapaMeTPU30BaTh BEIIECTBEHHBIM UHCJIOM W CBECTH U3yYEeHHE CJIOYKHBIX CXOIMMOCTEN K CBOM-
cTBaM OJHOW (PYHKIINH, KOTOpas W HA3bIBAaeTCs Xapakrepuctudeckoir. C apyroil cTOpoHbl, caMo mpeobpa3oBaHnue
Dypbe HETPUBUAJIBLHBIM 00PA30M TEPETACOBBIBAET CBONCTBA OOBHEKTOB, UTO TOXKE MOXKET OBITh OY€Hb IOJIE3HO.
IIyctb &: 2 — R — HekoTOpas ciaydaiiHas BeJMYMHA. 1OrIa XapaKTepUCTUIECKO (MyHKIMel £ Ha3bIBaeTCs

pe(t) = Ee'*®

O6paTnTe BHEMaHUE, 9TO 0: R — C — KoMILIeKcHO3HauHasA GyHKIMA. 3ech ¢'? = cos(¢)+i sin(¢) 1o onpenenenuro.

XapakTrepucrudeckasi GyHKINsS 1 GYyHKIUs pacnpenenenns Ecau mbl 3uaem Fe(x) dynkumo pacmpeze-
Jlenust 71 €, TO MBI MOXKEM CUNATATHh MAT OXKHJAHUS OT JIIOOBIX DYHKIMIA OT £ ¢ TOMOIIBIO UHTErPAJIA O MPSIMO
CJIEIYIONINM 00Pa30M

pelt) =Ee" = [ " dFe(z)
R

Taxum 06pasoM ciydaiinas BeJudmHa €S COOTBETCTBYET TPHIOHOMETPHYECKOH (yHKIHH e''” Ha HmpsMOi moce

cmend () ma R. Tereps BazkHOe 3aMevanue: MHOXKeCTBO dbyHKIwmit €/ (371ech t — mapaMeTp, a T — apryMeHT QyHKIIHI )
SIBJISIETCsl «ILIOTHBIM» CPEJIM BCEX HEIPEPBIBHBIX (PYHKIUi, B TOM CMBICJE, YTO MbI MOXKEM Ha JIFOOOM OTpEe3Ke
PaBHOMEPHO MPUOIU3UTD JIIOOYIO0 HEIPEPHIBHYIO (DYHKIIUIO C ITOMOIIBIO TUHEHHON KOMOMHAIINN TPUTOHOMETPUIECKITX
dyuKIMiT. DTO OBLIN XOPOIIHE CBOWCTBA IIIOTHOCTH. ECiu Ke roBOpUTh Mpo ajrebpandeckne cBOCTBa, To obparure
BHEMaHWe, 9TO Halle ceMeiicTBo {e'®}cr 3aMKHyTO 10 yMHOMKeHUO (TIponsBe/ienue byHKIi TaKOro BUJIA, TOXKeE
dbyHKIMST TAKOrO BUJIA) W IIEPEBOJUT CyMMY apryMeHTOB B IIPOM3BeJieHNe 3HaueHnl GyHKImi. DTo 1Ba OCHOBHBIX
TEeXHUYECKUX MEXaHU3Ma, KOTOPBIE MCIIOIB3YIOTCS JIJIsi PADOTHI C XAPAKTEPUCTUICCKUMU (DY HKITHSIMHU.

Juckperssbiit ciaydait [lycts y Hac 3amana qucKpeTHas CIydailHasi BEJIUINHA

¢ a az ... Qp ... eR
pPL P2 .. Dn o ... E[O,l]

Torma xap dyHKIMS OyIeT CANTATHLCS TaK

pe(t) = Z e py,

k

HenpepoiBubiii cay4ait  [lycrs y nac 3ajana HenpepbiBHas ciydaiinas seauduna £ ¢ mwiotHoctsio p(x). Torma
xap (PyHKIUS CAUTACTCA TAK

e(t) = /eimp(m) dx
R
To ectb 310 KIaccuaeckoe mpeobpaszopanre Pypbe OT IIOTHOCTU PACIIPE/ICTICHUS.
IIpumeps! xapakTepucTudecKux QyHKIUN
1. Cawmblit ipocToii IpuMep — He cilyuaiiHast caydafinas pesnmuntal {(w) = a € R juis mo6oro w € Q. Torga
pe(t) =e

To ecTb 1151 KOHCTAHTHL Xap (DYHKIMS SIBJISI€TCS TADMOHUKON C 9aCTOTOM’ a.



. Jna pacnpenenenust Beprysim

¢ 1 0 eR
p 1-p €[01]
Xap bysknus oymer '
pe(t) =1—p+pe”

IIycrs y Hac nano pacupegeienue [lyaccona P(\), npuarom A > 0. D1a ciaydaiinas BeJinarHa 3a1aHa TabIueil

0 1 k
£~ e~ e ... 672!’%

Torma xap dyrKIus OyaeT '
pe(t) = XD

. JIJIst SKCIIOHEHIMAIBHOIO PACIIPECICHI ¢ IIOTHOCTBIO (1) = Ae™ @(z) mpu A > 0, xap bynkmus Gyaer

1
it
1=

Jlis HopMabHOTO pacipeneteans N (a, 02), TO €CThb HEIIPEPbIBHON CJIy4ailHON BEJIUYUHBI C IIJIOTHOCTBHIO

1 _(z—a)?
pa) = e 5
2o
xap PYHKINT OyIeT UMETh BUJT
. 02t2
@g(t) — 6zath

CaoiicTBa XapaKTepucTudecknx QyHKIIn

1.

Xap QYHKIHS ABISIETCsT PABHOMEDHO HEIIPEPBIBHOM HA BCEH MPAMOil. ITO 3HAYUT, YTO [IJIsA JIODOrO € MOYKHO
HalTH §, 9TO KaK TOJBKO |t; — to| < 0, T0 |pe(t1) — we(t2)| < €. Ilo mpocromy, Bama QyHKIUS He IPOCTO
HEIPEPBIBHO, HO ee «He KOJDACUT BBEPX M BHU3 Kak morajoy. OHa OJMHAKOBO KOJIEOJIUTCS BHE 3aBHCUMOCTH
OT KyCKa IPSMOIA, TJie BBl €e PACCMOTPEIU. DTO BayKHOE TEXHHIECKOE CBOMCTBO JIJIs JOKA3aTEIhCTBA PA3HbBIX
GdakTOB, HO HE OCOOEHHO II0JIE3HOE B MPOTUBHOM CJIydae.

MBI KOe-4TO MOXKeM cKa3aTh 0 3HaueHusix dbyHkuun. Hanpumep, ¢(0) = 1 win gaxe, aro |o(t)| < 1 Ha Beei
upsmoii. Kpome toro, ¢(—t) = ¢(t).

Xap dyHKIIUs OTHO3ZHAYHO 3aJa€T pacipeesenne. Kcan Be ciryJdaifiHble BETMINHBI UMEIOT OJHY U TY K€ Xap
GYHKIMIO, TO OHU UMEIOT OJMHAKOBYIO MepPY Ha IPAMOIA.

. Uepes xap GyHKINIO MOXKHO CIATATH MOMEHTHI CJLyIaifHON BEININHBI KAK ITPOU3BOIHDBIE

i )
E(£") = i "¢ (0)
D10 cBoiicTBO Gepercs u3 audPepeHInPOBAHNS] HHTEPAJIA 110 ITapaMeTpy.

ﬂﬂﬂ He3aBUCUMbIX CJIy‘IafIHbIX BeJIMYUH 51, PN ,fn BBIIIOJIHEHO PaBEHCTBO

Oertore, () =g, (8) oo g, ()

Onsare 2Ke, 9TO elme OJMH IUIIOC B KOIMUJIKY XOPOIIMUX CBOWCTB HE3ABUCHUMOCTH. 3a9€M 3TO HYXKHO, CTaHET
TIOHSITHO HUXKe, KOraa OymeM o0Cy»K/1aTh CXOANMOCTD IO pactpeaenrennio, a motom u LII'T B 6ymymem.



Xapakrepucrudeckasi pyHKIUs caydaiinoro sekropa Ilycrs £: ) — R™ — caydailHbIil BEKTOP CO CJIydali-
HBIMU KOOpJuHATAaMu &1, . . ., &,. TOrIa /I Hero Tak Ke OIpe/ie/ieHa XapaKTepUCTuIeckas MYHKINI, 8 UMEHHO

we(t) = Eei(t8) = Eeit'€

Bnech t € R™ — Bexrop, (t,€) = t'€ = t1&1 + ... + t,&, o3HAUaAET cTanjapTHOE CKaJIspHOe pousseienue. Vm sBHO,
KakK (PyHKIUsI OT HECKOJIbKUX IIePEMEHHBIX

Ger (ty. o otn) = Eei(tiéit  +tnkn)

Xap dyHKIHsT OT BEKTOPA TaK K€ OJHO3HATHO OIPE/IE/ISIET PACIIPE/IEIEHNE BEKTOPA 1 00/IaJaeT Kydell 3aMedare/ib-
HBIX cBoiicTB. Ho camoe riiaBHOe — OHO Oy/1eT OTBEYATH 38 CXOIUMOCTD II0 PACIIPEIEICHIIO, O KOTOPO PeYb MOHIeT
HHU>Ke.

B kadecTBe mpumepa jgaBaiiTe pacCMOTPUM HOPMAJIHLHOE MHOTOMEDPHOE PACIIpe/Ie/IeHNe, TO €CTh CIyJalHbIf BeK-
TOP EC IIJIOTHOCTBIO
1 e—é(m—a)tifl(w—a)

pe(w) = 2mndet s

e a € R™ u ¥ € M, (R) — cuMmMeTpuyHAas MOJIOKUTEIHHO ONPEIeTIeHHAST MATPUIA (C TOJOXKATETHHBIM CIIEKTPOM ).
Torma xap GyHKIWS JJIsT HOpDMAJIBHOTO PACIpeIesieHus Oy/IeT UMETh BHJL

pe(t) = ei(ta) =3 (£.%1) roet € R"

1 Bor 3TO OmIpemesienne HOPMAIHLHOTO PACIPEIETeHNsT pabOTaeT JaXKe JJIs BBIPOXKICHHON MAaTPHIIBL Y.

3agada MaTeMaTU4IeCKOl CTaTUCTUKU

B teopun BeposiTHOCTEI, M3ydasi KAKOH-HUOY/Ib Y€PHBIN SNUK, BCETJIA MPEJN0IaraeTcs, IT0 33 HUM CTOUT HEKOTO-
poe BeposiTHOCTHOEe TipocTparcTBo (€2, P). Kpome Toro, 06bIMHO K Y€pPHOMY SAIMUKY TEIISIOT KaKOH-HUOY/ b n3Me-
PUTEBHBIA IpUOOP, TO €CTh paccMaTpuBaioT ciydaitayro seauuuny &£: () — R. B sToM ciydae ryiaBHBIA MHTEPEC
JIIS M3YUeHns — 3TO Mepa FP¢, KoTopas HOJHOCTBIO ONHCEIBAET BCE CBOMCTBA MpHOOpPa £ HA HAINEM YEPHOM SIIUKe.
Tunuynas 3a1a94a T€OPUU BEPOATHOCTH 3BYyYUT TaK: MbI 3HAeM Mepy F%, IIpeicKa3arb, Kak OyneT oTBedarb Ipubop
Ha HAIU 3alPOChl. B MaTeMaTndeckoil cTaTuCTUKe M0 CYyTH pelnaercs obparHas 3ajada. Mbl He 3HaeM Kak yCTPO-
eHo (2, P), MBI OHSITHS] He HMeeM, KaK BBIIVISIIUT Mepa Pr, HO MbI 3HaeM, ITO mpubop yrKe yCIes JaTh HECKOIBKO
OTBETOB T1,...,T, € R. 3ajauya — BHITAIUTh KaK MOXKHO 0OJIbIlle MH(MOPMAIMK PO HEM3BECTHBIE KOMIIOHEHTHI
YepHOTO siluKa. Kak He TpyIHO J0rajaThCsi, pa3 Mbl OIpAINBaeM HE CaM YEPHBIN sIIUK, a JIUIIb BUCAIIUN Ha HEM
upubop, To (2, P) Haxonurcsa BHe Hamiell jgocsaraemoctu. Camoe Jiydine, 94TO Mbl MOXKEM IOIBITATH Y3HATH — ITO
Kak ycrpoena ciaydaitnas seqmansa &: {2 — R. Ho pa3 mbr He 3HaeM, 9To u3 cebs mpeacrasisier (), jydinee, 910
MBI MO’KEM Y3HATb — 9TO KaK ycrpoena Mepa P:. C Apyroil CTOpOHBI, €/ MBI 3Ha€M BEPOATHOCTHYIO Mepy Pr 1ia
cayvaiiHoit BeTmIuHbI £, TO MBI 3HaeM PO Hee Bce. TakuMm oOpa3oMm 00IIas 3aja49a MATEeMATUIeCKON CTATUCTUKU
BBITJISIIUT TaK.

Samaua Ilycrs Ha HEKOTOPOM BEPOSITHOCTHOM TpocrpaHcTse (€2, P) 3amana ciaydaitnas sesmunsa &: ) — R u
IIyCTH 3aJabl H3MEPEHHsI CIy Aol BeJIUIHHb L1, . . ., Ty € R, MBI XOTHM BOCCTAHOBHUTDL Pr MM KaKUe-TO Apyrue
XapaKTEePUCTUKA &.

Kak nazno nymars npo usmepenus? Korma Mbl 3aMepsiiin, cKakeM, 3HAYEHUE T1, HAIIl YEPHBIA SIUK HAXOMJIICS
B KAKOM-TO COCTOSIHUM w1, MOoToMy 21 = &(w1). [ToToM, KOrJia MBI U3MEDSIJIN To, HAI YEPHBIH SINUK HAXOIUIICS B
COCTOSIHUY W, TO €CThb Tz = &(w2) u T.11. Takum 06pasoM, MOXKHO JyMaTh, YTO X1, . . . , L — ITO [OCIEOBATETHHOCTD
&(wr), ..., &(wy). BHaguT 1po ITY 3a7aUy MOXKHO JAyMaTh, KaK PO 3aja4y BoccTanosjaenus dbyukmun &: ) — R mo
3HAYEHUIO B KOHEYHOM uucie Touek. OHaKo, Takas MOjesb He camas Jjydiiag. OcHoBHAs mpoGjaeMa B TOM, YTO
Mbl He 3HaeM, KaK MMEHHO IPUGOpP IEPEKIII0IaeTCs MEXKILy COCTOAHUIME W1, . . ., Wy, [JI€ IMEHHO B IIPOCTPAHCTBE
Q oum crpyunuposanbl. Kpome Toro, He siCHO, BIIMSIET JIM [1€PBOE M3MEPEHHE HA BTOPOE M €CJIHM BJIMSET, TO KaK
YUUTBIBATH OJ06HOE B JanHoil Momenu? Ilo-xopormeMy 3Ty Moje b HaJo JONOJHUTL HEKOTOpPOoil uH(opManuei o
[IepexoJIe U3 OJHOIO COCTOAHU B IPyroe Ipu 3aMepax. Ho 370 aBroMaTnyecKu 03HAYAET, 9TO HAM HAJI0 3HATH KAKUe
€CTb COCTOSIHUS y YEPHOrO SIUKA, 9TOObI ONUCATH MOJMO0HBINH Mexanu3M. A Takast HHMOPMAIHs MOKET OBbITH IIPOCTO
uenocrynna Ham. OKa3bIBAETCs, MOKHO 32KOIUPOBATH 3Ty UHMOPMAIIHIO [10-IPYIOMY, TaK YTO HeOOXOIUMOCTDb 3HATH
) MOJIHOCTBIO IIPOIIAIAET.



IIpex e dem mepeiiTu K CIeayIonei MoIe/n, JaBaiTe MpoaeaaeM TaKoil SKCIIEPUMEHT. BbyneM 1yMarh, 9T0 caMm
3JIeMEHTaPHbIE UCXOJBL W1, . . . , Wy, SBJAIOTCA CIydaiiHbIMU. TO €CTh y HaC CyIIECTBYET KAKOe-TO JPyroe BEPOsiT-
HOCTHOe mpocTpancTBo (2%, P*) u @;: Q* — ) takue orobpazkeHusl, 4TO W; COXPAHSIIOT BEPOSITHOCTD, TO €CTh JIJIsi
moGoro A C Q semosmeno P(A) = P*(w; ' (A)). Torma M1 GyieM cauTatsh, 9TO HAN w; € () TOTYHUUIICH TAK
w1 = @1(8),...,wn = @,(8) misg mekoroporo s € *. B aroM ciiydae Mbl MOKEM PACCMOTDETH CJIy4ailHble BEJIUIUHBI
&1 =&8owy,.... 5 = £ ow,. Kpome Toro, mer BusmMm, uro x; = &;(s). To ectb BMecTO TOro, 94To6bl U3yYaTh OJUH
npu6op & M KaK-TO MyUHTh HCXOJBI W;, MbI BLIOOP 3THX HCXO/OB 3AIIMXHY/IH BHYTPb & U HOJTYYHIN HECKOILKO KOIHit®
Harero npubopa £, ...,&,. Ul BCce ceMILIbI TOJyYEeHbI He MOC/IEI0BATEIbHBIM U3MepeHneM & B PasHBIX TOYKAX, &
€IMHOBPEMEHHBIM U3MEPEHUEeM KOuil Haero npubopa B onHoit Touke. Tak Kak Tenepb &1, ..., &, — 3T0 Ciaydaiinble
BEJIMYUHBI, TO Mbl MOXKEM T'OBOPUTH 00 UX 3aBUCUMOCTH WM HezasucumocTu. IIpo npocrpanctso (2%, P*) myxKHO
JIyMaTh KakK IPO «MHPO3JaHme». TO eCTh MUPO3JaHne HAXOIUJIOCH B COCTOSHHU § € §)* M MbI 3aMEPHJIM HA 9TOM
COCTOSTHUM «MUPO3JaHusi» KOIIMU HaItero npubopa &1, ...,&, W NOaydnan Hamm ceMiuibl. Cpasy CKaxKy, eciu He
YJIAJIOCh OCO3HATH ¥ IIEPEBAPUTH TO 9TO IIOTOMY, YTO TYT ObLIO MHOTO judun. Ho 3j1€Ch s HEMHONO HAMEKHYJ Ha
TO, K&K MMEHHO BO3HUKAET HECKOJIBKO KOIMUii IpubopoB BMECTO oHOTO. HiKe, ONMCHIBAsT BTOPYIO BEPCUIO MOJIEJH,
s1 TOCTAPAIOCh TOOUTH K ITOMY BOIPOCY C JIPYTOW CTOPOHBI W, HAJEIOCh, UYTO B COUETAHUU ITH JBa O0bSICHEHUS
MTOMOTYT JIy9II€ OCO3HATH IMPOUCXOIAIIEE.

OcHoBHas MoOaeJ1b MaTeMaTHU4eCcKOll CTaTUCTUKU

Kak u B HAUBHON MOJE/IN, MBI JIOJIZKHBI IPEJIIOJIOXKHUTL, YTO y HAC €CTh HEKOTOPBI M3y4YaeMblil YepHBIN MUK, 38
KOTOPBIM CTOMT HEKOTOPOEe HEM3BECTHOE HaM BEPOATHOCTHOE mpocrpaHcTso (2, P). Pasuuma Gyjer B TOM, KaK Mbl
OyJeM MOJEeIMPOBaTh HAIll U3MEPSOIIN TPpUOOP.

[Ipeamonoxkum, 910 MBI B3sii1 HEKOTOPHI ipubop &: ! — R u naunnaem nenars naMepenus. CHavda a caeranm
[epBoe U3MEpeHue, MOJYyIuIn X1. [I0TOM B3siiM TOT K€ CaMblil IKCHEPUMEHT MOBTOPUJIN C HYJIsI U IIOJIy9aeTCs
HE3aBUCUMO CJIEJIAJIM BTOPOE M3MEpPEHWe U TMOIYYUIN X W T.JI. Ha 3TOT mporecc MOXKHO CMOTPETH BOT KAKUM
obpazoM. MbI MOXKEM HCIIOB30BATH £ KaK dTAJOHHDLIN TPHOOp, & /s N HE3aBUCUMBIX U3MEPEHUH CIeIaTh N €ro
HE3aBUCUMbBIX Kommii: &1,...,&,: @ — R. Torma BMecTo TOro, 4robbl jejiaTh 1 MU3MEDPEHUi IMOJAPS] C IOMOIIBIO
OJIHOT'O TIpUOOPa, MBI IIPOCTO PA30M CleJIaeM 7 U3MEPEHUil C IMOMOIIbI0 71 HEe3aBUCUMbBIX IpubOpoB. To ecTb MbI
MOXKEM CIUTATD, ITO

11 =& (W), 12 = E2(w), ..., Ty = En(w)

B rakoM 10j1x0/1e MBI JIyMaeM, 9To 3a KaxKJ0€e H3MePeHre OTBEYaeT CBOs CilydaiiHas BeuduHa. Ho Bce 9TH BeJIMInHbI
ABJIAIOTCS KOIUAMHE OJIHOM BeJIMIuHEL §. MareMaTndyecku 3To o3HavaeT, uTo P, = P¢. 3aMeTuM, 9T0 MBI IIPH OIIHCA-
HUW TIPOIIECCA TIPEJIIIOJIATaId, YTO OyIeM JIeJIaTh U3MEePEeHnsl He3aBUCUMBIMU JPYT OT Jpyra. 9TO 03HAYAET, UYTO BCE
caydJaiiHble BeJIMIuHbI 1, . . . , &, JTO2KHBI OBITh B COBOKYITHOCTH He3aBucUMbIMA. OTHAKO TEEphb, KOTIa 38 KaXKI0e
U3MEPEHHe OTBEYAeT CBOf CJIydailHas BeJIMYMHA, Mbl MOXKEM (eC/Id 3aXOTUM) OTOPOCUTDH YCJIOBHE HE3aBUCUMOCTU
U CYUTATh, YTO OHU MOTYT ObITh 3aBHCHUMBLIMHU. KpoMme TOro 3a CBONCTBO 3aBHCHUMOCTH WJIM HE3aBUCHUMOCTU OyIeT
oTBeYaTh COBMeCTHOe pacnpejenenne P, ¢y B R". Takum obpazom Mbl U30aBUIUCH OT HEOOXOJMMOCTH 3HATDH
), 9TOOBI MTOHATD, KaKas B3aWMOCBsI3b MeXK Iy n3MepeHusiMu. ¢l Obl ere 106aBmiI, 9TO MPEJIITOJIOKEHNE O HE3aBU-
CUMOCTH M3MEPEHUN YaCTO SBJISIETCS OYeHb eCTECTBEHHBIM U IIOTOMY IOIYJISSPHO B npmioxkeHusix. OquH U3 caMbixX
MOMYJIIPHBIX CIIOCOOOB OIMUCAHUS 3aBUCUMOCTEH ABIAIOTCS MapKOBCKHE I, KOTOPBIX MBI KaCaTbCs He OymaeM,
HO CJIBIIIATH 3TH CJI0Ba Hauo. /lasaiiTe Teneps popMaIbHO ONUIIEM 3a1a49y M OCHOBHYIO MOJIE/Ib MaTeMaTHIeCKOM
CTATUCTUKHU.

Bamaua IlycTh Ha HEKOTOPOM BEPOATHOCTHOM mpocTpaHcTse (£, P) 3ajaHbl ciayvaiiHble BeJINIuHbI &1, . .., &y, Ta-
KHe, 9TO OHU OJJUHAKOBO pacClpeJ1eJIeHbL (TO €CTb P&z = P&J) u, HalIpuMep, HE3aBUCUMDBI. HyCTB HaM 3a/laH pe3yJ/jbTaT
HU3MEepeHHit

1 = gl(w)v sy Ty = gn(w) €R

MBI XOTHM BOCCTRHOBUTEL Py = P, Ha mpaMO#l MM KaKHe-TO YHCICHHLIE XapaKTEPUCTHKHU 3TOH BEPOATHOCTHOI
MeDPHI.

3amMmeuaHuda

5Tor dakt, 4To £; UMEHHO KOIIMH, TO €CThb PACIPEIENIEHE TaK Ke, KaK & CJIeIyeT U3 TOrO, U4TO @; COXPAHSIOT Mepy. DTo 6osee man
MeHee 110 OIIPEJIeJIEHUIO, HO si He COOMPAIOCh KOIAThCs B 3TOM (DOpMajii3Me U IPOBEPATH YTO-JIN0O0, s JIUIIb XOTeJ IOSCHUTH OTKY/1a
OepyTCsi OCHOBAHUS JJIsl TAKOIO 3asIBJICHUS] M KaK [TIOHUMATh CJIOBO «KOIIHSI».
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1. YrobnI onmmcarh ceMefCTBO OIUHAKOBO PACIPEIETEHHBIX CIYIANHBIX BEIUINH OOBIYHO JIEIal0T TaK. [ 0BOpAT,
HycThb { — HEKOTOpasI ClIydaiiHasl BeJMYNHA C MHTEPECYIOmeM Hac pacupeiesenueM Pe. A 1ocse 9Toro roBopsr,
YTO IYCTh HaM 33JaHbl CJydaiiHble BeJHInusl {1, . . ., &, pacupeieIeHube Tak xKe Kak u &, T0 ecTb P, = Pr.
O6braHO 3T0T (hakT nuUmIyT TaK & ~ &, unTaercd «&; pacupeeseHa Tak ke Kak £». U Torma roBopsaT yKe mpo
BOCCTAHOBJIEHUE PACIIpeiesieHust Iy & WIN XapaKTEPUCTUK PACIIpeIeeHus myis €.

2. Mur1 Bo Beex 3a1auax (HO He BO BCeX) B JaJIbHelneM Gy1eM [peio/iaraTh, YT CIy YaiiHbie BeJInIunbt &1, . . ., &,
HE3aBUCUMbBI B COBOKYITHOCTH. DTO OJHA W3 CAMBIX IOIYJISPHBIX TUIIOTE3 W OHA OYEHb CHJIBHO YIPOIIAET
paccyKIeHus, Mbl K& He XOTUM Ceds MyYIUTh.

3. B nomobubIX 3aj1a1uax, YaCTO IPEIIIOJIaraeTcs u3 KaKnuX-HUOY/Ib TEOPETHYECKUX cOooOpakeHuil, 4ro & BooOIIe
TOBOPs pacupejiesieHa He Kak II01aJj0, a HOJINHIETCS KAKOMY-HUOY/Ib 3aKOHY, Yy KOTOPOTO HAM HAJIO BOCCTa-
HOBUTH ITapaMerpbl. Hampumep, MoxKeT ObITh U3BECTHO, UTO & — JIUCKPETHAsl CIydaiiHas BeJUINHA, TPUHAMA-
romast 0 1 1, HO MBI He 3HAEM C KAKUMU BEPOSITHOCTSIMU U UX HAJ0 BOCCTAHOBUTH. Vi MOXKeT OBITH M3BECTHO,
yTo ¢ — HelpepbiBHAS CJydaiiHas BeJMYUHA U ee IUIOTHOCTh uMmeer Bui p(x,6q,...,60,), rae 0; — Kakue-T0o
HACTpanBaeMble APAMETPhI, 1 HAM HAJI0 YCTAHOBUTH KAKHe TU IapaMeTphl ObLIn Ha camoM jeiie. CkaxkeM,
MOYKET 0Ka3aThCsl, UTO & SBJIAETCS HOPMAJIHLHO PACIIPEIeJeHHON CIyJIalHON! BEJIUYINHON ¢ HEM3BECTHBIMU Ia-
paMeTpaMyu MaTOXUIAHUS ¥ JACIEPCUU U HAM HAJ0 UX OIPEJIE/UTh.

O1eHknu

[IycTb & — HEKOTOpas ciydaiiHas BeJIMYWHA U T1,...,T, € R — ee He3aBucuMble u3Mepenus. Mbl xoTum BoccTa-
HOBHUTH MaTEMATHUIECKOE OXKUIAHUE W JUCIEPCHIO CiIydaitnoit Beamaunb! . /s Toro, 9ToOBI PEIIUTh 9Ty 3314y,
HAM HaJI0 HalucaTh Kakywo-Hubyib dopmyiy EE = é(xq,...,2,). Boobine rosops, 310 MOXKeT GbITH aOCOIIOTHO
Jiio60e BBIpAyKeHUE OT [EPEMEHHBIX X1, ... ,Z,. llogobuas dopmyna ¢(x1,...,x,) HA3bIBAETCHA OIEHKON (B JaHHOM
cJIydae OIEHKON MaTeMaTnieckoro oxkuianust ). OIHAKO, eCM Mbl HAIIUIIIEM COBCEM JIyPaNKyo GopMyIly, HaipuMep,
qb(xl, e ,xn) = 0, TO mOIyYnM JypalKuil OTBET, HUYEro He TOBOPAIINI O HaIlell cIydailHO! BeJIMTYNHE, a XOTEJIOCh
OBl 9TO-TO PO Hee 13 y3HATh. JlJist 9TOro ecTh HECKOJBKO XaPAKTEPUCTUK, KOTOPhIE MOXKHO ITPOBEPUTH Y OICHKH.
HasaiiTe pazbepeM Bce 3TH TPEMYAPOCTH Ha MPUMEPE MATEMATUIECKOTO OKWUIAHWUS U JTUCIIEPCHH.

Bribopounoe matemarudeckoe oxkujgauue Camast nomysisipaas (bopMyJia st ONEHKH MATEMATHIeCKOTO OXKHU-
JIaHus — cpeiHeapudMeTHIecKoe N3 N3MEPEHHbIX 3HaYeHuil. A MMeHHO

1+ ... +x,
n

T =

YT006B!I TOHATH HA CKOJIBKO 9TO XOpoIas hopMyia, JaBaiTe BCIOMHIM, YTO B PaMKaX HaIlleil MOIEJH, Mbl CIUTAEM,
qTO

xr1 = fl(w), sy T = gn(w)

Torna mala omeHka cuyuTaeT
S(w)+ ...+ &(w)

n

n(w) =

Ho mb1 HE 3HaeM, B KaKOM IMEHHO TOYKE (W MBI OBLLJIN. HOTOI\/Iy BOO6Hle TOBOP#A, TO 9TO MbI IIOJIY 9UJIN 6y,aeT Cﬂy‘{aﬁHaﬁ

BeJIMYMHA
n = H+ ...+ &,

n

HecmemenHocTs Ilepsblil BaxKHBINM BOIPOC TaKOi: a IIOIA/IaeM JIX MBI C IIOMOIIBIO 9TOIl OIEHKN B MaTeMaTHde-
CKoe oxmjanue Xors Obl B cpenneM? To ectsb Bepro Jin, uro En = E£? Ecau nocunrtars

En=E §1+~-~+§n) _E&+.. . +Eg,  Ee+.. +EC

n n n

HO,HO6H&$I XapaKTepHUCTUKA Ha3bIBaC€TCA HECMEIICHHOCTBIO.
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CocrosiTesibHOCTE Bropoii Bompoc, KOTOPBIE MOXKEM 3aJaTh TAKOWU: a HPUOJIMKAEMCS JII MBI K OTBETY C yBe-
JuvaeHneM n XoTs 061 B cpenneM? Kak 510 mHTepnpernpoBarh. JlaBaiiTe BCIIOMHUM, 9TO 1) — CJIydaiiHas BEJUIIMHA
cocpesioroueHHast BOKpyT Er. A Bequuuny paszdbpoca 17 BOKPYT ee MaT OXKUJIaHUs MOYKHO OIEHUTH C ITIOMOIIBIO CPEeJI-
HEKBa[PATUIHOTO OTKJIOHeHUs (mau guctepeun ). [ToroMy Hac uHTEpECYET, MaJaeT JIU AUCIEPCUS 1) C YBEIMICHUEM
n. [laBaiite mpoBepum

§1+...+£n> D 4.+ &) D&+ +DE, DE
- n? B n? n

n

]D)n]D)(

Mpb! BUAMM, YUTO JUCHEPCHUsT C YBEJMIECHUEM N CTPEMUTCA K HYJIIO. Takas XapaKTePUCTUKA HA3BIBACTCS COCTOATE b~
HOCTBIO OIEHKU.
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Cemunap 4

Sagadmn:

1. Ilycts &, — He3aBUCHUMBIE CIIyYaifHble BEJIMYNHBI MMEIOIINe IOKAa3aTeIbHOE PACIIPE/IeSIEHNE, TO €CTh

pe(x) = py(x) = Ae™"0(x)
riue
1, 20
0(x) = v
0, z<0

HaiiTu ciemyrompye MIOTHOCTH
Peetn(T,Y) T Pejeqn=z(T)
Baxkno: 111 cOBMECTHOIT IJIOTHOCTH YKazKUTe 06J1aCTh B KOTOPOIl OHa paBHa HyJIIO.

2. Ucnonn3ys xapakrepuctudeckue GYHKIUE U UX CBOCTBA, HANTH paclpeieieHle CyMMbI JIBYX HE3aBUCUMBIX
HOPMAJIBHBIX CJIyYIalHBIX BEJIMUUH C IapaMerpamu (aj, a%) u (as, 0%).

3. Ilycrs € u 1 HesaBuCHMBIE CTydaiinble Beqmauabl ¢ pactupegenenuem A (0,1). HafiTh mioTHOCTh BeJMYUHBI
_ 2 2
X =&+
4. Cayqaitabie Beuuuabl X u Y He3aBucuMbL. X HMeeT pacupejesenne Jlamaca ¢ MIOTHOCTBIO %e"x', ayY —
paBHOMepHOe Ha oTpeske [1, 2].
(a) Haiinure mioTHOCTD pacpeiesieHus Crydainoi seauauanl —2Y .
(b) Haliure IWIOTHOCTH pacHpenesenus caydaiinoil seaumaunsl X — 2Y.
5. Irpok mpuXoAuT B Ka3uHO ¢ k MoHeTaMmu. KayKiplii KOH OH BBIUIDHIBAET C BEPOSITHOCTBIO P W IIOJIYYIAET
OJIHYy MOHETY W IIPOUTDPLIBAET C BEPOSITHOCTBIO ¢ = 1 — p u oTaeT ojHy MoHery. Vrpa 3akaHunBaeTCs ecjm

UT'PDOK IIOTEpdAeT BCE€ MOHETHI MJIM €CJIN OH Ha6epeT npeae/JIibHYI0 CYMMY BBIUT'DBIIIA N. Haﬁl{HTe CpeJHIOIO
OPOAOJIZKUTEJIbHOCTb UT'DBI B 3aBUCUMOCTH OT k.



Teopust BepogTHOCTH

Jnma Tpymma

CemuHap 5

Buapl cxoaumocTn

Korga Mbl u3ygaem onenku Buga ¢(xq, . . ., T, ) TO OOBIYHO y HAC €CTh OLEHKA JIJId JI0D0r0 HATYPAJILHOIO 1 (Ml Kak

MHUHAMYM CKOJIb yrogHO 60sibmioro). Torma nHTepecHbIM sBIIseTCs TAKON BOIIPOC: & K Y€MY CTPEMUTCs BBIPAYKEHHE

I(STRE

,&n) pu 1 — 007 YT0GBI HA HETO OTBETUTS, JJIs HAYAJIA HAJIO IIOHATD, & B KAKOM CMbICJIE BOODIIIE CJIy YaiiHble

BEJINYMHBI MOT'YT CTPEMUTHCH JAPYT K aApyry. OKa3bBaeTcs, 9TO CyIIECTBYET HECKOJBKO PA3HBIX BHUJIOB CXOJIUMOCTHU
Ha CJIyY9ailHBIX BeJIMYMHAX, O HUX U IIOWJET ceiidac pedb.
Ciry4aiiable BeTMIuHbI — 370 pyHKIMU Ha ipocTpancTse 2. [loroMy ecyin MBI TOBOPUM O CXOAMMOCTHU CJIy IAlHBIX

BEJIMIHH, MBI IPOCTO TOBOPUM O cxoanMocTu (pyHKIuil. JlaBaiiTe mepedncanM caMble HOMyJIsPHBIE BUIBI CXOAUMOCTH
Ha pyHKIuax. Ilycrs &, &, : 0 — R — ciyyaiiHble BEJIMYUHBI.

1.

PaBuomepnasi cxomumocTsb. [locienoBarenbHOCTS &, paBHOMEPHO cxomuTcesd K &, muimyT &, = &, upu n —
00, €CIH SUPyeq [€n(w) — {(w)] — 0.

DTO 3HAYUT, 9TO BO BCEX FIEMEHTAPHBIX UCXOJAX &, CTpeMUTCs K & ¢ HEKOU rapaHTHPOBAHHON O0IIeil CKOpO-
CTBIO. DTO CAMBIIl CUJILHBIA BU CXOAUMOCTH U OJHOBPEMEHHO CaMBbIit HECCMBICTIEHHBIN I CIyIaiHbIX BEJIHU-

9uH, 16O BEPOSITHOCTHOE MTPOCTPAHCTBO ) BOODIIE TOBOPSI OMPEJIEJIEHO C TOYHOCTHIO 0 COOBITHST BEPOSITHOCTH
0. ITogpobmHO 06 3TOM HUKE.

IToroueuynas cxoauMoCTh (CXO0aUMOCTh Beromy ). IlocieioBaTesbHOCTD &, CXOAUTCs K € NOTOUEUHO (BCHO-
ny), iyt &, — &, ecan g joboro w € ) nociaenoBareabHoCTh &, (w) cxomures K €(w).

DT0 caMblIii POCTOM BUJI CXOJAMMOCTHY U BPsIJ JIM HY?KJIAETCsI B JOITOJTHUTEILHOM HOsICHeHUH. MBI ITPOCTO XOTHM
Ha JII000OM ucxojie cxoauTbesi. OusaTh »Ke He CUJIBLHO MOJIE3HBIN I CJIyYalHbIX BeJTMIIH.

Cxogumoctb moutu Bcoay (mourm HaBepHoe). IlocienoBareibHOCTb £, CXOAUTCd K & HOYTH BCIOLY
a.s.

(mourn HaBepHO), mumyT &, — &, ecam cymecTByer moaMHoKecTBO Yy C ) Takoe, uro P(Qp) = 1 u mua

moboro w € )y MocIenoBaTEILHOCTE &, (W) cxomures K E(w).

DTO caMblil TIOMYIAPHBIH BUJ cXOAUMOCTH. J[eJI0 B TOM, 9TO B TEOPUH BEPOSITHOCTH BCE ONPEJIEJIEHO C TOY-
HOCTBIO JI0 COOBITUS BEPOATHOCTH HOJb. MBI MOXKEM M3MEHHUTH BEepOSITHOCTHOE IPOCTPAHCTEO Ha MHOZKECTBO
BEPOATHOCTU HOJb U HUYEro He M3MEHUTCA. 11oToMy (pOpMaIbHO MBI HE MOYXKEM TapaHTUPOBATHL HUYETO B OT-
JIEJILHO B3ATOM mcxogie. [1oToMy moTovIedHas cXoAuMOCTh (KaK 1 pABHOMEpHast) He UMEIOT OCOOEHHOTO CMBICIIA
JJIST CITy9IaiftHBIX BesmauH. UTOOBI NCTIPABATH CUTYAITHIO, TTOMB3YIOTCA CXOJUMOCTBIO TIOUTH BCIOTY (MM Kak
PUHSITO B TEOPUU BEPOSITHOCTEH MOYTH HABEPHO). DTa Ta YKe caMas IIOTOYETHAsl CXOAUMOCTh, HO TOJBKO Ha
MHOZKecTBe BeposiTHocTH 1. To ecTh Ioc/eIoBaTe/IbHOCTE &, MOYKeT He CXOIUThCA K € HO TOJIbKO BepOATHOCTD
TaKoro cobbiTust pasHa Hyiro, dopmaiasao P({w | &, (w) 4 £(w)}) = 0.

L
Cxogumocts B cpeaneM. Puxcupyem uucio 1 < p < co. Torga &, cxomures B Ly(Q) k &, mumyt &, — &,
ecmn E ((&, — &)P) = [(&n — )P dP — 0. Camble nOmmyIsipHBIE CXOAMMOCTH B CPEJIHEM: CXOJUMOCTD B CPEJIHE
KBaJIPATHIHOM, TO €cTh B Lo(§2) u cxopumocts B L1 (§2).

IIpo cxommMmocTh B CpejlHEM MOYKHO JyMaTbh TaK: CPeJHee OT MOYyJs PasHOCTH (MOXKeT ObITh B KAKOW-TO
CTeIEeHN P) OT CIyJIalHBIX BEJUIUH UJET K Hy 0. To ecThb mwiomaap Mexk ity rpadbukamu GyHkmit &, u £ nier
K HyJ110. To ecTb MBI MOXKeT OBITh U He CXOJUMCsI IOTOYEYHO, HO 3a30P MeXK 1y I'padUKaMU YMEHbIIIAeTCs.

Cxogumoctsb 1o Mepe (o BepositHocTu). IlocnenoBarenbrocTs &, cxoaures K € 10 Mepe (10 BEPOSITHO-

cti), mayT &y, L ¢, ecom s moBoro e > 0 mocse10BATETBHOCT P({w | [&€n(w) — €(w)| > €}) cxomures
HYJTIO.



Hedopmanbao 310 o3magaer, 9To0 Mepa TeX TOYEK, B KOTOPBIX &, JaJbIle OT £ Ha € CTPEMUTCH K Hyso. To
eCTh KaK TOJIbKO M BCe OOJIbIie U OOJIbIe, Y HAC BCe 00JIbIe U OOJbIe TOYEK, B KOTOPBIX MBI BCe OJMKe U
O/IMKe K IIpeJiedy.

CxomuMocTh 110 pacnpegenenuo. Kpome Toro, kaxnas ciaydaitnaa semanna &: 0 — R maer mepy FPr na
npsivoit R. TToromy MOKHO TOBOpPUTH O CXOAUMOCTH Mep. KcTh Takasi 3amedare/ibHasi HayKa — (OYHKINOHAIbHBINA
ananun3. OHa mpuayMaaa KakK MOXKHO ITPOBEPSATH CXOIUMOCTH Mep APYT K JAPYry. DTUX BUIOB CXOIUMOCTEH TOXKe
OYEeHb MHOI'O, HO Mbl OCTAHOBUMCH TOJIBKO Ha OJHOMN U3 HUX: *-Cjabasi CXOAUMOCTD (CXOIUMOCTD 110 PACIIPEIEJICHUIO).

IIyctb &,, & — ciyuaiiabie Bequuunbl. Ciieyiolme yCJIOBUsl SKBUBAJIEHTHDIL:

1. Hus mo6oit nHenpepbiBHOil orpanndennoit dyukiuu f: R — R Bepuo, uro E(f(&,)) = E(f(£)).

2. Hns moboit Touxu « € R, B KoTopoit dyHKus pacupenenenus Fe () HenpepbiBHA, BepHO, UT0 Fy, () cxomurcs

3. Hna moboro orpeska [a,b] Takoro, uro P(§ = a) = P(§ = b) = 0, Bepuo P (&, € [a,b]) — P(§ € [a,b]).
4. Xap dyHKIWMS &, TOTOIETHO CXOAUTCA K Xap GyHKIun &, TO ecThb ¢, (t) — ¢ (t) mus moboro t € R.

B sTom ciyuae 6ysieM TOBOPUTD, 9TO MOCTAETOBATEIHHOCTD &, *-CJ1ab0 CXOANUTCA K & MJIM UTO TO K€ CAMOE CXOIUTCS

10 PACIIPE/ICTICHUIO U Oy/ieM nucath &, N ¢. BaxXHO MOHUMATB, 9TO IIPeJIesT TI0 pacIIpeIe/IeHUIO He eIMHCTBEeHHbI!
B ToM cmMmEICTE, UTO cirydaifHasd BeIWYHWHA & ONpeJesieHa He OJHO3HAYHO, & BOT ee pachpefesenne P Ha IpAMOit
OyZeT OIpeesIeHO OJHOZHATHO.

Obparure BHUMAHUE, 9TO BOOOIIE TOBOPs, MPOBEPSITH CXOIUMOCTD 10 PACIPEIEJICHIIO — TO eIl YI0BOJIbCTBHUE.
CaMblIif BayKHBIN CJIydail, KOTJIa TaKasi CXOJIMMOCTh BO3HHUKaeT — 310 LlenTpasibaast npesieibaas TeopeMa. EcTb MHOTO
Pa3HBIX €e aHAJIOTOB, HO 9TO OOBIYHO sIBJIEHMS, KOTOPBIE TOBOPST, YTO €CJIM Y BaC MHOIO CJIyYailHbIX HE3aBHUCHMBIX
SIBJICHUH PACIPEIEJICHHBIX OJMHAKOBO (MJIM OYEHb II0X0XKE), TO HEKOTOPBIE UX XaPAKTEPUCTUKU CTAHOBITCS PACIIPE-
JIeJIEHBI 110 BECbMa KOHKPETHBIM 3aKOHAM, HE3aBUCHMO OT pacrpeeieHus ncxoaubix sibiennit. Kpome HIIT moxuO
BCIIOMHUTD pacIpejiesienne Y uiapTa [Jisi COOCTBEHHBIX 3HAYEHUAN CIIyIaiHbIX MaTpull. Tak BOT, YTOOBI IOA00paTH-
csl K TAKUM TeOpeMaM, JIIOJIU TOJIb3YI0TCS XapaKTepucTuiaecKuMu GyHKmsaMu. Kak mokasarsb, 910 &, CXOIUTCs 0
PaCIIpeJIeIeHIIO, & eCJIM CXOIUTCS, TO K KaKoMy pacnpefernennio?! OueHs mpocro, Oepere ¢, (t) U cMOTpUTe Ha ee
[IOTOYEYHbIN Ipejes. Kcm ero HeT XoTs Obl JIJIst OJHONW TOYKH, TO BCE, 3HAUUT 110 PACIIPEIEICHIIO HEe CXOIUMCs. A
€CJIN eCTh M OH COBIAI € ¢ (t) JUIst HEKOTOPOIt &, TO BOT BBI U JJOKA3aJIM CXOUMOCTD.! DTO 1yTh JIM HU €/IMHCTBEHHBII
MeTOJ, GOPOTHCS C ITUM BUIOM CXOAUMOCTH. BOT 3a 9TO MBI U JII0OMM Xap (DYHKIIUA, 9TO JIJIsd IPOBEPKU CXOIAUMOCTH
110 pacIpeieeHuio Ha 0 BCEro JIUITb paboTaTh ¢ OaHON (pyHKITHE.

CBsi3b MexK/y pa3HbIMU BMAaMu cxoamMocTu Ha gmarpamme HIKe MOKa3aHO, KaKuWe BHUIBI CXOIMMOCTEH

KaKue BJIEKYT:
Pasromepnas
Iloroueunast

’ ITouTn naBepHoe ‘

\

’ ITo BeposiTHOCTH ‘

\

’ ITo pacmpenenenuio ‘

JepkuTe 3Ty KapTUHKY I[epeJ IJIa3aMy, KOTJa HaJ0 BCIIOMUHATH, KaKas CXOJUMOCTDH BjedeT Kakyio. Il eme He
3abbIBaiiTe, YTO JJIsI TEOPUU BEPOSITHOCTU B HEll BEPXHUE JIBA BUJA CXOJUMOCTU HE WHTEPECHBI.

1Vurure, uto He mobas byHKIUS ABIsAeTcss Xxap (yHKIHeH I8 Kako#-To ciydaiiHoi Beqmumubl €. [ToToMy, marke ecim Ipemes
©¢,, () cymecrByer B 11060 TOYKE, TO 9TO €IIle He O3HAYAET CXOAUMOCTD IO PACIPEIEICHIIO, TAK KAK IIPEIE MOXKET He COOTBETCTBOBATH
HHUKAaKOH Ciry9aiiHoi BestmauHe. /17151 MpoBEepKYU TAKOr0 COOTBETCTBUA eCTh Kpurepuu. Ho He TO uTo 651 OHE 6e3yMHO noste3HbIe. [IpoBepaTs
C IIOMOIIBIO HUX MOXKHO, HO 9TO 0OJIb U yHUXKEHUE.



CxouMOCTh M KA4vecTBO OIeHOK JlaBaiiTe ere pa3 MOCMOTPUM Ha HAILY OIEHKY

gl(w) +.. +§n(w)

n

T =

Teneps MBI 3HaEM, 9TO B CpeJHEM MBI MONAJEM B MareMarwdeckoe oxmujganue. Ho BAPYr mjiss OJHUX TOYEK w
nogobHoe cpemHee OyIET JaJeKO OT MATOKUIAHUA, a Mg apyrux ogmsko? Torma mMbl BooOIIE TOBOpPST HE MOMKEM
HUYEro rapaHTupoBaTb. OIHAKO, TYT Ha IOMOIIb IPUXOAST Pa3/IMdIHble aCCUMITOTUYECKHE 3aKOHBI. BoT mpuMep
3aKOoHa OOIBIMNX IUCEJT:

VYrBepxkaenune (Sakon Gosbimx qucen). [Tycmo &1, ...,&,, ... ~ & — nocaedosamesvrocms 00unaKo60 pacnpede-
AEHHDLT HEZABUCUMDBIT CAYHAUHDT seauvun. Tozda nocaedosamenvrocmo

4. .+ &
n

cxodumcea k EE noumu Hnaseproe.

Hasaiite pacmmmdpyeM, 9TO 371eCh CKa3aHO. 3€Ch TOBOPUTCs, YTO €CJIU si BO3bMY MOYTH Jitoboe w € ), To
NMeEEeTCd CXOANUMOCTDb
S(w)+ ...+ & (w)

n

—E, n— oo

®pasy «mouru Jir060e» HaJI0 HOHUMATh Tak: IycTh X C () — MHOXKECTBO T€X W JIJIsi KOTOPBIX €CTh TaKasi CXOIUMOCTb,
rorya P(X) = 1. 970 3HAYUT, YTO €CJIU BEPOATHOCTD MOIACTD B W JJIsi KOTOPOT'O TAKON CXOJAUMOCTU HET PABHA HYJIIO.
Ha npakrtuke 310 03HaUaET, 9TO MBI BCETIa MOMAIAEM B W, JJIs KOTOPOI'O BBIIOJHEHA MTOO0OHAS CXOINMOCTb.

Takum 06pazoM, ITOT aCCUMITOTHIECKUIT 3aKOH TOBOPUT O TOM, YTO HE TOJLKO B CpeiHeM Haina (hopMysia jiaer
MaTeMaTudecKoe OXKHJ@HUe, HO Boobiie Bcerga (dopMasbHO IOYTH BCerja) pe3ysbrar 1o 3roil dhopmyne Gyuer
CKOJIb YTOIHO OJIN3KO CTPEMUTHCS K HACTOSIIEMY MaTEMaTUIECKOMY OXKHJIAHUIO.

Haso ckazarb, 94T0 y 3TOro 3aKOHa €CTh Kyda pa3HbIX Bapualuil. EcTh Bapuarusi, KOTOpas Jaxe OIEHUBaeT
CKOPOCTB CXOIUMOCTH. A MMeHHO, (DOPMYTUPOBKA MPUOJIU3UTETHLHOIO TAKOrO BUIA

P(WE& >5) < 6(e.m)

rze d(e,n) — HekoTopas uszBectHas Gyukuus. [1og06HbIE 3aKOHBI TOBOPAT, YTO BHIPAYKEHHE M OTKJIOHS-

ercs or MaTokuanus EE Ha BesmauHy GOJIBINYIO € ¢ BEPOITHOCTBIO MeHbiie (g, 1). To ecTb Mbl MOKEM rapaHTUPO-
BaTh OJM30CTh K MATEMATHIECKOMY OYKUJIAHUIO C HEKOTOPOI BEPOSITHOCTHIO IIPU JOCTATOIHO HOJIBIIIOM KOJUIECTBE
usMepenuii. I He NPUBOXKY TOYHYIO (POPMYJUPOBKY STOIO YTBEPXKJIEHUsI, IIPOCTO MOTOMY YTO €CTh Kyd4a PasHBIX
dopmysinpoBok. Bce oHn ocHOBaHBI HA HEpaBeHCTBE eObIlieBa.

Vreepxkaenue (Hepasencrso Yebbimesa). ITycmy & — cayuatinaa eeaununa, makas wmo EE = a u DE = o2 > 0,
mozda das mobozo wucaa t > 0 6epHo

1
P(|f—a|>t0)§t—2

Bri6opounast mucniepcus /I oleHKN AUCTIEPCUU CIyYalHON BEJIMIUHDBI TIepBasi GOpMyIa, KOTOPas MPUXOIAT

Ha YM — 3TO
n

Z(xl — )%, e T =

=1

1+ ... +x,

S:S($1,...,xn): "

1
n

Y106bI TPOBEPUTH HECMEIIEHHOCTh 3TON (DOPMYJIbI, HAJIO 3AMEHUTh KarKJ0€e BXOXKJIEHUE T; Ha He3aBUCUMYIO &; ~ &.

B srom ciyaae mosryanm, 9To
n—1

ES(1s---56n) = D¢

n

OkasbiBaeTCsl, YTO B 3TOW HAUBHON (pOpMyJie MbI B CPEIHEM IIPOMAXUBAEMCsl MUMO MaTEMaTHYECKOI'O OXKHUIAHUSI.
[Toromy BBOAMTCsI TIOHSITAE HECMEINIEHHON OIEHKHU JIJIsi BLIDOPOYHOU JTUCIIEPCUN

1 n
So = So(z1,...,2,) = Z(mi—f)Q, rae T =

n—1
i=1

1+ ... +x,




C ipyToii CTOPOHBI, BCAKUE BapUAIMH HA TeMY 3aKOHa OOJIBINNX YUCeJT, IOKA3BIBAIOT, YTO 00€ ONEHKH JIJIs JUCIIEPCUN
cTpeMsITCs K caMoit auctepenu. 41 He OyIy pacmuchiBaTh 3TOT PaKT OoJiee MOIAPOOHO IO HECKOIBKUM MpuaunHaMm. Bo-
[IEPBbBIX, CTpOrue (POPMYJIMPOBKH BasKHBI TOJIBKO JIJIsi MATEMATUKU BHYTPH MaTeMaTHKH. Bo-BTOpBIX, OT HECTPOro
bOPMYJIMPOBKY HAJIO JIUIB 3HATH, YTO B KAKOM-TO CMBICJIE TI0/I00HasT (OpMyJIa B MpeJiejie CTPEMUTCS K KeJIaeMOit
OIEHMBAEMOIl BesmanHe. B-Tperhux, HAJI0 MOHUMATH, 9TO HA MPAKTUKE HAM BCE PABHO HU XOJOIHO HU YKAPKO OT
PA3HOBUJIHOCTE [IPEJIEJIOB B TEOPUHU BEPOSITHOCTH, BAYKHO JIUIIb, 9TO €CTh KAKOW-TO BHJI CXOJUMOCTH, & Pa3 OH €CTh,
TO MBI IIPOCTO HAJEEMCsI, YTO HAIIUX U3MEPEHUil JOCTATOUHO, 4TOObI ObITh OJIM3KUMU K YKeJIaeMOoMy Iipejeiy (CTo
IPOIEHTHBIX TAPAHTHH BCe DABHO HET).

BekTopHble m3Mepenusi 1lycTh y HAC Telepb ecTh HEKOTOPHI HEM3BECTHBIN CTydaiinbiii BekTop & = (&1,.. ., &)
va R™ u mycrb y HacC €CTb N HE3aBUCHMBIX U3MEPEHUit zi,...,x, € R™. Obparure BHUMAHUE, UTO MBI TEIEPb
U3MepsieM BEKTOD, a He YUCJIO, TO €CTh KAXKJBIA BEKTOD X; UMEET CBOU KOODAMHATHL X; = (L1, ..., Tin)-

Kak MoxkHO mymars mpo momgobHbIe IKcIepuMeHThl. [IycTh y Bac HAa 9epHOM SIIIUKE €CTh HECKOJIHKO ITPUOOPOB
&1, ...,&n, BOODIIE TOBOPST 3aBUCUMBIX MEXKIy coboit. VI BbI fmemaere Takoit IKCIEPUMEHT: CHUMAETE TOKAZAHUS
C IIEPBOTO IPUOOPA, IIOTOM CO BTOPOI'O M TaK JaJjiee JIO IIOCJIEIHEr0 M-T0 Iprdopa U 3aIlUChIBAETe BCE M JHCEJ B
BeKTOD Z1. IloToM cOpachiBaeTe 9KCIIEPUMEHT B HAYAJILHOE COCTOSTHIE U HE3ABUCUMO [IPOBOJITE HOBYIO CEPUIO TAKUX
JKe M3MEPEHMIT U 3aliChbIBaeTe Pe3ysIbTaT B BEKTOD To. IloTOM omsaTh cOpachiBaeTe BCe B HAYAJIbLHOE COCTOSTHUE U
HE3ABUCHUMO OT IIPEBIIYIINX OIBITOK IIPOBOIUTE CJIEAYIONINIl SKCIIEPUMEHT U TOJIyIaeTe BEKTOp T3 U T.1. TakuMm
00pa3oM BHYTDPH ¢-0ff cepum, KOT/ia BbI 3aMePsiii KOODAMHATHI BEKTOPA X;, U3MEPEHUs MOTYT OBITH 3aBUCUMBIMU,
HO MEXK/Iy CepUsIMH y BacC HET 3aBUCUMOCTE.

MaremaTndeckoe 0yKUJaHUE BEKTOPHOM BEJUYIMHBI OIEHUBAECTCS TAK Ke, KAK U B CKAJSIPHOM CJIydae

7= 1+ ... +x, c R™
n

Bribopounasi maTpuna KoBapuamuu B sToM ciydae camas momysspHas HopMysia st ONEHKNA MATPHUIIBI KO-
BapHAIMN CJIE Ly IO

1+ ... +xp
n

Y= Z(xi—a’:)(mi—i)t € M,,(R), tne == eR™

AHaJIOruYHO AUCIIEPCUN, €CJIU IIOACTABUTH BMECTO X; BEKTOPHI &;, TO OKAXKeTCsl, YTO MATEMATHIECKOe OXKMIAHUE OT
> Oy/ieT TPOMaXUBATHCS MUMO MaTPHITHI KOBapI/IaHI/II/IZ. IloTomy BBOIUTCST HECMEITIEHHAS OITEHKA

r1+...+x,
n

1
Yo = Z(wz —Z)(z; — 2)' € M (R), tae = = cR™

OneHka Koppeasnuu ABYX CJaydYaiiHbIX BeJmdumH [lycTh ectdb nBe ciyuaitibie Beaumdunsl ¢ u 1. Hamowmmro,
9TO KOI(MDDUITUEHTOM KOPPEIINT MKy & U 1) HA3bIBAETCS BEJIUYINHA,

cov(§n) _ E(§—ES)(n —En)

vDEYDn VDD
Hucriepcuu MbI yKe OIEHUBATDL YMEEM, a UTOOBI OINEHUTHL KOBAPUAIIUIO, HAJIO IIPO/Ie/IaTh CEPUI0 U3MEPEeHUil ciey-
omero Bru/ia: Mbl U3MeEpsAeM § n 77 OJHOBPEMEHHO, IIOJIYy9IaeM I1apy Yucjie (xl, yl) ITorom HE3aBHCKMO n3mMepsgdaeM ux
elle pa3 U MOJIydaeM Iapy duces (o, ys) U T.1. B pesyabrare Mbl 110JyuumM HAGOP BEKTOPOB

x x
v = <yi>,...,vn (y:) € R?

3HAYUT MBI MOYKEM OIIEHUTHh MATOXKUJAHUE U MATPUILy KOBAPHMAIMU CaydaiiHoro sekropa (&, 7). Torma onenka st
cov(&,n) — 6yaer koadunpenT Y12, & UMEHHO, OIEHOUHAS] KOBAPUAIIUS PABHA

1 _ ) B4 4T, YAty
=3 @i - D)y -9 ER, e 7= e -
n - n n
i=1
U mecMerennas Bepcust OMEHOTHON KOBAPUAINU BBITJISITAT TAK
1 < _ _ T R e e ) B R T
n_lz(;vi—x)(yi—y)eR e F=———— Bmj="— "

i=1
2A umenno, EX 6yer MaTpUIa KOBAPHAILMK yMHOXKEHHAS HA, "771



Metoa MaKCuMaJIbHOT'O HPaBa0IIoa00us

[TpeaonoXKum, 9TO y HAC €CTh HElPepbIBHAsI CiydaiiHas BeqnunHa &, U ee IIOTHOCTE p(z, 61, . .., 0)) 3aBucur or
rmapaMerpoB, KOTOpPbIe MBI He 3HAeM, HO OYeHb XOTUM y3HaTb. [Ipm 3TOM y HaC €CTb N HE3ABUCUMbBIX M3MEpPEHU
T1,...,T, € R. Bompoc: kak maiitu 601, ...,0;7 MoxHOo BOCIOJIb30BaThCA ClieayomuM coobpaxkenuem. Mbr 3Ha-
€M, 9TO U3MEDEHUs MPUIILIN U3 HE3aBUCUMbBIX U3MEPEHUH, 3HAYUT €CTh TaKie He3aBUCHUMBbIE CJIydailHble BeJIMIUHbI

1,06y ~ & uto 1 = § (W), ... 2 = &n(w). U3-3a mesaBucumocru, y coydaiinoro sekropa £ = (&1,...,&,)
IJIOTHOCTH OYJIET 3a1aBaThCs 10 IPABILILY

Pe(z1, s 20,015, 0n) = p(21,01, .., 0k) ... p(2n, 01, - - -, O)

3neck HabOD b1, . . . , 0, —3TO MApAMETPHI HAIIIETO PACIIPEJIEJIEHNST, & JJIsT KayK 01 £; COOTBETCTBYIOIIAsT KOOP/INHATA B
HpocTpancTBe obo3nadaercs z;. C OIHOi CTOPOHD, 3Ta (hYHKIMS 331aeT IJIOTHOCTD &, a ¢ APYTOH, HAM BBIIAJI BEKTOD
(21,...,7,) = £(w). Kak BB ymMaere, ecim HaM 3a/aHa IUIOTHOCTD, TO KaKasd TOYKA BEPOSITHEE BCETO BBIMAJIET B
onHOM 3KcrepuMenTe? KoHeIHO Ke MaKCHMyM IIJIOTHOCTH, IIPOCTO IO €€ CeJIbCKOXO3sIHCTBEHHOMY CMBICJIY — 3TO
caMas BEpPOsSITHasT TOUKa, KOTOPas JOJ>KHA BBITACTh. SHAYNT, HAM HaJI0 MOA00paTh mapaMeTpsl 01, . . ., 0 Tak, 9T00bI
TOUKA (T1, . . ., Tp) OKA3ATACH MAKCHMYMOM QyHKIIH pe (2, ). To ecTb Has10 pEMmmTE Cl1eIy oMy o ONTUMABAIIIORHY O
33,149y
y=p(z1,01,...,0%) ... p(2n,01,...,0k) = max

01,....0k
3amMeTuM, 4T0 MAKCUMHU3UPOBATh HEKOTOPYIO DYHKIWIO ¢(f), IPUHUMAIONIYIO TOJLKO IIOJIOKUTEJIbHbIE 3HAYCHUS —
9TO TO 2Ke caMoe, 4To MakcuMusuposaTh Gyuknuio In(¢(f)). Tak kak In MOHOTOHHO BO3pacTaeT, TO HA TaKyIO [IPO-
He/lyPy MOYKHO CMOTPETb, KaK Ha 3aMeHy KOOPJIMHATHI Y JIJIs 3HadeHnst (DYHKIUH, TO €CTh Mbl IIPOCTO PACTATUBAEM
1o Beprukasu rpaduk GyHKImn ¢(f) u He MeHsieM ee TOYeK MAKCUMyMa M MUHUMYMa, HO MEHSIEM CAMU 3HAYEHUsl
B 9THX TOUKax. Torja 3a1ada ONTAMAZAIAN IIPEBPAITAETCS B CJIETyTONLY IO

01,...,0k

Zlnp(zi, 01,...,0;) —» max
i=1

1 gacro y106HO MOMEHSITH 3HAK y 9TOTO BBIPAXKEHUs] I MUHUMHU3UPOBATH €r0.
HapaiiTe mposemMoncTpupyeM, Kak paboTaeT MeToJ Ha MpuMepe rayccoBa pacipejenenus. [Iycts & nmeer pac-

mpejieJieHne ¢ IJIOTHOCTHIO
1 _(z—a)?

p(z,a,0) = NoT 207

Ho MBI He 3HaeM KOHKPETHBIX 3HadYeHUl 11t ¢ € R n o > 0, 3aT0 3HaeM HECKOJIBKO HE3aBUCHMBIX M3MEPEHUl ITOi

CHy‘IaﬁHOIL/'I BeJIMYUHBL: L1,...,Ty € R. TOI‘,Z[& HaM HaJI0 MaKCHUMHU3UPOBATH CJACAYIONIEC BbIpazKEeHUE
Zn (zi — a)? o
i —
(b(a, U) = (_%‘_2 — ln(O') — ln( 277))

i=1
Bo-11epBbIX, MBI MOYXKEM N3MEHUTH 3HAK Y 9TOI'0 BBIPAXKEHUSI I MUHUMU3UPOBATH IOy YeHHYIO PYHKITNO. BO-BTOPHIX,
MBI MOKeM OTOPOCUTH KOHCTaHTHOe caaraemoe In(v/27), Tak Kak npubaBjeHIe KOHCTAHTHI HE MEHSET MUHUMYMOB
dyuknuu. [Toromy Oy1eM MUHIMU3UPOBATH BhIPAYKEHNE

é(a,0) = Zn: ((:”2;2‘”2 + 111(0)) — min

: a,o
i=1

Haﬁﬂel\d KpUTHUYIECKUuEe TOYKU

8¢_n (x;—a)® 1Y
ag—z<‘03+g>—0

W3 nepBoro ypaBHeHus: mOJy9YaeM BBIPAXKEHHUE JJIs 4 U, HOJCTABUB €0 BO BTOPOE, MOJIYYIAEM BLIPAXKEHUE Ui 0.
Bripaxkenus OyayT umeTh BUI,

1+ ...+,
n

1 n
2 _ 1 =2
a—ni;(xl z)

=T

S
Il



[Tosydyennbie OIEHKN U HA3BIBAIOTCS OIMEHKAMU MAKCHMAJIBLHOTO MIPABIOIOI00MS [IJIsi TayCCOBA PACIIPE/IEIECHUS .
Hasaiite nmpoBepuM ['eccuan, 4TO AeCTBUTENIHHO IOy YMIACH TOYKA MUHUMYMa. BTOpbIe YacTHBIE TPOU3BOIHBIE

OynyT

¢ _n
da? o2
0%¢ "z, —a
dado 2; o3
0% B " (v; —a)? n

P k) D e

Tenepsr Hag0 BMECTO @ U 0 IOJACTABUTH BLIPAXKEHUS U3 OIEHOK MAaKCHMAJBLHOTO IMIPABIONOA00US, IIOTOMY YTO MBI
cuntaeMm ['eccnan He B IPOU3BOJILHOI TOYKE, a B TOU, KOTOPYIO XOTHM IIPOBEPUTH Ha MUHUMYM. Torma mosydmm

¢ _n

da? o2

2 n
;aé;ba =0 o ectb  H(¢) = (‘62 %)
20 _m

do2 o2

A TYT JIETKO BUJIETH, IYTO 93TO ITIOJIO2KUTEJIbHO OIIpeaeJIeHHadA MaTPpUIla (3,IL€‘CB BMECTO 0’2

MaKCHMAaJILHOTO MIPABIONOA00MsI, HO [IJI KPATKOCTH 51 €r0 OCTABUJI B BHUJIE 02).

CTOMUT BBIpAaKCHHUE U3 OICHKN

Metoa MakcuMaJIbHOTO HNpaBaonoao0usi B BEKTOpHOIT popme

JaBaiiTe XOTh pa3 HaAJbHEM W3 HAIMUX CyIep IyIIeK 10 JIEKTPOHHBIM BOPOObsM. B mpempimyieit 3amade Mbl pa3o-
opasucy ¢ MHK mia mopmasbHoit ciydaiinoit Besmauubl. Ecu ke MBI XOTHM CIEJIaTh TO KE€ caMOe B BEKTOPHOM
cJIydae, TO CUATATh I'PAJUEHTHI B JIOO — TO elle n3Bparienne. U1 TyT Ha moMomnis HaM IPUIYT MaTpudHble qudde-
peHIpoBanus. ITo Oymer xopomuil npuMep ux npumenenuns. [loexasu.

ITycthb y Mens ecTh HOpMaIbHBIH BekTOp & ¢ pacnpenenenuem N (a, S), rae a € R" u S € M, (R) — cummerpuanas
HOJIOKHUTEIBHO ONpeeleHHas MaTprna.”® IL1oTHocTs 11 € 3aJaeTca CaeayIonM 06pa3oM

1 15 Y p—a) .o
pg(x) = —F Q(S (x a)7x CL)
(2m)™ det S
rie (u,v) = ulv — cTanjapTHOE CKAJIPHOE IPOU3BE/ICHHUE.
ITycTs MBI HAMEPUJIM COMILIOB I1, ..., Ly, € R™ u xorum BoccranoButh a € R™ u S € M, (R) cummerpuunyio

U TIOJIOKUTEIBHO onpesesennyio. Torma Mbl gymMaeM, YTO y HAC €CTh IOCJIE0BATEIHLHOCTh HE3ABUCUMBIX BEKTOPOB
T, ..., &y pacnpenenennabix A (a, S). Torma «upasaonogobues BbllaJaHus HAOOpA T, . . ., Tp OYIET

i 1

d(a,S) = H - 38T Nwima)mi—a)
-2/ (2m)rdet S
=1

U MBI XOTUM DeIIUTh 33Jady Makcumusamuu ¢(a,S). s sroro omsars pacemorpum ln¢(a, S) Tak kax 310 He
U3MEHHAT TOYKU MAKCHUMyMa (DYHKIIUH, ITOJLY UM

Y(a,S) = ; <;(Sl(xl —a),x; —a)— %lndetS - ;ln((27r)")> — max

Tenepb MOXKHO OTKHMHYTBH HE€3aBUCAIINEC OT a 1 S Cjlara€eMbl€, IIOMCHATH 3HaK 1 YMHOXKUTDH Ha %, TIOJIYINM

1 m
v(a,S) = - ;(5—1(xi —a),r; —a)+Indet S — r;ng

BH BbI6paJI HE KAHOHUYHOE ODO3HAYEHUE S, 9TOOBI HE IIyTaThb CO 3HAKOM CyYMMUPOBaHHUA B BBIKJIaJKaX.



CuenaeM 1yis ynobersa sameny Q = S71

m

o(a, Q) = %z:(c?(mZ —a),z; —a) — Indet  — min

. a7
i=1

Bor Tenepp MBI rOTOBBI K TTOUCKY TTpon3BOAHON. /15t 3TOTO HaT0 HaliTH TuddepeHnuasl Mo a 1 1o () ¥ IPpUPaBHITH
ux K mymo. [Tomyanm

da,qep(a

m
) 1 ) )
_ -1 —
da,gp(5) = — > (Qai —a), i —a) —tr(Q'Q) =0
i=1
PasencrBo Hy/m0 o3Havaer, 4o nudQepeHual IpUHIMaeT HyJIeBble 3HAYEHUS JJIsl JIIOOOr0 3HAYEHUS apryMeHTa.
B mepBom ciry4ae mutst 1r060r0 @, BO BTOpOM, 1j1st Jjiroboro S. JlaBaiiTe peruMm mepBoe ypaBHEHUE B HAYAJIE

Z ), i —a) + (Q(z; —a),—a)) = %Z(Q(zi —a),—a) =

m m

ZQ —al=-2 Zazl ,a| =0 g moboro ¢ € R”

1
daQQO :E

Ho nocnennee paBencTso jis g060ro ¢ € R™ BO3MOXKHO JIUIIH IPHU yCJIOBAN

m
1
— E zi—a| =0
m
i=1
U rak xak ) y Hac obparnma, TO 3TO PABHOCUJIHHO

1

A znaqnr

1 _

a=— g T, =X
m <
1=1
To ectb 310 BHIGOPOUYHOE CpejiHEE 10 COMILIaM. Tenephb jJaBaiiTe penmMm BTopoe ypasHenue. He 3abbiBaiiTe, uro Q y
HacC enie 1 CUMMEeTPpUYIHasd, IIOTOMY d HE 6y)1y CTaBUTH Ha HeEe 3HaK TPAaHCIIOHUPOBAHUNA.
m m

doa9($) = =S (@i —a), 2~ a) ~ Q) = 3 (s — ) Qe — a) — x(Q Q) =

i=1 i=1

- ;Zt (@~ )@~ 'Q) —u(@™'Q) = ;Dw —a)(@i —0)'Q | ~r(Q71Q) =
=tr %Z(ml —a)(z;—a)—Q7 1| Q| =0 s moboit cummerpuunoii Q € M, (R)

i=1

Tak kak MaTpura

=Y i a)m—a) Q!

CUMMeETPHUYHA, TO IOCJIeJHEee PABEHCTBO O3HAYaeT, YTO B IPOCTPAHCTBE CUMMETPUYHBIX MATPHI] CKAJISPHOE IIPOU3-
BEJICHHUE 9TOI MaTPHUIBI C mmo6oit* APYyTO#l paBHO HYJIIO, & 3TO 3HAYUT, ITO

1 — .
E;(xifa)(xifa) -Q1'=0

4BEciu Q 6bITa CHMMETPHYHAS U TIOJOYKUTEIBHO OIPEIeIeHa, TO Q MOKEeT OBbITh JIIOOOH CUMMETPUYHOM, TTOTOMY YTO MBI MOYKEM
«OTCTYIHUTb» OT HOJIOYKUTEJIbHON CUMMETPUYHON B JIIOOYIO CTOPOHY, & Pa3HOCTb MEXK/IYy JIBYMsl IIOJIOKUTEJbHBIMI CUMMETPUYHBIMUA HE
00s13aTeJILHO MTOJIOXKUTE/IbHA, HO cuMMeTpudHa. [loToMy 1 ipon3BojiHast OyeT BOOOIIE rOBOPsI TOJIBKO cuMMeTpudHoil. 1 Ha camom nesie
JIIOOYI0 CUMMETPUYHYIO MbI IToJ1y4duM. Ho 3To eciin BBl BJAPYT 3aXOTeJIX BUJETH 3/[€Ch XOTh KAKOE-TO II0sICHEHHE 3TOMY (DakKTy.




Kpowme Toro, sciomunM, 9ro S = Q! n a = Z, noayuaem

TO eCTb 3TO BbIOOpOUYHAs MaTpula KoBapuaiuu (co cMerenueM). Io xoporemy TyT HaI0 Obl €Ile IPOBEPUTH BTO-
PYIO IPOU3BOAHYIO JJIs TOTO, 9TOOBI yOEIUTHCsI, ITO MBI MOJIYYMWIA TOYKY MUHUMYyMAa, HO s He OyIy HACHJIOBATH
Balle co3Hanue. Kpome Toro B GOJIBINON HAyKe YaCTO HCIOJB3YIOT BBIIYKJIOCTh WA T'€0/IE3NYECKYIO BBITYKJIOCTH
(mpocTHUTE MEHSI MATEMATUKHU, YTO sI IIPOU3HOILY TH MHXKEHEPHBIE CJIOBA, HO TAK YK IOBEJIACh JKU3Hb, UTO y BCEX
cBOst TepMmuHOJIOTUSA). VI MCIO/Ib30BaHUE COOOPAYKEHUI BBIITYKJIOCTH IO3BOJISIET [POBECTH MOJOOHYIO IIPOBEPKY €
MUHHMAJIbHBIMU MTOTEPSIMHA JIJId IICUXUKU U BaIllUX PydYeK.

PCA u SVD

[Iycts v mac 3aman caydaifasiii BekTop £ B mpocTpancTBe R™ u MBI I HETO HAMEPEJIH HE3aBUCHMO HECKOIBKO
CaMILIOB Z1, . ..,ZTn € R™. IlepBbIM H€7I0M MBI MOYKEM OIEHUTD MATEMATHIECKOE OXKUIAHNE I MATPHUILY KOBAPUAIIIH
st € o popMysIam
_ T1 + ...+ In 1 _ N\t
EE=z=——"—"" 3Yy= (; = ZT)(z; — T)

n n—1

Hasaiire cocraBuM marpuiyy u3 Beex camiuioB X = (z1|...|x,) u caBuHeM KaxKIplil caMIul Ha BBIOOPOYHOE MaTe-
MaTu4eckoe oxuganne Y = (1 — Z| ... |z, — Z) = X — (T]...|T).

A Temepb mpeicTaBbTe, UYTO BbI IOYYBCTBOBAJIN HEIIPEOIOJIMMOE KejaHue caenarb SVD mis marpurer Y. Jla-
BaiiTe TOCMOTPHUM, K Y€MYy 9TO MOXKeT mpuBectd. Ha moMHI0, 910 aaroput s HaxoxaeHus SVD misa marpurnsr Y
HAYHHAETCA C TOTO, 9TO HaJI0 AHarOHaJn3upoBaTh Marpuiry Y Y. Ho eciam Mbl mpuMeHnM K Heit 6109HbIe (DOPMYJILL,
To nosyunm, uro YY! = (1 — Z)(z1 —Z)' +. ..+ (zn, — Z)(z,, — T)*, uTO € TOUHOCTBIO 10 KoadduImenTa copnajaer
¢ MaTpulleil BBIDOPOYHOM KoBapuanuu. A 3HAYUT JUArOHAJU3AIMS BHIOOPOYHON KOBApUAIIMK — 9TO IIEPBBIH IMaK B
SVD ngnua Y.

Hanowmnto, uro non, SVD st Y Mbl nonumaem passioxkenne Y = UDV?E e U € M,,,(R), V € M,,(R) u o6e
oproronaspabie (To ectb UU' = E u VV! = E) a matpunia D € M,,, ,(R) 1 Ha ee r1aBHOE TUATOHATN CTOAT THCJIA
o1 =09 > ... > 0, > 0 u 6BITh MOXKeT HyIU. B aroM cayuae YY? = UDD!U!, rne DD? 6yner auaronaabHOiR
MaTpHIIeH pasMepa m Ha M ¢ YECTAMA 07 > ... > 02 > () Ha AuaroHaam U OBITH MOYKeT HYJIAMHI. B 3ToM ciydae
ancna {0%,...,02} GyayT HeHyJeBbIME TOUYKaMu ciekTpa Y'Y (To ecTh He HyseBble COOCTBEHHbIC 3HAUEHUS TOLL
MATPUIIBI, KOTOPBIE COBHAJAIOT ¢ HEHYJEBBIMU KOPHSIMHU €€ Xap MHOIOYJICHA WM MUHUMAJIBHOIO MHOTOYJIEHA). A
marputia U = (uy]. .. |um) ByJeT cocTosaTh u3 coGCTBEHHBIX BEKTOPOB I MaTpullbl Y'Y? npudem onm Bee GyiyT
OPTOTOHAJILHBI U JJIAHBI OJIUH OTHOCUTEILHO CTAHJIAPTHOrO CKaJpHOTO npousseaenus (z,y) = z'y. Ilpu stom ug
OyzieT COOCTBEHHBIM JIJIsT O'% 7 Tak JaJiee J0 U, OCTAJIbHBIE U; OyIyT coOCcTBeHHbIMU Jutst (.

Ha SVD paziioskenne MOXKHO MOCMOTpeTh BOT Kax D = U'Y'V. To ecTh MBI CTapTOBAIH ¢ MATPUIILI U3 HECMe-
[EHHBIX CAMILIOB Y W Telepb ¢ IMOMOIIBI0 MaTpuIlbl U MbITaeMCsl IOMEHsITh KOOPAMHATHI B ITpocTpancTee R™, rie
JKUBYT HAIKA CAMILIBI, & C MMOMOIIBIO MATPUITEI V' MBITaEMCsi KOMOMHUPOBATH HAIN CAMILIBI MEXIy coboit. HacTo
oreparusi KOMOMHUPOBAHUS CAMILIOB MEXKJy COOOH He O4YeHb (PU3MIECKU OCMBICJIEHHA, IOTOMY JaBaiiTe ee mpo-
UTHOPHPYeM U paccMoTpuM pasercTso U'Y = DV?. Torma BOT Kakoil CMBICH y HamECaHHOro. MBI cTapTOBAIA C
Y. Torom BBIGpaIn [yist BRIGOPOUHON MATPHUIBI KOBAPHAIIMU Yg COOCTBEHHBIE BEKTODPHI (JJIMHBI OJMH M B3aUMHO-
FOPTOrOHAJIBHBIE) U CIOKWIM uxX B Marpury U = (uq|...|uy,). danee npusean marpuily Yo K [VIABHBIM OCSIM, TO
€CTh CIEeJIAJIA 3aMEHY CTAaHJIAPTHOrO 0a3mca Ha 0A3UC Ui, . . ., Upy. LIpU 9TOM KOODIUHATHI HAINMX CAMILIOB KaK pPa3



u3MeHATCa 1o npasuiy Y — U'Y = DV, JlapaiiTe BHEMATeILHO IOCMOTPHM Ha IIPABYIO YACTh 3TOTO PABEHCTBA

g1 0
: V11 Uni
t o t Or 0 . e e E .
UY =DV = 0 0 Vi  eve eov Unm |
0 0
01
V11 Un1
oy
n 0
Vim -+ o+ Unm
0

To ecTh MBI y OPTOTOHAJIBLHON MaTPUIBl V! oTpesasn BepxXHIOH YacTh. Tak kKak Marpuia V 6blTa OpTOroHAJbHA,
TO UHTYUTUBHO, €€ KOOPAUHATHI BHOCIT OIMHAKOBLINA BKJIAJ B UTOroByio Marpuily. OIHAKO, IIOCIE 3TOr0 Mbl KaXK-
JIYIO KOODJIMHATY JIOMHOXKUJIN Ha BECOBOH K03 DUImeHT 0;, a mocaennue maxe na 0. Takum o6pa3om mocse CMEeHbI
KOOPJIMHAT JIJIl HECMEIIEHHBIX caMILIoB Y +— U'Y MBI OTCOPTHPOBAJIN KOOPIMHATEI CBEPXY BHHU3 10 UX BasKHOCTH,
rIe 0; O3HAYaeT BeC BayKHOCTH KOOpAWHATHI. IIpw 9TOM MBI BHAUM, YTO MOCJIEIHME KOOPAUHATHI MBI BOOOIIE MO-
K€M IIPOUTHOPUPOBATH, MO0 OHU CTAJIH HYJIEBBIMU. Kpome TOro, MbI €Ie MOXKEM IPOUTHOPUPOBATL KOOPANHATHI C
MAJIBIMH 0.

Ilo mpyromy erme MOXKHO CKa3aTh TaK, Mbl HAIILIH, YTO BCE HAIU CAMILILI PEAJTHHO YKHUJIU B MOJIIPOCTPAHCTBE
R" 1 mocjie TOBOPOTa MIPOCTPAHCTBA, OTPE3AB JIUITHIE KOOPIUHATHI, Mbl MOXKEM CUATATH, YTO HAIIU CAMILIBI HMEIOT
BUJ,

g1 V11 e e Uni

Or Vip -+ .. Upp

A OTKHUHYB €Ille U MaJIble 0; Mbl MO2K€M IIOHU3UTH Pa3MEPHOCTDH 3a/avdu €lle CUJIbHEee.

LlenTpanbHasa npenejbHass TeopeMa

OkasbiBaeTCsl, YTO HOPMaJIbHOE paclipejiesieHre 00J1a1aeT OJJHUM YAUBUTEIbHBIM ACCUMIITOTHIECKUM CBOHCTBOM. B
HEKOTOPOM CMBICJIE, €CJIN MHOI'O Pa3 JleJIaTh OJIMH U TOT K€ CJIYYaiHbII KCIEPUMEHT C U3MEpPEHUEM OJIHOM U Toit
2Ke CJIydaifHON BEJIMYWHBI, TO IPU IPABWIHLHOW HOPMUPOBKE, CO BPEMEHEM BCE CAMILIBI OyIyT BecTH cedsi Tak, Kak
OyTO OHU B3SUIMCH U3 HOPMAJLHOTO PACIPEJIEICHNs. DTO 03HAYAET, YTO MPU OOJIBIIOM KOJUIECTBE CAMILIOB, HAM
BOODIIE TOBOPSI IJIEBATH HA PACIIpPE/IesIeHIe, BCE MOXKHO CIATATH HOPMAJIbHBIM. 3BYUIUT CJIUIIKOM YK KPYTO, ITOOBI
OBITH TPABJOW, TEM HE MeHee, s [MOCTAPAIOCh IPUJIATH CTPOIUil CMBICI CTOJb Cepbe3HOMY 3asBieHnio. Crporas
bOPMYIUPOBKA 3TOrO SBJICHUS HAa3bIBaeTCs 1leHTpaIbHOI mpelesbHOl TeopeMoil.”

VYreepxkaenue (IlenrpanbHas npejenbHas TeopeMa). Hyemsv &1, ..., &n, . . . — NOCACOOBATNEALHOCTND HEZABUCUMbLE
00UNHAKOGO PACTPEICACHHDIT CAYHATIHOLT GEAUMUN C MAMEMATIUNECKUM 0dicudaruem [ u ducnepcueti o2. Tozda

ZZ—;(\%_ NN N(0,1)

W3 3aK0Ha, GOILIIIX THCEI CJAEAYET, ITO €CIH MBI PACCMOTPHM APOoOL’

Z:l(gk — i)
n

5Ha camoM meite, 9TO HE €IHHCTBEHHBIH PE3YJIBTAT TAKOIO POIa, HO OJNH K3 IIEPBBIX I YK TOYHO OJMH U3 BakHeiimux. EcTb Kyda
JIDYTHX aCUMIITOTHYECKUX pe3y/braroB aHaaorundHeix LIIIT u B HuX urypupyioT He TOJHLKO HOPMAJILHOE PaCIpeIe/IeHue.
63nec Tpn = % > h—1 Tk COAEPXKHUT HHIEKC M, YTOObI MOJIEPKHYTH 3aBUCHMOCTD OT KOJMYIECTBA CAMILIOB.



TO OHA 00A3ATEIHLHO COMIETCH K HYyJIIO, TAK KaK Cpe/He apudMeTHIECKOe OJNHAKOBO PACIPEIEIEHHBIX HE3ABUCH-
MBIX CJIyYafHBIX BEJUIHH CXOAUTCS K MATEMATHIECKOMY OXKIJIAHWIO. A B IEHTPAJIBHON NPEJEbHON TeopeMe MBI
OIIEHUBAEM Ha, CKOJILKO ObICTPO X mpub/mKaeTcd K f. Ecim HOpMUPOBATH He TaK arpeCcCUBHON U MOJIOKUTD

Zzzl(gk_ﬂ) o njn_,ud
ovn =vn o

TO IIOJIY9€HHOE€ BbIpazKE€HUE 6y,ZLeT cebsl BeCTU KaK HOPMaJIbBHO pacIIipeaeJ/ICHHaA C.Hy‘IafIHaH BeJIMYHHA. Eme He(bop-
MaJIBHO 3TO MOXKHO 3aIIOMHHTH TaK, IIPpH OOJIBIIUX 7 BBIIIOJIHEHO

o2

jn%N My —
n

Taxum 06pa3oM BHIOOPOYHOE MaTEMATHYECKOe OKUJAHKE OyIeT PACKUIAHO BOKPYT HACTOSIIErO MaTEMATUYIECKOIO
OXKUJIAHUS 10 HOPMAaJbHOMY 3aKOHY.
Eciu pacmudposars IIIIT u BCHOMHATE TpeThe IKBUBAJIEHTHOE OIMpEIEIeHIe CXOINMOCTU 0 PACIIPEIEIEHHIO,

TO TOJIy4aeTCs, YTO
b

Dot (€6 — 1) L=
P ’“(177716[@1)} %/me dx

To ecTb pu OOMBITNX 3HAUECHUSX 72 BEPOATHOCTD JIJIs CJIyJailHONM BEJIMIUHBI

22:1(& — jt)
ovn

cauTaeTcst o GOPMYJIaM Jijisi HOPMAJBHOTO PACIIPEIEIeHUs], B YACTHOCTU BEPOSTHOCTD IMOMACTH B JIIOO0E MOIMHO-
JKecTBO. B mpuMepe BbIIe B KAUECTBE TAKOTO MOJAMHOYKECTBA ObLT BHIOpAH MHTEPBAJ [a, b].

Ecau pomonuutenbHo A8 CIyIafiHbIX BeJIUIWH £ CYIIECTBYET E\§2| = p (oHO He 3aBUCHT OT k, TAK KaK BCe
caryJaiiHble BEJIMIMHBI OJIMHAKOBO PACIPEJIETIEHBI), TO MOXKHO OIIEHUTH CKOPOCTH CXOJMMOCTH K HOPMAJIBHOMY Dac-
npegenenuio. CKopocTb OyaeM OoneHuBaTh Ha (yHKIUU pacipeieserus. [lycTb

_ Z:1(§k — 1)
77n - U\/ﬁ

a

¢~ N(0,1)

Torua

[Pl <) = PC < 2)| < 55

Ho mammcannoe cjaeBa ecTh HA 9TO WHOE, KaK (DYHKITMH PACIIPEIeTICHIST
By (2) = Fe(x)] < =2

20' \/’E

Koncranry 1 / 2 MOXKHO 9yTh YJIyYIIUTh B IPABO#l 9aCTU HEPABEHCTBO, KOTOPOE HA3BIBAETCS HEPABEHCTBOM beppu-

Dcceena. Buarosapst HemMy MBI He TOJBKO 3HAEM, UTO 1), COMJETCS K HOPMAJBHOMY DACIPEIEJICHUIO, HO U s

KazK/I0I'0 KOHKPETHOT'O MHTEPBaJla OIIEHUTb Ha CKOJIBKO OJIM3KO COOTBETCTBYIOIIIasd BEPOATHOCTD HOﬂOﬂILeT K BepoO-
ATHOCTHU JIJId HOPMaJIbHOI'O pacClIpeJieJIeHru A, a UMEHHO

b
p (el i) gy —/ P

ov/n Var o3/n

10



CemuHap 5

Sagadmn:
P P P
1. ycts &, — & u n,, —> n. llokaxure, ato &, + N, — €+ 1

2. Tlycrs Q = [0,1] u BepositHOCTH P — 3T0 JymHa. PaceMOTpUM mOC/Ie 10BATEILHOCTD CIYIalHBIX BEJIUMIUH &),
Ha () 3a/JIAHHYIO CJIEIYIONIM 00pa30M

1 1 3 1 1 1 5 1
€2k+1(x)_(4_k>x+8+2k u £2k($)—<k_4>$+8—2k

(a) TlokaxkuTe, UTO 9TA IMOCIIEIOBATEILHOCTD CXOAUTCS IO PACIIPEIEICHAIO U HAfIUTe MpeJesIbHOE pacipe-
JeJeHue.

(b) Ilokaxkure, 4TO T4 MOCIIEAOBATEIBLHOCTh HE CXOJUTCH HU B KAKOM J[PYI'OM BHJIE CXOMMOCTH.

3. Ilycrs &, — coayuyaiinas BeaMdYMHA UMEIOINAsi OMHOMUAJIbHOE paclpenesenue B(n,p), TO eCTb BEPOITHOCTDH
ycmexa p, a n — KoymdecTBo 6pocanwuii. [lokaxkure, 9To eciu p = % JI7IsT HEKOTOPO# KOHCTAHTBI A, TO TIPU N — OO
XapakTepucTuiecKast (pyHKIwmst 1j1st &, CXOAUTCs TOTOYEYHO K XapaKTePUCTHIECKOH (DYHKIMY PaCIIpele/IeHUsT
IIyaccona ¢ mapamerpom A.



