MaremaTnyecknii agaJjimns

Jnma Tpymma

Cemunap 1

IIpenemnnr

[To BummMmoOMy OfHA W3 CAMBIX BaXKHBIX TE€M B MATEMATHIECKOM aHajm3e — 9T0 npemeabl. Ona 100poTHO 0OpOCTa
HEIIPOJIA3HBIM (POPMAIIM3MOM, KOTOPBIM MYYalOT CTYJIEHTOB BCEX TEXHUIECKUX M MATEMATHIECKHX BYy30B. I 10
9TOMY IOBOJY S XO4Yy CKa3aTh HECKOJIBKO OOIuX cJI0B. V3HA4UAIBHO IIPeiesibl BO3HUKIIN KaK HEOOXOIMMBII aInapar
JI7IsT OTIpeJIe/IeHUsT TTPOM3BOIHBIX, KOTOPhIE B CBOIO OY€peSb BO3HUKJIM B paboTax JABYX MareMaTukoB JleitOHuia
u Herorona. HeioToH nbITasics pemars pusndeckue 3aJadu U IIPOU3BOJHBIE Y HErO CJIyXKUJIU JjIsl OIpejesIeHusT
CcKOpocTeil u yckopeHuil. JleiOHUI[ »Ke OOJIbIlle TATOTE] K MOCTPOEHUIO yI0OHONO MAT alapara, He BJIaBasiCh B
dusngeckuit 1 CeIbCKOXO3AMCTBEHHBII CMBIC/I IIOCTPOEHHBIX BEIIIEH.

CerojiHst MbI IPUBBIKJIA K CTPAIITHBIM OIPEJIEJICHUAIM TTPEJIEJIOB Yepe3 € U §, HAIIMCAHHBIM Ha S3bIKEe MAIIMHHOTO
KOJIa IIOHATHOM JIFODOI CUMBOJIBHOM cpejie BbrunceHuii. OHAKO, eCIi IMOCMOTPETh Ha paccyKieHus JleiOHuIa,
TO OH paccyKJaJl B TeEpMUHAX ODECKOHEYHO OOJIbIINX M OeCKOHEeYHO MaJjibix BejsmunH. [lo3xke Beitepirpace, 6yaydn
HEJIOBOJIBHBIM TAKO# HECTPOrOCTHIO, U TPHUIyMaJl U3BECTHBIA HAM SI3bIK € U § JIJI OIpPee/IeHUs IPEJIEJIOB CTPOro.
OH, MOXKHO CKa3aTh, MOCTABUJ MAaTEMATHICCKUN aHAJIU3 HA CTPOTHUE PEJILCHI, PEIIUB MPOOJeMbl He CTPOrOCTH!?..
Bcee 661 xoportmo, ma Tosbko B 40-ble rojpl mponuioro Beka A6paxam PoOHMHCOH TPOJIEMOHCTPUPOBAJ HECTAHIAPT-
HYIO MOJIEJIb BEIIECTBEHHBIX YUCEJI, B KOTOPO# eCTh HECKOHEYHO MaJjible 1 ODECKOHEYHO OoJIbIliie BeJnduHbl. Kpome
TOTO, JTII0Dasi TeopeMa, KOTopas JOKa3aHa B HECTAHJIAPTHON MOJIe/iM, BEPHA U B OOBIYHDLIX BEIMIECTBEHHDBIX TUCJIAX
un Haobopot. Tem cambiv, PobuHCOH moOKa3aj, 94TO BCe paccyxkjieHus JleitbHuia ObLINM CTPOIMMU, TOJBKO OH pac-
CyXKJaJl B HecTaHAapTHON Mozenmu. B 80-e rofsl B mrarax Jaxe MPOBOIWIN SKCIIEPUMEHT U B BBICIIAX YI€OHBIX
3aBEJICHUSX 3aHATHS 10 MATEMATHIeCKOMY aHAJIN3Y [PENOJABAIINA Yepe3 OECKOHETHO MAJIbIe I DECKOHETHO OOJIBIIIHE.
DKCIEpUMEHT ObLT MPU3BAH YCIEITHBIM W CTYJEHThI OCBAWBAJIYN AHAJIN3 MeTojaMu JIeHOHUIA HIIyTh He XyKe, YeM
KJIACCUIECKUMU MeTomaMu Beiteprirpacca.

Kpome Toro, 4y Th 1o3:2K€e, KOrjia mosBUICa (PyHKIIMOHAJBHBIN aHAJIN3, JIFOIH IOHSIIN, YTO MOXKHO OpaTh IIPe/Ie/Ibl
JTayKe OT HEeCXOISIIIUXCsI, HO OTPAHMYEHHBIX TOCIe[oBarebHocTel. [IpaBma, Takux mpeiesioB ObIBaeT MHOTO PA3HBIX.
Mertomamu Teopun MojesIeil u aaredbpbl MOXKHO OIIUCATH BOODIIE BCE TTOM00HBIE OIIEPAITUS B3ITHS IIPEIEIOB OT JIIOOBIX
TIOCJIETOBATEILHOCTE, TTPaBIa ¢ HEKOTOPBIMU HEYTOOHBIMU caiia-3dderTamu. 1 BoobIe, MaTeMaTHKH MTOCTAPATUCH
C IIPUIyMbIBAHUEM CJIOXKHBIX U HEIIOHSATHBIX Belleil 3a II0CJIeHIe Iapy COTEH JIeT.

B cyxom ocrarke. Bee usjioxkeHHOe BbIlle TOBOPUT HAM BOT O 4eM. EcTb Takas mporeiaypa kKak mpejesn. Ona
BazkHa U Hy)kHa. OIHAKO, 3Ty MPOIEILyPy MOXKHO OIPEJIEISTh OY€Hb IO-PA3HOMY TaK, UTO OIHO OIpee/IeHre XyKe
Apyroro. ¢ 3aTpOHY NPUBBIYHBIN TOIXOM K IMPEejaM KPATKO, HO MUHUMHU3UPYIO BECh HEHYXKHBIH (POPMAJIA3M.
Kpome sroro s mocraparoch 1aTh 00munii CeTTUHT /1t PAOOTHI C IPee/IaMi U IPOM3BOIHBIMU B CJIy9Yae BEKTOPHBIX
U MaTPUYHBIX BEJIMIMH.

Buabr ipesiesioB

Kaxkwue 6b1Bator cerrunrn Jys npejenos? Kiaccudeckue, pazdupaeMble B Kypce MaTeMaTHIeCKOIO aHAJIU3a, — ITO
peJIesTbl TocIe[0BaTeIbHOCTeH U ipeesibl byHKIiwmii. Jaaiite mocMoTpuM Ha HEX. UTO TaKOE TIOCIIEI0BATETBHOCTD !
D10 cUeTHBIA HAOOP uncie a, € R npu n € N. A uro rakoe dyukiusa? dto orodbpaxenue f: U — R, e U C R.
Ha camomMm mene, mocaeaoBaTeIbHOCTE — 9TO TOXKe oToOpakenwe TOJIbKO Buja a: N — R. Tloromy msyuarsp mx
MOXKHO C OJIMHAKOBOI TOYKM 3PEHWUsl, IIPOCTO y IOCJIEI0BATEIbHOCTA UHIEKC 7 JUCKPETHBIN, a y (DYHKIUH HHIEKC
2 HelPepPLIBHLINA.

JIJ1st TIOCJTETOBATEIFHOCTEH OIPee/IeTCs MPOoIeaypa lim, o, KOTOpasi mepepadaThiBaeT MIOC/IEI0BATETbHOCTD
B 9HCJIO, Ha3biBaeMoe mpejeom. s byHKumit Haj10 JOMOJHATETLHO (DUKCHPOBATh TOUKY Xg € U 1 ompeiensercs
npouesypa limg_,,,, KoTopas nepepadbaTbiBaeT (DYHKINIO B YUCJIO, HA3bIBAEMOE IIPeJieloM (DYHKIMH B TOUYKE Xg.
Takasi pasHuIla CBsI3aHa C TE€M, YTO B MHOXKecTBe N HET TOYEK HAKOIJIEHHsI KpOMe OECKOHEYHOCTH, a B 06JiacTu



U C R Boobie roBopst MOXKeT OBITh MHOI'O TOYEK HAKOILICHHs (BO3BMHUTE MHTEPBAJI, BbI MOXKETE HAKAILINBATHCH K
J060ii ero Touke).

TeomeTpudeckuii cMbICI mpeaesia B Hadaje s Xo4y momaxaTb PyKaMU U JIO CTPOIOrO OIpeJesieHus J1aTh
MHTYUIIAIO TPOuCXoismnero. IlycTb y HAC ecTh HEKOTOpas MOCIeI0BATEILHOCTD 4y, € R, re n € N, u nmycthb a € R
— HEKOTOpOe 4ucjo. 9 X04y OObSCHUTH, YTO 3HAUUAT, 9TO UUCJIO G SIBJIAETCS IIPEMEJIOM IOCTIEI0BATETBHOCTA Gy, .
W neitno 910 3HAYMT, 9TO C yBEIUIEHHEM HOMEDA N 9UCJIO 4, CTAHOBUTCH BCce Osmrke u Omzke K yuciay a. Hampumep,
€Cc/ii B3ITb Ay = %7 TO C yBeJWYE€HHEM HOMepa 7 UHUCJIO % Bce Oummke u Oimmke K 0. Wm emne Gosee ypankumii
pumMep, eciu a, = 0 s Bcex n, TO YUCIO a4, BCe BPeMs coBHaJaeT ¢ HyseM (Goublieil 6iausoctu Mexay ¢ = 0 u
p, TOOUTHCSI CJIOXKHO).

Teneps nocmorpum nHa dyukiun. [lycrs y vac f: U — R — mekoropas dyukius B odnactu U C R na npsimoit
n xy € U — nponsBosibHasi ToYKa. TOrJa MOYKHO OIPEIeUTh IOHATHE Ipesena GYHKINA B TOUKe limy ., f(2).
Hedopmasbho, ducio a Gyner upempesom f(x) B TOYKe Tg, €CJU JJisl BCeX TOYeK T Oim3KuX (HO He PaBHBIX) T
sHavenns byHkuun f(x) 6yayT 6Iu3K K a.

dopmasibHbIE ompesiesienus llycto a, € R, rme n € N, — HekoTopas moc/ieioBaTeibHOCTh. Tormaa uucio a € R
HA3bIBAETCSI €€ IIPEJIJIOM, eCIH JUIsl JII000i oKpecTHOCTH (0 — €, a + €), cylecTByeT HOMep ng € N, 4To Bce uncia
ap IpU N > ng NoNajaioT B uaTepBast (a — €,a + €).

IIycts y mac f: U — R — wekoropas dyukiusa B odbmactu U C R ua npamoit u g € U — npou3BoJibHAST TOUKA.
Yucao a HasbiBaeTcs mpenesioM f B TOUKe T, ecd ijist Jiioboil okpectHOoCTH (@ — €,a + £) TOYKH G Haiijercs
OKDEeCTHOCTD (Xo — &, Lo + §) TOUKHU T( TaKasl, 9TO NPOKOJOTAs OKPECTHOCTD (xg — &, 2o + 0) \ {zo} oTobpazkaercs ¢
nomotpio GyHKIMH f BHYTPb OKpecTHOCTH (0 — €,a + €).!

OO6muii cerrunr Ha npejiesibl ociieioBaTeibHOCTEN U (DYHKIMIT MOYKHO TIOCMOTPETH ¢ OOIIeil TOUKY 3PEHUsT Ta-
KOI, 9TO 9TO OIpeiesieHne 0000maeTcst Ha CJryvail mpon3BobHbIX oToOpaxkenuit f: V — U, rme V u U — BeKTOpHBIE
npocrpancTBa. Takoll TOAX0 MOMOXKET HAM MOHATH KAaK MPABUJIHLHO PaboTaTh C MpeJjeaMu, KOrjia apryMeHT, Ha-
puMep, MATPUIIA WX BEKTOP, WK 3HAYEHUE (DYHKIINHU SIBJISIETCS TAKOBBIM. BoJjiee TOro, MOXKHO 0O00IIUTE TOHSITHE
npenesa Ha ciaydail f: X — Y, rme X u Y — npousBoJsibHbIE MHOXKECTBa. B 9TOM cilydae HaJj0 3adUKCUPOBATH
HEKOTOPOE CEMENCTBO «OKpeCcTHOCTel» B X M HEKOTOPOE CEMEICTBO «OKpecTHOCTel» Toukn Yy € Y. Torma mMbl Oymem
TOBOPHUTD, UTO Y — 9TO Hpejes Juist f, ecyn Jjist j1oboit «okpectHocTn» U TOUYKH ¥y, HANRJIETCS «OKPECTHOCTH» V B
X makag, uro f(V) C U. Ilpu srom upezen 3aBucur or HabOPOB «OKpecTHOCTE(» B X, BbiGOpa Touku y € Y u
ee Habopa «OKpecTHOCTEH». MeHsisi OKPECTHOCTH M TOYKY, Mbl MOXKEM MEHSITh IOHSATHE Ipefesia. e Mbl XOTHM
ONPENENIUTD «IIPEJIE]I B TOYKE», TO 00bIYHO Ha X (DUKCUPYIOT TOUKY & € X U CEMEHCTBO €€ «IIPOKOJIOTHIX OKPECT-
HOCTeli», & UMEHHO MBI JIOJIZKHBI paccMaTpuBaTh oKpecTHocTH Buzia V \ {z}. D10 cBsi3aHO ¢ TeMm, 4TO MBI HE XOTHM
YUIUTBHIBATH [OBejieHue f B caMoil TOUKe X, HAC MHTEPECYeT TOJILKO MOBEJIEHHE B «OJIM3KNX» K T TOYKAX.

Tenepnr maBaiiTe paszbepemcst ¢ 60jee KOHKpETHBIMA IpuMepamu. /JobaBum (HoOpMabHO HOBYIO TOUYKY K HATY-
pambaeiM anctam N = N U {oo}. U Mo0KuM OKPeCTHOCTSIMI GECKOHETHOCTH 00 TIOMHOMKeCTBa Buja {n € N | n >
M} U{oo} pns mekoroporo M € N. Torga npokosoToil okpecTHOCTBIO Oyer MuoxkecTBo {n € N | n > M}. B sT0M
cJIytdae OIpeJiesieHus TIpesiesia Jaiorcs B obmeit manepe. Ilycts X — aTo jmmbo N 6o o6nacts U C R u X =R
— HekoTopoe orobpaxkenue. Ilycts xg € X — Touka st KOTOpoit onpe/iesenbl okpectHocTu. Torma uncio a € R
HA3BIBAETCA TIPEJIEJIOM [ B TOUKE g, ecju Jjis Jioboit okpectnoctu (a — €, a + €) cymecrByer okpecraoctb B C X
coneprkammas xo Takas, aro f(F\ {zo}) C (a —e,a + ¢).

JlaBaiiTe TOABITOXKUM CKA3aHHOE BbITIe. MbI BUUM, YTO MOXKHO M3y9aTh IIPEJIEJIBI JIJIsT CATYAIHil, KOTJIa 3a/IaHO
orobpazkenue f: X — Y u Ha MHOkecTBax X m Y JIsi BCeX TOHUEK 3aJaHbl IIOHATHA okpectHocreil.” CymecTsyer
00Ul TI0JIXO/T, B 9TOM CJiydae U uMst eMy — Tomosiorusi. OHAKO s1 OIPAHUYIYCh IIPOCTBIMU CJIydasiMU: JINOO KJIacCude-
CKHUe CJIydau Jjisd MaTaHam3a, Jubo X u Y SBJISIIOTCS BEKTOPHBIME ITPOCTPAHCTBaMU. B mocseqHeM ciaydae MOXKHO
CIPABUTHCS € TIOMOIIBI0 METPUYECKUX IPOCTPAHCTB, a TOYHEEe UX YACTHOrO CJIy4asi HOPMUPOBAHHBIX MTPOCTPAHCTB.
Ho 060 Bcem 1o mopsiiaky.

IIpenens mociemoBaTeabHOCTEH

Beire st pacnmnagicst mpo o0Iye ciaydan U BbICOKHe Marepuu. JlaBaiiTe st Terepb sIBHO IIPOTOBOPIO BCE JIETAJH JIJIsl
ciydas mnocaenoBaTeapnocTeit. Ilycrs a, € R, rne n € N, — HeKoTOpast mocie10BaTeIbHOCTD THUCET.

1X o1y oTMeTHuTH, UTO TO OIpeeIeHne 060BIAETCS Ha CIydaii, KOIa TOYKa £ = F00.
2Ha caMOM JiejIe TaKOM IIOAX0 PaboTaeT, KOIIa Bbl OIIPEIeIsieTe HHTErPabl NN JIIOObIE IpyTHie KOHCTPYKIA B aHAJIN3e TPEGYIOIIe
IpeaebHbIN Iepexos.



DopmasibHOEe onpesesaeHne Kpowme onpenesienns mpeesia B KA9€CTBE IHCJIA, MOYXKHO €I OIPEIe/IUTD IPeest
PaBHBIM GECKOHETHOCTH (IIOJIOKUTENHHON, OTPUIATEIbHOM M Ge33HAKOBOI ). ¢ MOBTOPIO ONpeIesIeHne JIsl Tncia
a € R, aTobbl Bce OHU OBLIN BMECTE.

e Ilycts a, € R, rme n € N, — HeKoTOpas MOCIEIOBATEILHOCTE. Toraa uncio a € R Ha3bIBaeTCs ee TMPeIeoM,
ecJi 11t Jiroboro € > 0, CyIIeCcTByeT HOMED Ng € N, 910 1151 BCeX N > Ny BBIIOJHEHO \an — a| < €.

Pacumdposka onpejenenus ciuegyiomas. s aoboro unrepBana (a — €,a + €) JJId YUCIa @ BCE ICHDBI
TOCJIEIOBATEIHHOCTH ., MOMAJIAIOT B 9TOT MHTEPBAJ HAYUHASI ¢ HEKOTOPOTO HOMEDA Ng.

e DTO olpeleeHrne MOXKHO PaCIIMPUTh Ha CIydail ¢ = +00 wim a = —00. A UMEeHHO, MbI OyIeM FOBOPUTD, YTO
400 sIBJIIETCS LIPEENIOM G, eciin Jist Joboro A € R, cymecreyer n € N, 9To jij1s1 Bcex n 2> (g BBIIIOJTHEHO
an > A.

Pacumdposka ompeneienus ciaemyomas. s moboro unrepsasa (A, 4+00) st +00 BCe 4JIeHbI IOCIEI0Ba~
TEJIbHOCTH @, TONAJAIOT B TOT HHTEPBAJ HAYMHAS C HEKOTOPOTO HOMEPA 7.

e AHAJIOrMYHO JAeTCs OIPeIe/IeHue st 4 = —00. A UMEHHO, MbI 6y/IeM MOBOPHUTD, UTO —OO ABJISIETCS [IPEIEIIOM
Gy, ecou i Jioboro A € R, cymecrsyer n € N, 910 JiJIst BCeX 1 2> N BBIIIOJIHEHO a, < A.

Pacumdposka ompenesenus ciaemyromas. s moboro uarepsasa (—oo, A) 1yisi —00 BCe WJIEHbI IOC/IEI0Ba~
TEJILHOCTH @, TIOMAJIAI0T B 9TOT WHTEPBAJ HAYMHAS C HEKOTOPOTO HOMEpPA 7.

e Mpbr GyJieM TOBOPUTD, 9TO OO SIBJISIETCS TIPENETIOM @, ecyn it joboro A € R, cymecrByer n € N, uro s
BCEX 7 = My BBIIOJIHEHO |ay| > A.

IIpumeps! 1OBe/IeHn MOCJiegoBaTebHOCTE X004y 06paTUTh BHUMAHIE, YTO HEe BCSIKasl IIOC/IEI0BATEIbHOCTh
CXOIUTCA M IOTOMY HE BCAKasd UMeeT mpees (Jaxe +00, —00 mwin 00). $1 X04y IpOJIEeMOHCTPUPOBATH, KAKHAE CUTY-
anuy OLIBAIOT.

1. TocienoBaTeabHOCTD @, cxomutcs.® Hampumep a, = 1 + % cxomuTest K 1.

2. TlocnemoBaTeIbHOCTD @, CXOAUTCA B PACIIIpeHHOM cMbicie.” Hampuyep, a, = n cXomAuTcd K 00, a a, = —n?

cxonures K —oo. ObparnTe BHUMaHKE, 9TO B JIUTEPATYPE CXOAMMOCTH K 00 WM —OO YACTO TOXKE CUUTAETCH
PacxoauMOCThIO, HO CIIEIINAJILHOTO BUJIA.

3. IMocuenosarensrocts He cxopurcs. Hanpumep a, = (—1)". To ecrb 10 derHbIM HOMEpaM a, Oyuer 1, a 1o
HEYETHBIM HOMEpaM a, Oyraer —1. B mrore HeT OJHOro 4Mcjia, K KOTOPOMY HAKAILIMBAIOTCH UJIEHBI HaIlei
nocsieioBaTeibHOCTU. Ho ecTh 2 4nciia BOKPYD KOTOPBIX BEPTSITCs YJIEHBI HAIEH 110C/Ie/10BaATEIbHOCTH.

4. TlocsenoBaTe/IbHOCTD He CXOIUTCS, HO IIPU 9TOM «KPYTHUTCsI BOKPYT OOJIBIIOrO YKciIa yucess. Hampumep a, =
sin n. Mo»XXHO IOKa3aTh, 4TO JJIsi Jr06oro ynciaa a € [0, 1], MOKHO HANTH MOIIOCIIeI0BATEBHOCTD 1), TAKYIO,
910 Sinmny CXomuTcd K @. 10 ecTh 3Ta MOCIEIOBATEIFHOCTh BCE BPEMs HAXOAUTCH OJIM3KO KO BCEM TOYKAM
orpeska [0, 1], HOCTOSIHHO BO3BpAIIAETCs K KAXKJION TOUKe, IIOJXOJsl K Heil CKOJIb yrOJHO GJIM3KO IPU JIOOBIX
GOJILIINIX HOMEpax.®

Bruraucaenus napeaeJjioB

Cawmoe TIaBHOe JIjIsi HaC He OIpejesIeHre MPEeJIesia, a8 BBIYUCICHUE IIPeIesioB. BhIUUC/IeHns: IPeJIeIOB YCTPOEHBI 110
craemyromeit cxeme. [ Hadasa Mo ONpeaeIeHuIo JTIOAN JOKA3bIBAIOT PYKAMHI, 9TO KaKWe-TO MOCIeI0BATETHLHOCTH
CXOIATCS K KAaKUM-TO IIpefesaM. A 1ocijie Toro, Kak y HaC €CTh HEKOTOPBIA 3al1ac [0C/IeI0BATEIbHOCTE, IJIsd KOTO-
PBIX MBI 3HAEM MIPEIEbl, MBI CBOJIMM BBIUUC/IEHUS JTIOOBIX JAPYTHUX MPEJIEJIOB K U3BECTHBIM MTOCEI0BATEIHLHOCTSAM C
IIOMOIIBIO CBOMCTB IIPEIEJIOB.

3B KIaCCHYECKOM CMBIC/IE CXOANMOCTH MMEETCSI B BULY K KOHETHOMY MpPEIeTy.
4Paspernrens! eme 1 GeCKOHEUHBIE IPEIEIIbL.
5370 coBepineHHO HE OYEBHIHO U TPeGYeT aAKKYpPATHBIX JOKA3ATEIbCTB.



3BepuHern npuMepoB HadmneMm ¢ 3amaca npumMepos.

1. Ectp Kyda npumepoB yberaionmx B 6€CKOHETHOCTH

(a) p € Rlz] — menynesoit muorowieH. Torma lim, oo p(n) Oymer GECKOHEYHOCTHIO, & 3HAK COBIAJAET CO
3HAKOM CTapIIero KodduimenTa.

(b) n! y6eraer B +00.

(¢) a™ upwm |a|] > 1 yGeraer B GECKOHEIHOCTD.
2. Eciu nonesuts Ha Bhipazkenue Geryiiee B 6eCKOHEUHOCTH (JII06YIO), TO HOJIyYUM BbIPAXKEHUE UYIIee K HYJIO.

3. Ectb erme momy sipHbIii Ipeiest, Mo OpeaeIeHuIO
1 n
lim <1 + > =e
n—o00 n

. T\
lim (1 + 7> =e*
n

n—oo

Yyte 60s1ee 0bIIIO

4. CpaBHeHI/Ie CKOpOCTeI;'I 9KCIIOHEHTHI 1 IIOJIMHOMA

. adnd+.-.+a1n+a0
lim =0
n—o00 a™

IJ1st Jiioboro a > 1 u J1ir060ro MHOrOYJIEHA.
5. CpaBrenue ckopocTu Jjiorapudma U JTHHEHHON

Inn

n—oo N

CaoiicTBa npeaesoB
1. lim, ., a = a.
2. limy o0 (@n + by) = limy, 00 Gy + limy, s o0 by,
3. limy 00 (anbn) = (imy 00 @p ) (limy s 00 by, ).

; an _ limy oo apn
4. lim An — Mpooo Gp
n—00 p, limy, — 00 by

5. Ecimu limy, o0 @y = 00 (11 —00), To lim,, o0 aL =0
n
6. Ecmm a,, < b, < ¢, ulim,_, a, =lim,_,o ¢, = b, T0 lim,, oo b, = b.

B croiicTBax (1)—(4) Ha/10 IOHUMATB, UTO €CJIH IIPaBasi 4aCTh PABEHCTBA CYIIECTBYET, TO U JieBasl YaCTh PABEHCTBA,
CYIIECTBYET U BBIIIOJIHEHO yKA3aHHOE PABEHCTBO.
O06bI1HO 6e1a BOZHIKAET, KOI/1a CINTAeTCs Ipeaes BUaa lim, s o ‘;—: 7 Ipu 3TOM Jirbo lim,, oo @y = limy, o0 by, =
0 6o lim,, o an = lim, o b,, = £00. Bor Tymnoit npumep
n lim,, oo n

. 00
hm 72 = 72 - — Beﬂa!
n—oo M lim,,—soo M 00

TyT HaJI0 TOWTHU Ha yXunipenusdd. KOHerTHO B 3TOM CJjIy49a€ Mbl BUAUM, 9TO HE JI0 COKPATUJIN

. n .
lim — = lim — =0
n—o0o N n—oo n

Ho 6niBaror CUTyalluu U IIO3allyTaHHee.



IIpumepsl BuIYUCTIEHUI

. —1)"
1. ITokazkem, uTo lim,, s (Gablis

—— = (0. 3amernm, 9TO

X X
n n n

-1 _ (=) _ 1

Ho neBast u mpaBas 4acTu HEPABEHCTBA CTPEMSITCHA K HYJIIO, 3HAYNAT U IEHTPAJIbHAST YACTH UIAET K HYJIIO.

2. Tloxaxkem, aTo lim, s ng—ﬁl = 0. HeitcTBUTETHHO,

. 2n . 2 2
lim

= lim =
BT T A 4 LT T (n + 1)

Wsin(n!)

3. Tloxaxkem, aTo lim,, ]

= 0. B nagase zamerunm, uro —1 < sin(n!) < 1. 3uauur

V/n? o V/n?sin(n!) o V'n?
n+1 n+1 Sn+1l

¥n2
n+1

HOTOl\ly JO0CTAaTOYHO IIOKa3aTh, 9YTO CTPEMUTCA K HYJIIO. TeHepb

v/n2 n n 1 1
+

n+1 ?n+1:n7%1+

o

SI=

Terepb MbI BUJIUM, YITO H% crpemurcs K 1, a -4 crpemurcest x 0.
n n3

n

4. Tokaxewm, aro lim,,_, ., =7 = 0. eiicTBuTenbHo,

n!

0 S = 2 ek iR = ... = =
3

2" 2.2...2 222 2 222 2 2\" 2
n' 1-2...n 123 7'm 12373

Tak kak IIpaBasd 9aCThb CTPEMUTCA K HYJIIO, TO U UCKOMBIN apejges ToXKe paBeH HYJIIO.

Ilpenensr dyHKINI

IIyctb y Hac f: U — R — Hekoropas dpyHKnus Ha oTKpbIToil obstactu U C R u g € U — npousBoJibHas Touka. 7
y2Ke OIpeJiesisiyl TOHsITHE TIpeieia (MYHKIUN B ToYKe. [[po HEro MOXKHO eIre AyMarh TakK, KOTJA BbI MOIXOIUTE II0
JIOGOIi [IOC/IeI0BATEIHLHOCTHI K o (KOTOPas IPU 3TOM He HOIAJAeT B o), TO (DYHKIHs 110 ITOH MOC/IeI0BATEILHOCTH
MTOJIXO/TAT K YUCILY @, SBJISTIOMEMYCS TIPEJIETIOM.

DopmanbHoe omnpejesneHune JlaBaiite st Bce ke TPOroBopro TyT dopmanabhaoe ompenesenne. Ilycrs U C R —
nekoropas obsacts B R u f: U — R — Hekoropas dbyukius n dukcupoBana touka rg € U. Torma wmcio a €
R nasbiBaercs npenesioM f B TOYKE Tg, €cyu Jyis JiOG0i okpecTHOCTH (@ — €,a + €) CyIIECTBYeT OKPECTHOCTH
(xo — §,x0 + 0) comepxkamas g Takas, aro f((zo — §,20 + 9) \ {zo}) C (a — €,a + ¢). Wnn Ha s#3bIKe €-0 ITO
3ByuuT Tak. s moboro € > 0 Haiijmercsa takoe § > 0, 9ro st Bcex x Takux 9ro 0 < |$ - :I:o| < {0 BBIIIOJIHEHO

|f(z) = f(zo)| <e.

Ilpuemsbr Berunciaennit Kak u B cilydae 10cjIe/10BaTe/IbHOCTEN JIjIsl HavYasla HAM Hy?KHO 3aIllaCTHCh 3BEPUHIIEM
npuMepoB. B ciydae yHKInit HaM mmoMoxkeT moHsitue HernpepblBHON dyuknmn. @yuxnus f: U — R nasbiBaercs
HelpepbIBHOI B TOUKe T € U, ecou lim, ., f(z) = f(xo). Henpepsisable QDYHKIMN XOPONIN T€M, UTO UX NPEJEIbl
JIETKO CYUTATh, & UMEHHO, HAJO JIUIIb IIO/ICTABUTDH 3HadYeHne Toukn B dyHkimio u Bce. Hedopmanbno nx rpaduk
n300parkaeTcs HelPepbIBHON juHueil. BoT cimcok HenpepbIBHBIX YHKIHUIL:

o JLi060it MuorowieH aqgz? + ... + a1z + ag ABIseTCH HEMPEePBIBHBIM B JII000# ToUke T € R.

adzd+...a1x+ao

e Panuonanbuast dbynknus sujia ;47 T obe
T

HaTeJId.

SIBJISIETCsI HEIIPEPBIBHOI B JIIOOON TOYKe, KPOMe HyJiell 3HaMe-

e Oyuknuu e”, sin x, COS r HEPEPHIBHBI HA BCEH MPSIMOIA.



e In x HempepbIBEH JJIsi BCEX TOJIOKUTEIbHBIX X.
e tgx, ctgx HempepbIBHBI BO BCEX TOYKAX, I'JIe OHU OIIPE/IEIEHDI.

e OyuKIUM r* HENPEPBIBHBI BO BCEX TOYKaX, I7le oHH onpefesennl. [Ipn o > 0 menpepwiBasl nipu « > 0, a npu
a < 0 menpepsiBHBI Ipu = > 0.

CaoiicTBa y mpenesioB GyHKINN TaKue e, KaK U y IPeIesoB rnocienoBareabuocteil. [Ipegensr MoxkHO OpaTs y
CyMM, IIPOU3BE/IEHNI, OTHOIIEHUH U TaK jajee. Bee aTu mpaBmia paboTaIOT TOT/1a, KOT/Ia OMPEIeIeHbl BCE SJIEMEHTDI
[IPUMEHAEMBIX (DOPMYII.

ITpumep Ilpesesbt Jierko cunTaTh Yepe3 HelPEePbIBHBIE (DYHKITIH.

y esin(m:) I esin(z) hma:—>7r esin(x) elimg sin(z) 1
1m —_—— = m ———— = = =

z—m \| 14 cos(lnx) z—m 1+ cos(Inx) limg (1 + cos(Inx)) 1+ cos(limy—y Inx) /1 4+ cos(In(7))

OpHako ObIBAIOT U MPODJIEMBI BUIA % w22, Bor mzsectnblit ciyyaii

. sinx  limg_,gsinxz 0
lim = — = — DbBena!
z—=0 X llm$*>0 T 0

YT00bI CIpaBUTHCS € MOMOOHBIM CJIyYaeM HAIO0 JubO CTPaJaTh, JUOO 3HATH IyTh 0OJIee MTPOTPECCUBHBIE ITPUEMBI,
Hanpumep, npaswmwio Jlonuramns.

IIpaBusio Jlonuransa Jljaa sToro mpaBuja HaI0 3HATH MOHSTHE MPOU3BOAHON. ¢l CcUMTAiO, UTO C STUM TO MBI
3HAKOMBI, IIOTOMY HapyIly JOIHmYecKuil (popMasbHbBII HOPAS0K M3JI0XKEHHsl MaTepHaja U 0ObICHIO CaMO IPaBUIIO
JIO TIOSIBJICHHS TTPOU3BOHDIX.

[Ipasuso JlomuTans MOYKHO TIPUMEHATH i (DYHKIMI WIm JIst TToc/eioBaTebHocTei, Koraa a, = f(n).° Ha-
prMep, OYeHb 9acTo Tak ObIBaer, 4ro a, = f(n) mjs nekoropoit quddepennupyemoii dbyukiyu u b, = g(n), rue g

~ nuddepenmupyemast bYHKIS 1 BBl XOTHTe TOCYHTATH peaest s 2o . To Bam j1ocTaTouno nocuantars lim L&
b g(z)
n T—>00

B obmmem ciryuae, eciim GyHKIUU f U g TPOU3BOJIbHBIE, BO3MOXKHBI CJIEIYIONINE BAPUAHTHI:

lim f(z) =0 | lim f(z) = a | lim f(z) = o0

limg(z) =0 ? 00 00

limg(z) =b 0 ¢ 00

lim g(z) = o0 0 0 ?
i1 pa3pernieHns yKa3aHHBIX HEOIPEIEIEHHOCTEH UCIOJIb3yeTcs mpaBmwio Jlonurass, a mmenHo: mycts f,g: R — R
— muddepeniupyemble byHKIMKA Takue, 94ro aubo lim f(z) = lim g(xz) = 0 wm lim f(z) = lim g(x) = oo,

rT—rT0o Tr—To T—TQ Tr—rTo

TOTIA

o 1@ L P@)

npu yeaosun g'(z) # 0 B OKpecTHOCTH g’
z—zo g(x) z—zo g'(x)

B sTom CJIydae TO9Ka Tg MOXKeET OBLITD paBHOI7I o0 Wi —0oQ.

[Ipasuo JlonuTans obbsicuger nouemy *% npunumaer snadenne 1 npu x = 0. Jleficrsurensbno,

. sinx . Ccosx
lim = lim =1
x—0 I x—0 1

IIpouszBoaubie
IlousiTne Mmpoun3BOJHOI

Ecth MHOrO BCSIKMX pa3HBIX CIOCOOOB OINPEIEISATh IPOU3BOAHYIO. ¥l HAYHY ¢ T€OMETPUIECKOTO OIIPEJIESIEHNUsI, KOTO-
poe O0bsICHUT 3adeM Hy2KHbI Tpon3Bozubie. [locie yxe 0b6cyimM Kak UX BBIYUCIATH U Jasee npasmio Jlomuraan u
IIPUJIO’KEHUE ITPOU3BO/IHDBIX.

SIToToMy 4TO B STOM CiIy4ae MOYKHO HPOBEPHUTH Ipees Ijsl (byHKIHMHA II0 BCEM UHCJIAM, 8 3HAYUT GyIeT BEPHO M JJIS HOCIIEN0Ba-
TEJIBLHOCTEN TOJIBKO 110 HATYPAJIbHBIM.

7T0 yCIIOBIE HUKOI/IA He SIBJISIETCS IIPOoBJIeMOoii, 160 OHO TOBOPHT, 4TO (pYHKIMSI g(z) OblIa KOHCTAHTOl, a B 9TOM CJlydae He GBbLIO
CMBICJIa IPUMEHATDH TPaBUiIo Jlomurass.



T'eomerpuyeckuii moaxon /laBaiiTe HavHeM ¢ U3yvIeHns KADTUHKH.

— y=f(=)
80 4 — tangent
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[Iycrs y nac ectb mekoropas dyukius f: R — R u mekoropas touka xg € R. O6b19HO 331298 N3yU€HUS TPOU3-
BOJIHOI HAYMHAETCS C [MOCTPOEHUs KACATEJbHON B TOUKe xg. Kak 3ro nemaercs. Hago oToiTi B CTOPOHY OT TOYKH
To, CKayKeM B TOUKY xg + h, rje h € R — Boobie roeopst Jjiroboe uunciio. B HOBoOIl Touke y Hac Oyier 3HadYeHHe
f(zg + h). Tenepb y Hac Ha IUIOCKOCTH eCTh jBe TOUKN: (Zo, f(zo)) u (zo + h, f(zo + h)) m MBI MOKeM IIpOBECTH
qepe3 HUX OpaMyo. Ecim mbl Oymem BbiOMpaTh duciio h Bce MEHbBINE W MEHBIEe, TO HpsMasi Oymer Bce OJimke u
GJIMzKe TOJIXO/INTH K KACATEJIHHOM.

y=f(z)
80 4 tangent
secant

60 secant

secant

40 4

20 4

—20 1

—40 1

T
0 2 4 6 8 10

YrobnI (I)OpMaJIbHO 3aBEpPIIUTDH JaHHYIO IIPOIEAYPY HY?KHO BBECTHU YHUCJ/IOBYIO XapaKTEPUCTUKY HpHMOI‘/'I7 3a KOTOpOfI
MBI 6y,aeM CJIEAUTDH U BBIIIOJTHUTH IE€PEXO/ K IIPEICITy. O6brano CMOTPAT Ha TaHTEHC YIJIa HaKJ/JIOHa Hpﬂl\lOfI, a UMEHHO,

ﬂaBaﬁTe IIOCMOTPpUM Ha BEJIUIUHY
Ay _ f(xo+h) — f(zo)
Az h
STO OTHOIIEHNE JIJIMHbI IIPOTUBOJIEZKAIIEI'O KaTeTa YIJia (¢ C KaPTUHKU K IIpUJIe2KallleMy KaTeTy, TO €CTb — TaHI'€HC
sToro yria (1o omnpenesenunio). Eciau Mbl yerpemMusm h K HYyJIIO, TO HAIlla CEKylagd MpsMas [PEBPAIIAETC B Kaca-
Yy

TEJbHYIO MPAMYIO U YHUCI0BAs XapaKTEPUCTUKA K2 CTPEMHUTCS K YHUCIY, KOTOPOe M Ha3blBaeTCs MPOU3BOJHON [ B

TouKe T u oboznauaercs f'(zg). To ecrb dopMaibHO

f(zo + h) — f(z0)
h )
U3 npeiplayniero onucanus JOJZKHO ObITh HOHATHO, 4TO npousBogHas f'(Zg) — 9TO TaHeHC yrila HAKJIOHA
kacaresbHol K rpaduky y = f(x) B Touke xp. A Kak Oyzer BbIVIsigeTh ypaBHeHue KacareabHoit? Kacarenbnas —
psiMas, a HOTOMY ee ypaBHeHue Oyzuer umerb Buj y = k(z — xo) + yo, re k — TanreHc yria HakjaoHa, a (Xo,Yo) —
KaKasg-TO OJIHA TOYKA Ha MPsIMOit. [JIsizist Ha 9TO PABEHCTBO, MBI TIOHUMAEM, ITO KacaTesnbHas K y = f(z) B Touke 1z
JIOJIKHA 33]aBATHCs yPABHEHUEM

€CJIM IIpeJiesl CyIecTByeT

! 1
T =l

_ !
y = f'(zo)(x — o) + f(20)
Eme oo mosie3Hoe 3aMevuanue, HAIIPSMYIO BBITEKAIONIEE U3 TEOMETPUIECKOrO TO/IX0Ia K TPOU3BOIHON — 9TO OITH-
canmne TOBeIeHNsT (DYHKIMA B 3aBUCHMOCTH OT 3Haka mpomssomaoi. Ecim f/(xg) > 0, To dyHkmms Touno pacrer,



a ecu f'(zg) < 0 To dbyHknus 06s3aTENLHO yOBIBAET B 3TOH TOUKe. TO €CTh B 9THX TOYKAX TOHATHO, ITO MTPOUC-
xomut. [loromMy MHTEpEC MPEJICTABIISIIOT OOBIMHO TOYKH, TJI¢ HEHOHSITHO, YTO MPOUCXONUT, 3TO TOUKHU T( TAKUE, TITO
f'(z0) = 0. Takue TOYKN HA3BIBAIOTCS KPUTHUECKUME TOUYKAMU. UyTh HUXKE MbI OOCYMM, UTO IPOUCXOJUT B HUX.

Ananntudecknii moaxon JapaiiTe Tenepb reoMeTpuUecKyIo M0 06a9uM B HEKOTOpPbIe (bopmyaibl. IlycTh Kak
m Boime f: R — R — mekoropas dbyHKmua u ry — 3aJaHHas TouKa. JlapaiiTe cpaBHUM ypaBHEHHE KacaTeJbHOH 1
ypaBrenue GbyHKIMU, & MMEHHO, PaccMOTpuM pasuoctb p(x —xg) = f(x) — f(xo) — f'(x0)(x — xo). Ilo oupenenenuio
Mbl BEIUM, uTo p(T — m9) = o(z — x0).® lapaiiTe mepenuiieM 3TO PaBEHCTBO TO-APYTOMY H IIPOAHATMZUPYEM
nostydennoe. ITonoxkum h = & — T¢ — paccrosiHnre, Ha KOTOPOE MbI OTOILIA OT TOYKH L(, TOTIA

flxo+h) = f(zo) + f'(w0)h + p(h)

To ecrb ecjiu Mbl OTOHJEM B CTOPOHY OT TOYKHU Ty HA PACCTOAHUE h (OHO IIOJIOKUTEILHO €CJIM OTXOIMM BIIPABO U
OTPUIIATEIHHO, €CJIU BJIEBO), TO PAaccTosiHune MexK iy rpadukamu dbyukimn f() u ee KacareabHON B TOUKe To Oyier
pasuo p(h). Yenosue p(h) = o(h) o3HadYaeT, YTO €CJIM OTCTYI PACTET JHHEHHO, TO PacCTosHUEe OyneT MeJIeHHee,
YeM JIMHEHHO. DTO 3aMevaHue OUeHb IMOJIE3HO NMPU MAJbIX h, a uMmeHHO, Korma |h| < 1. JlaBaiiTe mjist mpoCTOTHI
npemnosiozkuM, uaro |p(h)| = |h|?. Torga ecm MBI OTOlIeM BIIpaBo Ha paccTosHEe 1/2 0T TOUYKH g, TO PA3HUIA
Mex Ly rpadukoM (dyHKIUHE U KacaTeabHON Oyner He Gosbine 1/4. Eciu mbl orofiem Ha paccrosiue 1/10, To
pasuuia Mexiy rpadukamu Oyzger yxe He 6osbiie 1/100 u .. To ecrb Bo3jie Touku Kacanus, rpaduk HyHKIUNA
MEHSIeTCsI MeJIJIEHHEee, YeM MbI YIAIsIeMCcs OT TOUYKU. B 3TOM cMbIC/Ie KacaTebHasl MPsiMast sIBJISIeTCsl caMoil 6JIM3KOit
npsAMON K JaHHON (DPYHKIIMU B JaHHON TOYKE, TO €CTh ITO JIyUIias 3aMeHa (PYHKIIUU Ha MPAMYIO BO3Je JaHHON
TOYKU.

HpI/I6JII/I)I(eHI/Ie KBaJApaTHbIM MHOI'OYJIEHOM Hamnucannoe Boie BbIpazKeHue

flxo+h) = f(xo) + f'(w0)h + p(h)

MOKHO MIOHUMATD TaK: MBI [OIBITAIUCH 3aMEHUTD HaITy (DYHKIIUIO BO3JI€ TOUKH X HA JUHEHHYIO (DYHKIUIO CAMBIM
JIydInuM 00pa3oM (JIydIIecTb 3/1eCh U3MePsIeTCsl B TEDMUHAX PACCTOSHUS P, Ha CKOJBKO OBICTPO OHO majaer). A uro,
€CJIM Mbl 3aXOTUM 3aMEHUTH HAILy (PYHKIIUIO BO3JI€ TOUYKH X HE HA JIMHEHHYIO (DYHKIUIO, a Ha MHOI'OYJIEH CTEIeHN
2 ¥ TOXKE caMbIM JIydinuM criocobom? Tak Toxke MOXKHO ciesiaTh. OKasbIBaeTCsI, YTO HOJIYIEHHOE Pa3JIoXKeHne OyIeT
UMeTh BU/I,

Pl +B) = fao) + /(o) + 3 f"(eo) b2+ p(h), rae p(h) = o(h?).

JlaBaiiTe pasbepemMcsi co BcemMu uWHrpeiaueHtamu B dopmyre. 31aech f: R — R — mekoropast dyuknus. Termepb
JUUIST KAZKJIOTO Lo MBI MOXKeM nocuutarb f'(xg), TO ecTh MbI MOXKeM onpeaeauTs emre ogny dbyukimmo f/: R — R mo
npasuiy « — f'(x). A 3HAYAT MBI MOZKEM B34Thb y Hee IIPOU3BOJHYIO B TOUKE T, & uMeHHO f”(x() — 910 nponsBoaHas
f' B Touke zy. UT06BI Oy IUTD €Ie JIyUNIyI0 UHTYUIUIO, naBaiire pyMarb npo f(zo+ h) Kak 1Ipo 3aKOH JBUKEHUsI
TOYKN Ha TpsaAMOii, re h — 1o Bpems. Torga f(zg) — 910 cTaproBas mosurus, f'(2g) — 9TO CKOPOCTb JBUKEHMUs], a
f"(xg) — 31O ycKOpeHUe.

IloBenenune B KpuTudeckKux ToYkax lIpemmosoxkum, Mbl XoTUM ucciaeaoBarh GyHkimo f: R — R Ha Hagnune
MUHUMYMOB U MAKCUMYyMOB. Y MUHUMYMOB U MaKCHUMYMOB €CTh JIOKAJIbHBII U 1JI00a bHbBIN BapuanT. Touka x,, € R
HA3BIBAETCS [JIOOAILHBIM MAKCUMYMOM, €CJiu 3Hadenue B Heil f(x,,) Gosbiie, gem joboe apyroe 3uaderne byHKIUNA
f(z), To ects f(xy,) = f(zr) mua moboro x € R. Touka x¢ Oymer JOKAIBHBIM MAaKCHMYMOM, €CJIM 3HAYEHHUE B Heil
f(zg) Gymer caMbiM GOJIBIIIM HE Ha BCelt PSIMOI, & TOJIBKO BO3Jie 3T0d Toukn. POpMAIBHO, ITO HAHIETCS HHTEPBAJ
(xo — h,xo + h) BOKpYr TOUKM Zg, uTo f(x0) = f(x) mus moboit x € (xg — h, 2o + h). AHAJOIMIHO ONPEJEIISTIOTCST
TOYKU TVIOOATBHOTO U JIOKAJIBHOIO MUHUMYMA.

[nobaibHble MUHUMYMBI M MAKCUMYMBbI XOPOIIU TE€M, YTO Mbl OBl UX XOTEIU HANTH, pelas ONTUMHU3AIMOHHBIE
zamaan. OJHAKO, OHU OYEHb ILJIOXO UMIyTCs. JIOKaJbHbIe MUHUMYMBI ¥ MaKCHMYMbI IIJIOXA T€M, YTO OHU HE OI-
TUMAaJbHBI, HO 3aTO B OTJHYHE OT TVIODAJTHHBIX WX OYEHBb JIEFKO MCKaTh. A mMeHHO, eciu GYHKIWA f B TOUKE Xg
IPUHAMAET MUHUMYM, TO B f’(xo) o0si3aHa GBITH HyJIeM, TaK KaK €CJIM OHA MPUHUMAET IIOJOXKHUTEIbHOE 3HAUEHMUE,
10 GyHKIMS JO/KHA yOBIBATH CJI€Ba OT TOYKH, a ecau f’'(xg) orpunarebHas, TO yOBIBATH CIPaBa OT TOYKHU, UTO
MPOTUBOPEYIIIO OBl JIOKAIbHOMY MUHUMYMY. OdOpMEUM 5TO B BUJIE 3aMEYAHUS.

83nech o(x) obmamaer ycnosuem o(x)/x — 0 npu ycirosuu x — 0.



VYrBepxkaeuue. [lycms f: R — R — nexomopas dynxuyus u rog € R — mouka na npamoti. Toeda ecau mowka xg
ABAAEMCA MOUKOT AOKAADHOZ0 MUHUMYME uat makcumyma, mo f'(xg) =0, mo ecmwv xy asasemea Kpumuieckot
moukol oas f.

Eire mosiesHo JiymMaTh [Ipo 9TO yCJIoBue caenyonmm obpasom. Ilycts o — 310 Bpems, a f(x) — 9T0 mo3umus ToOIKun
na upgamoit. Torma f/(x) — 970 CKOPOCTH B MOMEHT BpeMeHU x. ¢ MblI JOCTHUIJIA JIOKAJIBHOIO MaKCUMyMa, TO B
repeJi HUM MbI JBUTAJIUCH C TIOJIOKUATEIBFHONU CKOPOCTHIO, & Mocjie Hero ¢ orpurnareabuoii. Ho B camom makcumyme
MBI JTOJKHBI OB OCTAHOBUTHCS, YTOOBI CMEHUTh 3HAK Y CKOPOCTH. A yCJIOBHE OCTAHOBKU — 3TO U €CTh YCJIOBUE
PaBeHCTBa HYJIIO IPOU3BOIHOIA.

Kak BbraucadaTh npou3BomHble Terneph s XO4Uy IMOTPATUTH HEKOTOPOE BPEMsS HA TO, YTOOBI MOHSATH, KAK BbI-
YUCJISIIOTCsI pOon3Bo/HbIe. [lepBhIil Bompoc: a Kak Mbl 3aj1aeM QyHKImU. BoobIe roBopsi, TEOPETHUIECKU eCTh Kyda
pa3HBIX CIHOCOOOB, HO PEAJIbHO HA MPAKTHUKE MBI UCIOJIb3yeM (DOPMYJIbHBIE BBIDAXKEHUS s 3aJaHusi (PYHKIIUH,
HampuMmep, sinx + e%®% mmm 9ro-To B 3TOM ayxe. Taxue GOPMyIbI OOBIYHO COCTOAT U3 HHCEJ, OIePAIil I MMeH
dyukmit. [loromy, 9T00BI yMeTh auddepeHInpoBaTh MOI00HbIe (DYHKIMH, HAM HaJI0 3HATH KakK JuddepeHtmpo-
BaTh 4ncia, GYHKINUNA, KOTOPbIE IPUCYTCTBYIOT B BBIPAXKEHUN U KaK JuddePEeHnnpoBaTh Pe3yIbTAThI OlePaIuii.

st mudppepeHIMpOBaHusl ONEPalnii IPUMEHSIIOTCsT cieayomue npasuia. [lycrs f,g: U — R — HekoTopbie
dyuknuu B obiactu U C R, Torna

L (fxg)' =f+4
2. (fg) =fg+fg

3. (i)’ _ fla—td
4. f(g(x)) = f'(9(x))g'(z)

A Teriepb HECKOJIBKO TIPaBUI Jisd AU DepeHmpoBaHus 3HAKOMBIX HaM (DYHKITHIA:

1. (A\) = 0 gy yuoGoro A € R

3. (Inz) = %

4. (sinz)’ =cosz u (cosx) = —sinx

5. (e%) =€
D10 6a30BLIi CcIUCOK (DYHKIMIT, KOTOPBIX JIOCTATOYHO, UYTOOB! Mporud depeHnupoBaTh Mobyio (GYHKIMIO C yIeTOM
npaBuyt st audbepeHmpoBanus onepanuii. JleficTBUTebHO,

/ le%

L. (2") = na" ! tue n € Z, umu 6omee obme (r) = ar®~ !, e a € R

2. p(z) =ap + a1+ ...a,z", Torma p'(v) = a; + 2asx + ... + na,x" L.

3. (tgx)’ — (sinw)’ _ 1

cos T cos2 x

4. (aa:)/ _ (elnaa:)l = lnaa®

Bce st dpopmysibl u kesanne mX KOMOMHIPOBATH B MUHYTY JIyIIIEBHON HEB3TOJbI AI0T BAM BO3MOXKHOCTD ITIOCYUTATH
[IPOU3BOJHYIO OT JIIO0OH (DYHKIMM, TO €CTh HANTH KaKUM BbIpakKeHUeM Oy/leT 3aJaBaThCd IIPOU3BOJIHAS, €CJIH BbI
3HaeTe BbIpaXKeHUe JJIsl UCXOJIHON (pyHKIUU. A reoMeTpUYecKUil CMBICJI, Mbl YK€ OOCYIUJIN, IOTOMY BBI JIOJIZKHBI
OBITH MTOJIHOCTHIO BOOPYZKEHBI U TOTOBBI K 0010 ¢ (DYHKIMSIMU HECKOJBKUX IMEePEMEHHbBIX.



(I)yHKHI/II/I HECKOJIbBKUX IIepeMeHHBbIX

Yacrable npousBoaabie [lycTh Tenepb y Hac ecTh (PYHKIMs OT HECKOJbKEUX repeMeHHbIX f: R™ — R, 1o ecrh
[IPaBWJIO 1O BEKTOpPY T = (x1,...,%,) craBamee uuciao f(x) = f(r1,...,2,). Ilycrb Tenepnb y Hac 3alaHa TOYKA
a=(ay,...,a,) € R™ u Mbl XOTUM UCCJIEIOBATL €€ B OKPECTHOCTHU TOi TOYKHU. [lepBoe, 4T0 MbI MOXKEM CIe/aTh,
naBaiite 3adUKCUPyeM BCe KOOPIMHATHI PABHBIMU KOOD/IMHATAM TOYKH @, & OJIHY KOODJMHATY CJeJIaeM [TePEeMEHHOM.
Hamnpumep
(pi(t) = f(al, ey ai,l,t, Aig 1y an)

Torma mbr mosmydum o0braHYIO (byHKIHIO OT mepemenHoi t. lasaiite npomuddepeniupyem ee 1mo ¢ B TOUKE a;,
pe3y/bTaT Ha3bIBAETCs YaCTHON MPOU3BOMHON f 110 MepEeMeHHO x; B TOYKe @, U 0D03HAYMAETCS BCE 9TO BOT TaK

L= it

B repmunax mpesesia ompejiesieHne MUIETCS TaK:

af (a> — Iim f(al, ceyQim1,0; F hyaig, ... an) — f(al, B PR o 7 I ¢ PG IR an)
3:172- h—0 h
ITycrs reneps y Hac ectsb BekTop ¢; = (0,...,0,1,0,...,0), rae equuuna crour Ha i-oM Mecte. Torma omnpesesnenne

BBIIIE€ MOXKHO IIepenucaTb TaK

O gy = 1im Tlat he) — F(a)

Ga:i h—0 h

JapaiiTe mofiMeM reOMeTPUIECKIIT CMEICJI IPOJIEIAHHON paboTHl Ha npuMepe PYHKINH ABYX IIepeMeHHEX f: R? —
R no upasuiy (z,y) — f(z,y). Hdycrs a = (a1,a2) — HEKOTOpasi TOYKA, Mbl 3aUKCUDYEM G, U PACCMOTPHUM
p1(t) = f(t, az). Bamernm, aro Touku (¢, as) Jexkar Ha npsamoii mapaiensaoii ocu OX u nepecekaroreil ocs OY B
Touke ag. Torma ¢1(t) — 10 orpannuenue dyukuuu f(z,y) Ha 3Ty npsaMyo. To ecTb Mbl XOTHM y3HATH, & KaK cebst
BeJleT JaHHas DYHKIWMs BIOsb npsmoii napaisenbroii OX. Takum obpasom Jf/0x(a) Gymer mokasbBaTh HAKJIOH
KacaTeJIbHOI B TOYKe a BJIOJIbL MpsIMOii mapasutesbaoit OX u nmpoxopgareil yepes a.

IIpaBuia BBIYMCIIEHUS YACTHBIX MPOU3BOAHBIX Ecim BaM HAJO MIOCYUTATH YACTHYIO IIPOU3BOJIHYIO %(m)
i

ot mekoTopoit pyuknuu f: R™ — R, TO 3T0 jlestaeTcst pOBHO IO TEM K€ CAMBIM IPABUJIAM, ITO U OACYET OOBITHOM
npoussozHoit. TyT HaIO JymaTh Tak: Bbl cMoTpuTe Ha MYHKIUIO f(Z1,...,%;,...,Ty) U CINTAETE B HEll Bce Iepe-
MEHHBIE KPOME T; KAKAMU-TO JUCIaMU 1 Oepere OOBITHYIO TPOU3BOIHYIO 110 &; KaK eCJid Obl BbI I depeHIInpoBaIn
0 OJHOI MepEeMEeHHOM.

Enuncreentoe nmosie3noe IpaBusio, KOTOPOE CTOUT YIIOMSHYTH B CJIydae HECKOJbKHUX IepeMeHHbIX — auddepen-
rupoBanne KoMmmosuiwn. [Ipesmosokum y Hac ectb Heckosibko dyuknuii f: R™ — R no npasuiy (y1,...,Yn) —
fyi, e s yn) T g1, ..., gn: R™ — R Bce mo npaBunam (1, ..., Tm) — gi(T1,. .., Zm). I coenuanbHo BEIGPaJ pasHbIe
“MeHa IIepeMEeHHBIM I ya00cTBa. Tenepb paccMoTpuM (hyHKIMIO

(1, m) = flgr(xr, . Zn)y oo oy gn(T1, - oy 20))

Kak Haj10 cunTarh ee 4aCTHYIO IIPOU3BOIAHYIO 110 ;7 OKa3bIBaeTCs MIPABUIIO TAKOE:

i = Of gk
a—xi(xh...,:vm) —’;ayk(gl(ajl,...,xn)7...,gn(xl,...7xn))axi (1., Tm)
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Wnu kpaTko, 3T0 IPABUJIO 3AMUCHIBATH TAK

Of(g1,---gn af Ogk
87 Zayk ox;

Bor mpmmep, mycTh y Hac ecTh dbyHKmus f(y1,%2) = y5 + sinys u nycrs gi(z) = cosx u ga(x) = Inz. Torma
o(x) = f(91(2),g2(x)) = (cosz)? + sin(lnx). Mbl XOTUM HaifiTH TPOU3BOHYIO  TI0 x. HaM HUKTO He MeIaeT 3To
C/IeJIaTh B JIOO U TOJIYYUTh

1
o(z) = —2coswsinx + cos(In x);

O1HAKO, 9TO MOXKHO ClIeJaTh U 1O mpaBumiy auddepeHpoBanns koMmo3uuu. [Ipexie deMm caurarh, 06paTiM
BHUMaHWE, TaK KaK (QYHKIWUA ¢1 U gy 3aBUCIT TOJHKO OT OJIHOW MEPEMEHHOMN, TO HeT PAa3HUIbl MEXKJY YaCTHOIM
[IPOM3BO/IHOM U OOBIYHON IIPOU3BOIHOI. A Terepb MoCYnTaeM

of 9 of dg: . dgo 1

— = , —— =cosyYy, — = —siny, — = —
Oy1 4 Yo Y2 dx dx T

Ecsiz ojicraBuTh 9T1 BhipaKeHnusi B popmyity i audhepeHnupoBaHus CJI0KHOM (DYHKIUNA, TO MOy TUTCS

r_ 9f dgr . Of dge _ . 1
p(z) = B, (91,92) e + s (91,92) i (2cosz)(—sinx) + (coslnx)

X

O6paruTe BHUMaHUE, KOTJA Mbl CIMTAEM YACTHYIO MTPOM3BOIHYIO ngl’ TO MBI IIOJIy49aeM BbIDaXkKeHue oT Y] U Y2,

[IOCJIE ITOrO MBI TYJa BMECTO Y1 IOJCTaBJsieM ¢1(x), a BMECTO Yo mopacTaBjgeM ¢s(x). AHAJOIMYIHO U JJIg JPYTOH
YaCTHOI TPOU3BOHOIL.

ITponsBonuast mo HampasJienuio FKEcju Kak u Bbime Mbl Bo3bMeM ¢yHKIuo f: R” — R, HeKOTOpyO TOUKY
a € R™ u HekoTopsiit BeKTop v € R™, TO MOYXKHO OIPEIEINTh IPOU3BOIHYIO TI0 HAIIPABJIEHUIO CJIELYIONUM 00Pa30M

o fla+ ) — f(a)

h—0 h

Vyf(a) =

Takum 006pa30oM, YacTHAS TMPOM3BOJHAS — ITO JIUIIb [TPOU3BO/IHAST B HAIPABJIEHUN OJTHOTO U3 BEKTOPOB €;. CMBICIT
IIPOU3BOIHOM IO HAIIPABJIEHUIO cJIeAyomuii. Ecim MbI poBeseM depe3 TOUKY a IPSIMYIO B HAIIPABJICHUN BEKTOPA U
U OrPAHUYUM Ha 3Ty NpsiMyto GyHKIMIO f, To nosyanM GyHKIMIO oHOI 1epemenHoit ¢(t) = f(a +tv). Bor ee npo-
W3BOIHAS B HyJI€ U OyIEeT MPOU3BOIHON [0 HAIIPABJIEHUIO. DTO PA3yMHO, ITO MBI XOTUM YMETh OPATh IPOU3BOIHBIE
B JIIOOOM HAIIPABJIEHNU, & HE TOJHKO BIOJIb KOODJAMHATHBIX ocefl. MaJio i, 910 HaM MOXKET IPUTOIUTHCS.

I'paguent Kax u Boime y mac f: R™ — R — mekoropas dyukimio u a € R™ — npousBosbHas Touka. Oupeaeanm
rpaguedT GbyHKIEE f B TOUKE @, KAK BEKTODP, COCTABJIEHHBIH W3 TaCTHBIX HPOM3BOJHEIX B 3TOH TouKe:”

mad, £ = (L@ (@)

Eciu s reneps cuabky R™ craHmapTHBIM CKaJIsIPHBIM mpou3BepenueM (v, u) = v'u, TO BOT €CTh KaKas HOJIE3HAs
dopmysta [T BBIYUCIEHNsT IPOU3BO/IHOM 110 HampasieHuo. [Iycts v € R™ — mpon3BoIbHBI BEKTOD, TOT/A
n
of 8f

Vuf(a) = (grad, f,v) = = (a)vi + ... + E
63’)1 6‘z -1 1
Benomuum, 9To reomerputeckuii cMmbica V, f(a) — 910 cKOpocTh pocTa (DYHKIUK B HAIPABJIEHUU BEKTOPA U B TOYKE
a. C npyroit cTOpoHBI

Vof(a) = (grad, f,v) = |grad, f||v|cos Z(grad, f,v)

Eciin s1 3acbukcupyro TouKy a u 6y/1y BaphUPOBATH BEKTOP ¥, TO €CTh HAIIPABJIEHNE, B KOTOPOM MbI CMOTPUM U3 TOYKHU
@, TO MaKCUMaJIbHOE 3HAaYeHue y Bbipaxkenusa V., f(a) Gymer JOCTUIHYTO, KOTJa BEKTOD U COHAIIPABJICH TPAJMEHTY.
To ecTb rpasmeHT yKa3blBaeT B CTOPOHY HAMOOBINErO POCTa (PYHKIUA. ITO CAMOE BAXKHOE CBOWCTBO, KOTOPBIM
obnajiaer rpajguent. OH Beerjia TOBOPUT B KAKYIO CTOPOHY HAJO MOWTH, YTOOB! (DyHKIHs Bbhipocia. OHAKO, BaXKHO
[MOHUMATh, YTO I'PAJUEHT HUKOI/IA He IPU3HAETCS Ha CKOJIBKO JIAJIEKO HaJ0 HMONTH B yKaszanHoM Harpasjiennu. OH
[IPEIITOYUTAET OCTABUATH HAJIET 3araI0YHOCTU II0 STOMY BOIIPOCY.

9 Jl;ist TexX KOMY MHTEPECHO, MPAJUEHT HaI0 CINTATh BEKTOP-CTPOKOH. IloueMy, Hy IOTOMY 4YTO II0-XOPOIIEMY OH SBJIAETCS HE BEKTOPOM,
a juHelHBIM oToOpaykenueM grad f: R™ — R, HO 3T0 y»ke oTmenbHast ecHsi. VI Mbl Ha camMoM zejie GyeM ero TpakToBaTh TO CTPOKOMA,
TO CTOJIOIIOM B 3aBHCHMOCTH OT y/100CTBa.
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Kacarenpnusiii Bektop Ilycrs y nac maobopor 3azana dyukuus g: R — R™ no npasuiy ¢t — x = g(t). IIpo
Hee MOXKHO JlyMaTh, KaK PO TPAEKTOPHUIO JBUYKEHUsI TOYKHU B mpocrpaHcTBe R™. Most 3a1ada onpeienTb BEKTOP
CKOPOCTH JIJIsI 9TOM KPUBOM, OH Ke OyJeT KacarTe/IbHbIi BEKTOpP, KOTOPBIA Oyler CMOTpeTb BJOJIb KPUBOM, a €ro
JIrHa Oy/1eT TOBOPUTH HA CKOJIBKO MBI OBICTPO JBUYKEMCS B 9TOT MOMEHT.

Tangent vector to a curve

U nest Takast ke, KaK U ¢ KACATEJIbHBIM BEKTOPOM. [lycTh y HAC eCcTh MOMEHT BPEMEHU t(y, €My COOTBETCTBYET TOUYKA
2o = g(to). BosbMeM ciieyronmii MOMEHT BpeMeHHU t1, B 9TOT MOMEHT MbI OyJleM HAXOAUThCs B TOUKe L1 = g(t1).
Torma 3a BpeMst t1 — 9 MBI IIEPEMECTHIINCH U3 Zg B T1, & 3HAYUT CABUHYJIUCH HA BEKTOD X1 — Xg. JHAYTUT 33 ITOT
MOMEHT BPEMEHU HAIA CPEIHsS CKOPOCTh PABHA OTHOIICHUIO
Vepenmsa = 17 %0 cR"
1 —to

Tenepp HaJ10 Bpems t; BBIOMpATb Bce OJIM2KE K BpeMeHM tg U IOCMOTPETDH Iipejesi cpejHeil ckopoctu. Obparure
BHUMAHUE, YTO CPEIHSI CKOPOCTH SIBJISIETCS BEKTOPOM, IIOTOMY, YTOOBI ONMPEJEIUTh MPEeIeT

v(tp) = lim n-%

ti—to t1 — 1o

HAM HAJIO IOHUMATh, YTO TAKOE IIPEeJIeJI BEKTOPHOI MTOCIEI0BATEILHOCTH. 1y T MOXKHO ITOCTYIUTD TaK: MOYKHO BBECTH
HOPpMY Ha BEKTOpaX M OTHOCUTEJIbHO Hee OIIPEJIC/JIUTH IIpe/Ies, TaK KaK 3TO JIeJIaJIOCh Ha IIPOHIJIOM 3aHATHH. HO A
TakK Ke OTMEeYaJI, YTO HOPMbI MOXKHO BBIOMpPATh pa3Hble, a IMOHsSTHE Ipejesa He m3MeHuTcst. OKa3bIBaeTCsl, MOYXKHO
BBIOpaTh HOpMY Tak (Hanpumep || o), 9TO CXOAUMOCTD GYIET IIPOCTO OKOOPAUHATHON CXOMUMOCThIO. Tlociienauii
peJie) Tak Ke 0003HAYaeTCsl IPOU3BOIHOI 110 ¢, TO €CTh CKOPOCTb B MOMEHT BpeMeHu t obo3Hadaercd Tak v(t) =
g'(t).

Hasaiite pasbepemcst ¢ npumepoM. IlycTs y Hac ecTh Kpubas Ha mtockoctu x(t) = (cost,sint). Torma kaca-
TEJIbHBIN BEKTOP OyJ/IeT CUMTATHCS, KAK [IPOU3BO/HA 110 BpeMeHH t. V OKa3bIBAETCs ITH ONEPAIUU MOXKHO CJIeJIaTh
[IOKOOP/IMHATHO, TO ecThb v(t) = ((cost)’, (sint)’) = (—sint,cost). To ecTb B TOuKe (COSt, sint) KacaTeJbHBIl BEKTOD
Oyaer (—sint, cost). Amasorudno Bce cuuraercd u B obmeM ciaydae. Hazuo npocro upopuddepenimposars moKoop-
JIMHATHO BEKTOP, 3aJIAI0IMUN TPAEKTOPHIO, ¥ MbI IOJIyYNM 3HAYEHHE KAcaTeIhLHOIO BEKTOpa B JaHHON Touke. Ero
HAIIpaBJIEHNE [TOKA3bIBAET Ky/ia B JAHHBI MOMEHT BPEMEHU JIBUXKETCsI TOYKA, & €ro JJIMHA MOKA3BIBAET Ha CKOJIBKO
OBICTPO MBI JIBUYKEMCS.

IloBepxHocTu u gudaum ypoBHs [isa dyskiun f: R™ — R u npon3BosibHOI KOHCTAHTHI ¢ € R MOXKHO HApPUCO-
BaTh B IPOCTpaHCcTBe R™ MHOXKECTBO TOYEK YJIOBJIETBOpAOmuX yeaosuio f(x) = ¢. Takyo IIOBEPXHOCTH HA3BIBAIOT
MOBEPXHOCTHIO YPOBHS WJIM U30MIOBEPXHOCTHIO. Ha 9T0it moBepxHOCTH Halla (DyHKIINS TOCTOSHHAA, 8 3HAYUT JBUTASICH
110 9TOI IIOBEPXHOCTH MbI HE MeHsieM 3HadeHne PyHKIuu. B CHIy 9TOro rpaiienT OKa3bIBaeTCs BCET[a OPTOrOHAJIEH
HOBEPXHOCTU YPOBHSL. DTO MOXKHO IIOHATH TaK: MOYKHO 3aILyCTUTH [0 U30II0BEPXHOCTH [IPOM3BOJIBHYIO KPUBYIO (1),
rorga f(x(t)) = ¢ ans ar06oro MOMeHTa BpeMeHH t. 3HAYUT IPOM3BOJHAS OT TOrO BhIpaxkeHust Oyzer 0, Tak Kak
KOHCTaHTAa, C JIPYTOil CTOPOHBI 110 IIPABUIAM BBIUUCJICHUS
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3aeco ' (t) — 910 KacaTeabHBLT BeKTOD K Z(t) B MOMEHT BpEMEHH ¢, TO €CTh B TOUKE (f) n rpaauent Gepercs B 9TOMI
camoii Touke z(t). To ecTb MBI BuIUM, 4TO JII060i KacaTeJbHBIl BEKTOP OPTOrOHAJIEH IPAJIUEHTY IJisl J000r0 My Tn
110 IIOBEPXHOCTHU YPOBHSI.

e Ilycts mam 3asana dymrkmua f: R? — R mo npasuny (z,y) — 22 + y?. Torma ee juHME ypOBHS — 3TO
KOHI[EHTPHYECKHE OKPYKHOCTH C IIEHTPOM B HadaJje KoopjuHaT. Huke m300parkeHbl J[Be JMHUUA YPOBHS U
BEKTOPBI rpajienta. [Ipoiry obpaTuTh BHIMaHME, ITO JJIs y/I00CTBA BEKTOPHI I'DAJHEHTa HAPOUIHO YKOPOUEHbI
B 4 pa3za.

1.0 4

0.5

0.0 4

—0.5 1

—1.0 A

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5

e Ilycts mam 3amana bynknus f: R? — R mo nmpasuiy (x,y) +— ry. Torma ee MUHIN yPOBHA — 9TO 60 KPECT
u3 oceit KoopauHAT, AUO0 TUepOobl. Hizke m300parkeHsl ABe JUHUM YPOBHS W BEKTOPHI TpagueHTa. IIporry
o0paTuTh BHUMAHUE, YTO BEKTOPBI I'PAJMEHTa HAPOIHO YKOPOYEHBI, IPUYEM C Pa3HbIMU Ko duimenTamu Ha

PA3HBIX JIUHUAX YPOBHSI.
1.5
— oy =0
—_—ay=-1
1.0 4
0.5 4 —
1 | |

T

—1.0 1

-1.5 T T T T

KacareapHas runiepnoBepxHocTh Kak 1 B cirydae dyHKIUNA OJHOIO IIEPEMEHHOIO, Mbl MOXKEM IIPOBECTH Kaca-
TeJIbHYIO TUIIEPIIOBEPXHOCTD K rpaduky dyakiun f: R™ — R B mpousBosbHO Touke a € R™. MbI Oy/ieM cYuTarh,
qTo y Hac Ha R™ 3a71aHO CTaHIapTHOE CKAJISIPHOE IMPOU3BeJieHne. Ternepb, ecjii JOJIT0 U MPUCTAJTBHO CMOTPETh Ha
caydait pyHKIINK OHOM TIepeMEHHOl U OIpejeieHre IPAJIMeHTa, TO MOYXKHO YBUJIETh, UTO KacaTeJbHas IJIOCKOCTh
OyzmeT 3a7aBaTHCSA B BUIE

of of

y = (grad, f,2 —a) + fla) = fla) + Zr-(a) (@1 —a) + ...+ 5 =(a)(@n — an)

To ectb ecim BcTarh B ToUKy a € R™ u oroiitu Ha BekTop h € R™ B cTrOpoHYy OT Hee, TO
fla+h) = f(a) + (grad, f(f), k) + p(h), rae |p(h)| < Clh[*. 101

103 r1ech 51 Tak ke HEMHOTO OGMAHBIBAIO C OIEHKON CITPABa /IS YITPOIICHHsT AKU3HM.
13 nech |h| o3navaer qymMHy BeKTOpa h OTHOCHTEIHLHO CTAHJAPTHOIO CKAJISIPHOTO IIPOU3BEJICHHUS.
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Takum 06pa3oM, rparenT B TOUKE @ — ITO €Ie W BEKTOP, KOTOPLIA 3a1aeT YIJIOBbIe KOIDPUITNEHTHI KacaTeTbHOMN
TUIEPIIOBEPXHOCTU B TOYKE @ JJIsT JAHHON (DYHKITUH.

WccnenoBanne Ha MUHUMYMBI M MakCMMyMbl Kak u B ciaydae (DYHKIUH OJHOM IIEPEMEHHOI MBI MOXKEM
CKa3aTh, YTO TAKOE MEHUMYM MJIM MakcuMyM jiist pyakmum f: R™ — R, a Tak ke, 9T0 TaKoe JIOKAJILHBIH MEHUMYM 1
MakcuMyM. Ecim MUHEMYM 1 MaKCEMYM ONPEEISTIOTCS TOCJAOBHO, KAK TOUKH, B KOTOPBIX 3HaMeHNe (DYHKITHU CaMOe
MaJIeHBKO€ (caMoe GOJIbIIoe, COOTBETCTBEHHO), TO JUIsl JIOKATbHBIX MUHUMYMOB M MAKCHMYMOB 51 JIOJZKEH YTOTHHTD
B KaKOM CMBIC/Ie MOHMMaeTcss dbpasa «pPsjoM ¢ ToUKoit».'? ®opmaibho, Touka a € R™ Ha3biBaeTcs JTOKATHLHBIM
MUHIMYMOM, €CJIU HafijeTcs map pajuyca r ¢ IeHTPOM B TOUKE @, YTO JJIsd JII000H TOUKU & U3 9TOro mapa (To ecTb
| — a| < r) BeimosnHEHO HepaBeHcTBO f(a) < f(2). AHATIOTMYHO JaeTcs ONpe/ieeHre JIOKAJIbHOTO MAKCUMYMA.

CkazkeM, uTo TOUKa @ € R™ apnsgercsa kpurudeckoit mid f, eciu grad, f = 0, To ecTb Bce 4acTHBIE IPOU3BONHEIE f
B TOUKE @ PAaBHBI Hy/0. Kak u B cIydae OfHON EPEMEHHON BEPHO CJIEYIONIEe MOJIE3HOE YTBEPZKICHAE, TOMOTAIOIIEe
HANWTH TOYKH JIOKAJIBHOTO MEHAMYMa U MAKCHMYMA.

VYrBepxkaenue. [lycmos f: R" — R — nexomopas gynxyusa, a € R™ — mouka. Tozda, ecau a asasemea mowkod
AOKANOHOL0 MUHUMYME UAU MAKCUMYMA, MO OHG ABAAEMCA Kpumuveckol movwkot daa f, mo ecmo grad, f = 0.

Teccman Kak u B cirygae OyHKIMIT OHOIO IEPEMEHHOIO 9TO YCJIOBHE IBJISETCS HEOOXOIMMBIM, HO HE JOCTATOY-
HbIM. Kakne-To U3 KpUTHYECKUX TOYEK MOT'YT OKA3aThCs He TOYKAMH MUHUMYMa MU MAKCUMyMa. UTOOBI Jrydiie
MOHSITh, Kak BeseT cebst rpaduk DYHKIMHA B OKPECTHOCTH TOUYKH, UCMOJB3YIOT TPIOK AHAJOTHYHBIN CIyYaio OTHOM
MIePEMEHHON — CMOTPAT HA TPUOJIMKEHIEe BTOPOro MOPSIIKA.

ITycrs kak u panbie f: R” — R. Torga mis xkaxioit rouku a € R™, mbl moxkeM onpegenuts Jf /0x;(a). Takum
obpaszom mosyvaercst HoBast byHkuus Of /0x;: R™ — R no npasuiny x +— 9f/0x;(x). A 3HAUUT 17151 9TON HOBOMH
QYHKIMY TOXKe ONpeJieIeHbl YaCTHBIE TTPOM3BOJIHBIE. B 9acTHOCTH MOXKHO PACCMATPUBATH YACTHYIO IPOU3BOJIHYIO
10 x; OT YaCTHON IIPOU3BOJHON 110 T;:

)
oL
0!
19)
Ty
Kak BBI BumnTe mosydaercs 6e3yMHO OTBPATHTEIbLHOE BbIpazkeHne. UToObI Tyia3a He KPOBOTOUMIN JIMITHWA pas,
110/T00HOE BBIPAYKEHNE COKPAINAIOT TAK:

of
L R
ox j 8:101 ox j
Eme IIOJIE3HO HOHI/IM&TL, 9T0 AJIH XOpOH_H/IX @yHKLH/HU/I, a Ha HpaKTI/IKe 9TO O3HAYaeT AJIH .J'IIO6BIX7 HE BaXKHO B KaKOM
HOpH,ZLKe 6paTb JacCTHbIC HpOI/I3BO,ZLHBIe — pe3yJIbTaT 6y,qu O,ZLI/IH nu TOT }Ke, TO €CTb

0% f 07

axj&ri = 8301630] a)

Teneps omnpegenum marpuiy Lecce B Touke a € R™ g dyukimn f, KaK MATPUILy COCTABIEHHYIO M3 YACTHBIX
IIPOU3BO/IHBIX:

o? o2
axlaf$1 ( ) e axlaf;?n (a)
Ha(f) = : . :
32f' 32f'
Ox,0x, ((L) te 0L, 0Ty (CL)

Torma I'eccmanoM Ha3BIBAETCS CIIEAYIONIAS KBaApaTUIHAST (HOpPMa

Qa,f(x) = xtHa(f)x

OKa3bIBaETCsI, UTO XOPOIIIHE [OCJIYIITHbIE (DYHKIINYA PACKJIAIBIBAIOTCS CJIEIYIONIUM 00pa3oM

Flat 1) = f(a) + (grad, ;) + 3 Qus(h) + p(h), e plh) = ol|Al?)

12TyT onsiTh, MOYKHO HOHMMATH TIOHATHE PSIOM B CMBIC/IE KaKO#-HIGY1b HOpMbI. CaMas MOy IsSpHast HOPMa — eBKJIAI0BA, IJTHHA, MBI
u OyJieM ee MCIIOJIb30BaTh. Ho BOOOIIE roBOPsi, MOXKHO B3SATb JIIOOYIO HOPMY, OIPE/e/IeHue OT STOIO HE U3MEHUTCS.
1331ech |h| — AyTMHA OTHOCUTENIBHO CTAHIAPTHOTO CKAJIPHOTO MPOU3BE/ICHHUS.
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OOBIYHO 3TO PABEHCTBO IUINYT B KOOPAMHATAX B ABYX BUIAX: B MATPUUYHON (OpMe U B KOOPAUHATHOMN. 1 Hammimry
oba:

Flat h) = f(a) + (grad, £)'h+ SH Ho (Db -+ p(h)
0% f
e B

hih; h
o @hihs + p(h)

fla+ = f@)+ > L an+ L3
i=1 v i,j=1

Takum 00pa3oM, ecyii MbI XOTUM ITPOBEPUTDH (PYHKIIAIO HA JIOKAJTHHBIA MUHUMYM HJIM MAaKCHMYyM, TO BHAJYAJE HAJ0
Hafitn Touku a € R™ obuyssromue rpaauent, To ectb ¢ ycaosueM grad, f = 0. Ilocse sToro, amsa kaxKmoit Takoit
Touku Haiitu Matpuiy Lecce H,(f) u aiitn ee curnatypy.'* Ecim ona monokutebHO onpe/iesiena, To ToIKa a Oy-
JIeT TOYKON CTPOroro MUHUMYMA, & €CJIM OTPUIIATEILHO OIIPEeJIe/IeHa, TO TOYKOil cTpororo makcumyma. CTporocrs B
JIAHHOM CJIydae O3HAa9aeT, 9TO B CJIydae MUHIMYMAa, OHa OYIeT CTPOTO MEHBIIIE BCeX TOUEK PIOM, & B CJIYIae MaKCH-
MyMa, OHA OyJZIeT CTPOTo OOJIBIIE BCEX TOUYEK psiioM. Kciu oka3aiock, 9To marpuiia [ecce mMeeT u OTpUIaATEIbHBIN 1
MTOJIOKUTEbHBIN WHIEKC MHEPITUH, TO ¢ TOYHO He TOYKA MUHUMYMAa WJIA MAaKCAMyMa. A BOT €C/ii WHJIEKCHI WHEPITUH
HEIIOJIOXKUTEJIbHbIE WJIN HEOTPULIATEIbHBIE, TO TYT MOIYT ObITh pa3Hble 4dyjeca. Ho Kak MbI IOMHUM, B IPAKTHKE
qyJiec He ObIBaeT.

T'paguenTtHbiii cmyck JlaBaiiTe oTMeTuM MOIYJISIPHOE MIPUJIOXKEHUE IPAJIMEHTa, JJIsi PEIIIeHNsT Ol TUMU3AIHOHHBIX
zagad. [lycts y Hac mana dyskmus f: R™ — R u MBI XOTHM HaliTH ee TOYKY JIOKAJLHOTO MuHUMYyMa. /laBaiiTe B
Hadvaje penmM 3ajady dyTh mpomre. JlaBaiite HaliieM KakyO-HHOYIb KPUTUIECKYIO TOUYKY 3TOi dyHKimu. mes
Takasl, BO3bMeM JI00yIo ciydaiinyto Touky a; € R™ u mocumraem rpajgument grad,, f, ecm oH HOJTb, TO MBI y7Ke
HAITTH KPUTHIECKYIO TOYKY, €C/Id HeT, TO Mbl 3HAeM, YTO €CJIM Mbl UyTh-UyTh OTCTYIHM B cTopony —grad, f,
TO 3HaYeHWe (PYHKIUU JOJIXKHO YMEHBIINThCA. BhibepeM HEKOTOpOe 3HadeHue mara hy U IarHeM B TOYKY g =
ai — hy grad,,, f. Eciu Mb1 Gbumi akKypaTHBI 1 BBIOpasu hy jocTaTodno Maabiv, To noayunM f(as) < f(aq). Taknm
00pa30M MBI MOXKEM JBUTATHCS IIPOTUB I'PAUEHTA TMOJI0UPast CKOPOCTb W HAJEATHCS, 9TO B KOHIE KOHIIOB IIPUJIEM
K HEKOTOPOU KPUTHUYECKON TOYKE.

Teneps B 3TOM HIEHHOM AIrOPUTME €CTh HECKOJIBKO HENOHSITHBIX BEIeil: IPUIAEM JIM Mbl KOTJa-HUOYIb B KpU-
TUYIECKYIO TOLIKy? OKa>KeTcsl JII OHA TOYKOU JIOKAJILHOI'O I\’II/IHI/H\/Iyl\/Ia? KaK BbI6I/IpaTI) JJIMHBI 1IIaroB hz B 9TOM aJI-
ropurMme. CuTyanusi ¢ STUMHA BOIIPOCAMHU cJieytorias. Eciu y GpyHKIUN eCTh TOYKA JIOKAJIbHOIO MUHUMYMA U MbI
[OTNAJIA B XOPOIILYI0 CTAPTOBYIO TOYKY, TO MbI 00sI3aTeIbHO MPHUJEM K TOYKE JIOKAJIHLHOIO MUHHMyMa. Ko Kpome
JIOKAJIbHOTO MUHUMYMAa [MPUCYTCTBYIOT JIOKAJbHBIE MAKCUMYMBI M CEJJIOBbIE TOYKHU, TO B UNCJCHHBIX BBIUUCICHUSIX
oM He co3maT mpobiem. OT MAKCHMyMa MBI U TaK OyJIeM yXOJIUTh, JIBUTAsICh IIPOTUB I'PAJIUEHTA, & CeJIJIO SIBIISETCS
KapTUHKOI HEYCTOINYNBOIL, TO €CTh €CJIU YyTh-4yTh COUTHCA C TPAEKTOPUHU MBI € OOJIBIION BEPOATHOCTHIO IIOIAJIEM B
ero yOBIBAIOIILYIO 30HY M YiijieM OT ceyioBo#l Touku. EcTh ojiHa 6618, MbI MOXKEM 0-0-0Y€HbB JI0JII'0 TOITATHCS PSIIOM
¢ cemyioM. Kyra Xy2Ke TOYKHU C HEOTPUIIATEILHOI CUTHATY PO, TaM MOTYT IIPOUCXOIUTh BCIKME HENPUITHBIE dPdeK-
1Te1. Ho ¢ mpakTuyeckoil TOYKM 3peHnst HAJI0 MOHUMATD, YTO ITOT METOJ, BAC BCETJa MPUBEIET K TOUYKE JIOKAJIHHOTO
MUHUMYMa, €CJIM IIard nofobpansl Tak, 4ro f(a,) < f(a,—1).

Ilo moBoxy mombopa jymHBl mara. TyT y MeHs Jjid Bac mioxue HOBOCTH. He cyIecTByeT KaKoro-To €JIMHOTO
cytep crocoba 1mo1oopaTh JymHy mara. [loToMy cyimecTByer Kyda padHbIX METOJIOB IPAJIMEHTHOrO CITyCKa, BCE OHU
OTJINYAIOTCST UMEHHO CIIOCOOOM TOTrO, KakK IOJ0MpaeTcs JJIMHA Iara Ha Kaxkjom drare. Camblil 1mpocroit crocob
moi0opa, JJIMHGBL Iara — MeTOJI, HAMCKOPEHIero IrpaIneHTHOrO Cirycka. Korma Mbl BeiOMpaeM Tmar h; Tak, 9ro0bl
soipazkenne f(a; — h; grad,, f) 6pu10 Munnmanbubiv. [Ipasaa, GbpBaeT, 9TO He BCEra BO3MOMKHO PEIIUTD SBHO 3TY
zamaqay Juis ganHoit dyuakmun f. Ho u jaxke eciim Mbl ee peInmuM 1 Ha KayKJIOM Irare 0yjieM HaXOIUTh OIITUMAJILHOE
B 9TOM CMBICJIE h;, JieJia CO CKOPOCTHIO CTPEMJIEHHsI K MUHUMYMY Y Hac OyayT obcTosTh XpeHoBo. Co BpeMeH rapst
lopoxa o HAKOMMJIM OIPOMHOE KOJIMYECTBO BCAKHUX JIYPAIKUX IIPUMEPOB, KOIJIa HANCKOPEHInii IpaIueHTHbII
CIIyCK BejieT cebsi IJI0X0. BarKHBIN BBIBOJ, KOTOPBIA HAJ0 CAENaTh — I'PAJUEHTHBIA CIyCK 9TO IPOCTO UIAEHHO U
CJIOYKHO TEXHUIECKH, KOTJIA PEUb 3aXOIUT O ITOI0O0pe IJIMHBI mara. JJaHHBIM BOIIPOCOM 3aHUMAETCS IeJiasd 00JIaCTh
MaTeMaTUKH.

Hopwmbl B BEKTOPHBIX IPOCTPAaHCTBAX

ITycrs V' — BekTOpHOE IpOCTpaHCTBO, Torya dyHKIus |—|: V' — R Ha3bBaeTCst HOPMOIi, €CIIM BBIIIOJIHEHBI CIIEIYO-
e CBOMCTBA

14 Curmarypy MOXHO MPOBEPSATH METOIOM SIKOGH, CHUMMETPUYHLIM ['ayccoM, a MOYKHO Uepe3 MOUCK COBCTBEHHDBIX 3HATMEHHH MATPUIIBI
lecce. Jannas 3ajjada Kak pa3 sIBJISIETCS TON CaMOil IPUYHHOI, [0 KOTOPOIl HaM BasKEH METO/ OIIPEJIEIeHNs] CUIHATYPBI.
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1. Jv] 2 0 mug moboro v € V, upudyeM paBeHCTBO JOCTUrAETCS TOJIBKO HA HYJIEBOM BEKTODE.

2. (M| =\ vlmsveV ek

3. Jv+ul < v+ |ul.

Ecmu B mpocrpancrse V' 3ajaHa HOpMa, TO MOXKHO OINPEJIEJIATH PACCTOSHUE MEXKJYy BEKTOpaMu 10 (DopMyJie
$(v,u) = |v—ul.
IIpumepsr HOpM

1. x € R", Torma
|x|oc =

2. x € R™, torma

3. x € R", Torma

Ectb eme Kyva Apyrux HOPM, BCE OHU JAIOT PA3HBbIE PACCTOSIHUA. KaXK/0e M3 9TUX PACCTOSIHUI JAET CXOAUMOCTb.
A nmenHo, nocnenoBaTenbHOCTD X, € R™ cxomures Kk & € R™, ecou p(x,, ) crpemurcst K Hymo. VI TyT mpoucxo-
JIAT OYEHD JIIOOOIBITHOE Y10, OKA3BIBAETCsI, YTO BCE HOPMbI B KOHEYHOMEPHOM IIPOCTPAHCTBE IKBUBAJICHTHBL. DTO
3HAYUT, 9TO ecju |—| u |—|" — aBe HOpMBI Ha R™, TO HANAYTCH TAKUe MOJOXKUTELHBIE KOHCTAHTEL a, b € R, 9o

alz| < |z|" < blz|, mus moboro x € R™

A Kak HeCJI0’KHO BUJIETH U3 9TOTO CJIEIYET, YTO BCE HOPMBI JAIOT OJIHY U TY K€ CXOJUMOCTH B TOM CMBICJIE, ITO €CJIH
MTOCJIEZIOBATEIHHOCTD Ty, CXOJIUTCS K & MO0 PACCTOSTHUIO JIJIST OJTHON HOPMBI, TO OHA CXOJIUTCS K & [0 PACCTOSTHUIO JIJIsT
JIIOOOI IPyTOit HOPMBI.

HpOI/IBBO,[[HbIe B BEKTOPHOM IIPOCTpPAaHCTBe

I[Iycts V u U — nBa HOPpMUPOBAHHBIX BEKTOPHBIX IIPOCTPAHCTBA, TO ecThb Ha V u U 3a1aHbl HEKOTOPbIE HOPMBI U
nycrb f: V' — U — mekoropas dyHKIwsA. Mbl XOTUM MOHSITH, 9TO TaKOe Mpou3BoaHas f B Kakoi-To Touke v € V.
O6braHOE OIpeieieHne it psIMoit He paboTaeT

i £0) = £0)

V—V0 vV —1

= f'(vo)

IOTOMY 9TO HeJIb3sl JIeJINTh Ha BEKTOPBI. Ho BMECTO 9TO 9TOTO mepejiesiaeM 3To ompejenerne B GopMmy, B KOTOPOit
OHO OyJIeT UMETh CMBICJA I CIyas BEKTOPHOI'O MPOCTPAHCTBA. Toraa HeCyIecTBYoas MyHKIUI ¢:

o(v) = L =IC0) _ pry

Vv —1
JoJKHA uaTh K Hy 0. Ho Tenepsb, hopMabHO YMHOXKUB HA U — Vg, MOXKHO MEPEIUCATH 9TO TaK

f(w) = flvo) + f'(vo) (v —vo) + ¢(v) (v — vo)

npu sToM ¢(v) — 0 ecam v — vy.

Onpenenenue Temepb MOKHO BBIIABUTH u3 cebs onpenesnenne. [lycts f: V — U — dyHKIug MexK Iy HOPMHUPO-
BAHHBIMA IPOCTPAHCTBAMU, Vg € V — HEKOTOPBIN BEKTOP M MBI CMOIJVIN 3aIICATh

f(v) = f(wo) + ¢(v = vo) + a(v)

rie ¢: V — U — nuneitnoe orobpazkerne u a: V — U — orobpazkenne Takoe, 910 |a(v)|/|v — vo| — 0 upu yciaosun
v — vo. Torga orobpazkeHne ¢ Ha3bIBAETCs IIPOM3BOAHON f B TOUuke vy m obosHavaercs f'(vy). B maremaruke
OpUHAT Oojlee NPUCTOMHBIN TepMmuH — Juddepennuan f B TOUKe vy, KOTOPBIE 0003Havaercd depe3 d,, f. Takum
00pa3zoM, Mbl MOYKEM TEPENUCcaTh PABEHCTBO BHIMIE B JIBYX (hOpMax

f(v) = f(vo) + f'(vo)(v —vo) + a(v) = f(vo) + du, f(v = v0) + (v)
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IIpumepsni

1. Hycrs f: R™ — R u grad, f — rpaguent B Touke v. Torma auddepernuan (wim npousBojHas) B TOUKE U
~ 9TO CKaJIFPHOE IIPOU3BEICHNE C IPAJAUEHTOM (OTHOCUTEIHHO CTAHIAPTHOIO CKAJISPHOro Ipousseenus ). To
€CTh

dyof = f'(v9): R" - R
r — (grad, f,z)
2. Mycrs f: R™ = R™, vy € R" u J = (9f/0x(vg)) — MmaTpuna sixkobu miast f B Touke vg. Torma muddepennnasn
B TOYKE ¥y COBIIQJIaeT C JMHEIHBIM 0TOGparKeHreM 3aJaHHbIM TKOGUAHOM, TO €CTh
dvo f = ['(v0): R" — R™
x — 0f /0x(vo)x

CaoiictBa nuddepeniuana s Berancienus auddepennnaa nCroab3yIOTC TPABUIA AHAJTOTUIHBIE TTPABU-
JIaM JIJIsI BBITUCJIEHUSI [IPOU3BO/IHBIX B OJITHOMEPHOM CJIyUae:

1. Ecm f,g: V — U — ase dbyuxuun, v € V, rorma d,,(f + g) = dy f + dug.
2. Ecin f: V — U — nBe dyukuuu, v € V, torga mis moboro yuciaa A € R umeem d, (Af) = Ad, f.
3. Ecm g: V= Umn f: U — W — npe bynkuu, v € V, Torga dy,(f o g) = dy() f o dug.

B cayvae dbyHkuuit co 3HaueHHsIME B R MBI €llle yMeeM HX [epeMHOXKaTh (elne u JesuTh). B aroMm ciaydae
ecTb npasuiio Jleibuuna (uam ero o6obmenue ua npobu). B ciydae Ipou3BOILHOIO BEKTOPHOTO IpocTpancTsa U
oneparun ymHOXKeHus HeT. OIHAKO, B CJIydae KOTJa ONePAIINi0 YMHOXKEHUS TPUIYyMAaTh MOXKHO, ITPaBUIo JleitOHuIa
Toxke paboraer. Hanpumep B ciiydae MarpuaHo3HAIHBIX (hyHKIHIA. O6 3TOM MOrOBOPUM JIaJIbIIIe.

Matpunsl ot napamerpa Jlapaiite paccMorpum marpuily A pasmepa m Ha n Takylo, 9TO BCE €€ 3JIeMEHTBI —
5T0 (YHKIUE OT HepeMeHHoi ¢, To ecTb A = (a;;(t)). Ilycrs npoussonmas GyHKIUA a;; [0 ¢ 0603HATAETCT KaK ;.
Torna nonoxkum A = (d;7) — MaTpHIa U3 BCEX IPOM3BOIHBIX 110 . Takast omepanus yaoBIeTBOPSET BCEM OXKHAeMbIM
CBOIiCTBaM

1. (A+B)= A+ B una A, B € M, ,(R).

2. (AAY = A mas A € My, 0 (R).
3. (AB)y = AB + AB nns A € M, 1,(R) u B € My, ,(R).
4. (

(

APy = ST AFAAT IR g A € M, (R).
A= —A"TAA qua A € M, (R).'°

6. IIycte A € M,,(R) u mycrs A = (A4]...|A,) — cronbust marpunst A. Torga
det(A) = "det(Ay]...|Ag|...|Ap)
k=1
Ecan paznoxurs k-oe ciaraemoe 1o k-oMy CTOJIOILY, TO HOJIY M
det(Aq] ... | Akl .. |4n) = qir A
i=1

rme A;r — anrebpandeckoe somosHeHue a;r B Marpuie A. Torna

det(A) = aipAix = Z Z ai(A)pi = Z(AA>1‘1‘ = tr(AA) = tr(AA)

k=1 i=1 k=1 i=1 i=1
Takum obpazom .
det(A) = tr(AA)
7. s mob6oii obparumoit marpunesl A € M, (R) BepHO
(Indet A = tr(A~1A)

153 1eck mano npomuddepennuposars pasencTso AA™! = E.
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Brorunciaenune auddepeHimanoB oTr MaTpudHbix aprymenToB Ilycrs f: V — U — dyaxnus Mexty HOpMU-
POBaHHBIMH IPOCTPAHCTBAMH, Vg € V — HEKOTODBII BEKTOD M MBI XOTUM HalTH d,, f: V — U. B sTOM ciiydae naBaii-
Te MOCMOTPUM Ha BbIpazkeHue f(v) u 6yJeM CIuTaTh, YTO ¥ — 9TO BEKTOD 3aBucsmuii or napamerpa t. Toraa MoxKHO
[OCYUTATH IPOU3BOAHYIO 110 ¢ KaK ObLIO PACCMOTPEHO B IIPEAbIAyIIeM pasaese u noayuum, 9ro (f(v)) = d, f(0). Do
JlaeT MPaKTUIECKUH crrocod BBIYUC/IEHNS TPOU3BOIHBIX B CJydae BEKTOPHBIX U MATPUYHBIX aprymMenToB. /lasaiire
pa3bepeM Cepuio IPUMEpOB.

1. Oyers f: M,(R) — R samana mo npasmwiry X +— tr(X™) u mbl xotum nocunrtats daf: M, (R) — R B
Hekoropoii marpure A. Toryia paccMoTpumM

(A = (A7) = o [ 3 4 Aar) = (4544 ) = 3 i (4714) = wuartA)

k=0 k=0 k=0
Buaunt da f(X) = tr(nA" 1 X).

2. Ecm f: M, (R) — M, (R) — 310 orobpaxkenne no mpasuay X — X 1 1o daf(X) = —-A"1XAL

3. Ecn f: M, (R) — R — oroGpazenne 3amannoe o npasuty X — det X, 1o daf(X) = tr(AX).
Borunciienne rpaguenta dyHknun or Marpunsl  Ilycrs Teneps y Hac ects dyukiusd f: M, ,(R) — R. Mo
MOXKEM €e paccMarpuBarh Kak GyHKmuio f(...,Z;;,...). Torma musa moboit marpuisl A € My, ,(R) MbI MoxkeM
nocuurarh rpajguent grad, f = (..., %(A), ...). HacTo BBIYHUCIISITH 9TH YaCTHBIE TIPOM3BOJHBIE B JIOO HEYIO0HO.
VnobHee BOCIOIB30BATHCA MATPUYIHBIME Jud depenniupoBanusimu. jist SToro Ha10 3HATH, KaK AuddepeHnat cs-
3aH ¢ rpaguenToM. Eciu mbr mus mamedt dyaxknun f(X) nocuntamn quddepernuan B Buge daf: My, ,(R) = R,
TO OH Obst3aTe bHO TipescTaBasercs B Buje daf(X) = (S, X) = tr(StX),'° re S € M, ,(R), Torma S — 370 1 ecth
rpaauent! To ects ;5 = %(A).

IIpumepsr PaccMmoTpuM U3 MpeablAyInX MPUMEPOB Caydail byHKITUN.

1. Hycrs f: M,(R) — R 3azana mo upasuiy X +— tr(X™) u mbl 3HaeMm, uto orobpaxenue daf: M,(R) = R

B HeKoTopoil Marpure A, 3agaerca no npasuiny daf(X) = tr(nA"1X). Torma Mbr Bumum, uto grad, f =
_ o _

(A", 10 eetn gl (A) = n(A")j ;.

2. Ecmm f: M,(R) = R — oTobpazkennue 3ajjannoe no npasuiy X — det X, To daf(X) = tr(AX). Toraa MbI
suuM, uto grad 4 f = (A)! = AT, To ecTp %(A) = (A");; = A;; — anrebpanteckue JIONOIHEHNUsI B MATPUILE

ij

A K 1j-OMy JIEMEHTY.

OnTuMu3aimoHHas 3aga4a

JlaBaiiTe pacCCMOTPHUM CJIEIYIOINIYIO 3aa9y: HaM JaHbl GyHKIUA f, g1, ..., gr: R™ — R 1 Mbr X0THM HaflTH MUHIMYM
W MakcuMyM bYHKINN f IPH YCJIOBUH, YTO BCE OCTaJIbHbIe (DYHKINN ¢; paBHBI Hyi0. | To ecTh MBI XOTHM PEIIHTh

CJIEIYIOILYIO 33134y

flz1,...,2,) — min flz1,...,2,) — max
g1(z1,...,2,) =0 q1(z1,...,2,) =0
ujm
gk(z1, ..., 2,) =0 gk (z1,...,2,) =0
B kauecTBe pereHnst Mbl XOTUM TIPEIbABUTH TOUKY = € R™ Takyto, uro f(z) < f(y) (mnst Bropoit samaun f(x) >
f(y)) mast soGoit y € R™ rakoit, uro g1(y) = ... = gr(y) = 0. CranmapTHBIA pelenT penieHusl TAKOH 3a1aun
CJIeAyIOIINA:

1. Hamo cocraButh Tak Ha3biBaeMblil Jlarpamxuan
L=af(z) = g(z)—...— Aegr(@)

rje o, Aq,..., A\ € R — Kakue-To0 HeM3BECTHBIE KOHCTAHTHI.

16Ty ckOBKM O3HAYAIOT CTAHIAPTHOE CKATSAPHOE TTPOM3BE/ICHIEe B MaTpuIax, To ectb (A, B) = tr(AB).
174l nyst IPOCTOTHI TTPEATIONOKII, ITO BCe (DYHKIUM ompeesieHbl B R™, HO BOOBIIE rOBOpPsT HOCTATOMHO Kakoii-To obmactu U C R™.
TexHuudecku 3aja4yu HUYEM He OTIIMYAIOTCs, OJHAKO, U3JI0XKEHIE CTAHOBUTCS IIPOIIE U sICHEE.
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2. Jlasee roBopuTcs, 9TO ecyn ToUKa r € R™ sBjisieTcst TOYKOH MUHAMYMa WX MakcuMyma, f [pHU yCJIOBUH, UTO

BCe ¢; PABHBI HYJIIO, TO HANIyTCS TaKne KOHCTAHTBI o, A1,..., Ay € R, 9T0 TO4YKa T OyJeT KPUTHIECKON I
L.
3. D70 3HAYUT, YTO MbI IIepebupaeM BCe BO3SMOXKHbBIE 3HAYEHMS KOHCTAHT (U, A1, ..., Ap U JJIsl HUX PEIlaeM ypas-
HEHUSI:
oc oL
81'1 B &rn o

Camoe yiuBHUTEIBHOE BO BCceM 3ToM — oHO paboraer! Ho Bech Bompoc B ToMm, a mouemy oHO paboraer? laBaiite
cliesialo Iapy 3aMedaHuil, 0T KOTOPBIX Y Bac JOJIKHBI 3aKPacThCsi 0O0OCHOBaHHBbIE COMHeHMs. Harnpumep, 4To eciu
Mbl pacemorpuM ciaydait o« = 07 Torma Jlarpam:kuan BooOIe He 3aBUCHAT OT GPYHKIUU f U MBI TIOJTydaeM KaKHe-TO
crpanble ycaoBus Ha GyHKIuna g;. OCOOEHHO 9TO 3ByUUT CTPAHHO, €CJU CPEJI §; €CTh MOBTOPSIONnecs: (OyHKITUH,
MBI IIOJIy9UM OY€Hb CTPAHHOE YCJIOBHE, 9TO Bce € R™ HaM MOmOHAyT B KadecTBe HMOA03PUTEIbHBIX To4UeK. /laBaiiTe
006CyIMM, 9TO TYT MPOUCXOIUT, KAKON y BCErO 3TOI0 TeOMETPUIECKII CMBIC/I M KAK He 3aIlyTAThCs B Kyde CTPAHHBIX
ycnosuii. Hajierochk, 9To mmocjie reoMeTpudecKoro OlMMCaHusl, CTAHET MMOHSITHO, [TOYeMy 3Ta IITyKa BooOIe paboTaer.

Harssimaplii 9acTHBIA ciry4aii

JIBu>keHne mo KacareJibHOMY TrpamueHTy JlaBaiiTe mjis mpoCTOTHI OObICHEHHS PACCMOTPHUM CJIy4ail BCEro
IBYX MEPEMEHHBIX U OJHON BCIOMOTaTeIbHON (DYHKITHH, & UMEHHO

f(z,y) — min f(z,y) — max
i

g(z,y) =0 g(z,y) =
Bosee Toro, mapaiite paccMOTpUM KOHKPETHBIN TTPUMED

flay)=@-22+y> n glzy =2>+y> -1

Torma ycaosue g(z,y) = 0 3a7aeT HaAM OKPYKHOCTD pajmyca 1 ¢ IEHTPOM B HadaJe KoopauHat, a dyukius f(x,y)
uMeeT I0OAIBHBIE MUHUMYM B Touke (2,0), KOTOpas He JIesKUT Ha 9TOi OKpyzKHOCTH. laBaiiTe jgymMaTh Ipo HAILy
dbyuxmmo f(z,y) Tak: ee MUHUMYM — 3TO UCTOYHUK KUJKOCTH, & YKUJIKOCTb U3 HETO BBITEKAET U GEKUT BJIOJIb
I'PaJMEHTa B CTOPOHY MakcuMyMa (B peaJibHOH YKU3HM JKHUJIKOCTb GEKUT BHU3 K 3eMile, a y Hac OHa OyJer Ts-
HyTbCs BBepX). JaBaiite napucyem mosie rpaguenta st byuxkiun f(x,y), HO He Ha BCel IJIOCKOCTH & TOJBLKO HA
okpskynoctu g(z,y) = 0.18

— 2?4yt =1

0.0

-1.0

2.0 15 ~1.0 0.5 0.0 0.5 1.0 15

Tenepsr nymars Hamo tak. Harra neBecomasi :KUAKOCTH O€XKHUT M3 MCTOKA IO T'PAIUEHTHOMY IOJIO HA ILIOCKOCTH.
A Temepb MBI TIOCTABUM TPAHMIBI JJTsI HAIEH YKUJIKOCTU B BUje paBeHcTBa ¢(2,y) = 0 u paspermnm 6eKaTh TOJIb-
KO 110 Hell. B aTom ciayuae rpagument grad f GyieT uMeTh JiBe COCTABJISIIOIINE: BJOJb OKPYKHOCTH (KacaresbHasi
KOMIIOHEHTA OTMEUYEHA 3eJICHBIM [[BETOM) U IEPIEHIUKYJISPHO OKPYKHOCTH (OPTOrOHAIbHAS KOMIIOHEHTa, OTMEYEHA
CHHUM 1BeTOM ). Bropas 4acTb OyeT racuThes TeM, 9TO Mbl 3allPeriaeM KHUJIKOCTHU IIOKUIATh OKPYZKHOCTD, 3HAYUT
HAIIIa, 2KUJTKOCTb OY/IET ILUIBITh TOJIBKO 33 CYeT KACATEIbHOI COCTABJISIIONIEN.

18,HJ151 YUTaeMOCTH Ha KapTHUHKE I/I306pa)KeH0 I1oJie rpaauenTa IJjid Cl)yHKLII/II/I %f(:r,y), nHavde BEKTOPbI CJIUIIKOM JJIMHHIONINE IIOJIY-
garTCHd.
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—_— 2ty =1 —_— 2ty =1

0.0 0.0

-1.0 -1.0

-15 -15
2.0 ~15 -1.0 —0.5 0.0 0.5 10 L5 -2.0 ~1.5 -1.0 —0.5 0.0 0.5 1.0 15

Kak BuiHO U3 pUCyHKa CIIpaBa, MUHUMYM U MaKCAMYM JOCTUTAIOTCS TaM, TJe I'PaIueHT MYHKIUA f OpTOroHAJEeH
okpyxkuoctu. Ho ¢ apyroit croponsr, grad g — 9TO BEKTOP, KOTODPBI TOXKE OPTOTOHAJIEH OKPYKHOCTH B KaXKIOW
TOYKE II0 €r0 reOMEeTPUYECKOMY CMBICAY (OKPY2KHOCTH — 9TO JIMHUS YPOBHdA 1Jid ¢). A 3uaunr f = Agradg juia
HEKOTOPOTO YHUCTIA .

ILnoxas nmapamerpusanmsa OHaKo, MOXKeT CJIYYUTHLCH HEPUATHOCTL. UTO ec/M MBI IJIOXO HapaMeTpH30BaJju
HaIlly KPUBYIO M TPaJHUeHT ¢ He Beerja sBjIdeTcs HeHyseBbIM BekTopoM? JlapafiTe mompobyeM MUHUMH3UPOBATH
bynxmmo f(z,y) = 22 + (y + 1)? ma mapabose 3ajaHHOil B MEPBOM ciaydae ¢ moMombio gi(z,y) = x? — y, a Bo
BTOPOM CJIydae ¢ MOMOMBIo ga(x,y) = x* — y%. To ecTh mosyHaeM JBe ONTHMH3AIHOHHEIC 32TaH

f(x,y) — min
gl<xay) =0

f(z,y) = min
g2 (.’E 3 y) =0
3ameTuM, 9To DPYHKIUS f, IPH OrpaHUYEHUH Ha apaboJly, IPUHAMAeT MEHUMYM B Hadase Koopauaat. Ho mpu sTom

grad f He paBeH HyJIIO B HaYajie KOODAWHAT U CMOTPUT BHU3. 1€meph JaBaliTe MOCMOTPUM, & UTO K€ IPOUCKOMIUT C
rpaguerTamu grad g1 u grad go. OHE m300paskeHbl Ha PUCYHKAX HUXKE:

—_—a?—y=0 _ —_—atey?=0

0.00 4 0.00

—0.25 4 —0.25

~0.50 —0.50
2.0 -15 L0 0.5 0.0 0.5 1.0 15 2.0 -2.0 -15 10 0.5 0.0 0.5 1.0 15 2.0

B gacrHOCTH MBI BuguM, 4TO Jyis g1 rpajguent B Todke (0,0) He paBeH HyJIO U Mbl MOXKEM JIIO0OH BEKTOD OPTOro-
HaJBHBIN mapabosie B 9TOI ToduKe mpeicTaBuTh B Buie Agradg;. C apyroit CTOPOHBI, €Cd MOTJISIIEeTh HA IPABBIMA
PHUCYHOK, TO Buiuo, 4to grad go B Touke (0,0) paBen nyso. Iloromy Mbl HUKAK He cMOXKeM OpezcrasuThb grad f B
Buge A grad go B HadaJie KOOPINHAT.

Teneps gaBaiiTe cocTaBuUM JIarpaHKUaHbI TUX 3a7a4 B HauBHOM Bujse L; = f — Ag;. Ilosyunm

Ly(z,y) =2" + (y+1)° = Mz® —y) Lo(z,y) =2° + (y+1)° = Ma* — %)

oL oL
%(x,y):2x—2)\$20 " a(x,y):%c—él)\mgzo
oL oL
= =20y +1)+A=0 — =2y +1)+2xy =0
ay(ﬂc,y) (+1)+ ay(s&y) (y+1)+2xy
Torma mbr Bugum, aro Juisa Touku (0,0) MOXKHO 110706paTh A = —2, 4T00OBI OHA CTaJIa PENIEHUeM [IePBOH CUCTEMBI.

C npyroit cropoHsl, Jyisi Bropoil cucreMsl npu Jirobom mapamerpe A touka (0,0) He sBisiercs perieHueM. Takum
obpasoM, Korja JlarpaHKuaH 3amuckiBaoT B Buje L = af — Ag, 3TO jiejiaeTcst Jjis TOrO, YTOObI HCKJIFOUUTD IIJIOXHE
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napamerpusanuu. Ecian a = 0, grad £ = 0 npesparaercs B yciaosue grad g = 0 1 9T0 03HAYAET, ITO HAJIO IPOBEPUTDH
TOYKH, KOTOPBIE IIJIOXO 3allapaMeTPH30BAHBI ¢ MOMOIBIO g. A ecin « # 0, TO MBI MOXKEM 3aMEHHUTDH ero Ha 1 u
paccmarpuBaTh 00branyio dyHKImO Jlarpamxka Buga L = f — Ag.

WuaTyunus ajiss MHOTOMEPHOTO cjrydasi B obiieM Bujie, KOrjia HaM 3aJlaHa 33/a4a

f(z) — min

gi(z) =0
roe ¢ € R"
gr(z) =0
Yeqoust g1(z) = ... = gi(x) = 0 3312107 HEKOTOPYIO <«IIOBEPXHOCTb». FECIM B TOUKe X, YIOBJIETBODSIOIMIEH 3TOH
cucreme, rpaguenTsl grad g1, . . ., grad gj JIMHEHO HE3aBUCUMBI, TO OKA3bIBAETCsl, B OKPECTHOCTU TOUKH T 3TH ypaB-

HEHWs 33/IaI0T MOBEPXHOCTh Pa3MepHOCTH n—k (TJIa/IKO H30THYTOE MOANPOCTPAHCTEO pasMepHocTH n—k ). [locienmee

YTBEpKJICHUE — 3TO OAHA U3 (GOPM TeopeMbl 0 HeABHOH dynkuuu. IloToMy, Korma Mbl 3a1aeM JlarpamKuad B BUIE
k

L =oaf =3, A\igi, MBI IOIpa3yMeBaeM, 9TO y HAC €CThb JBa CJIydasl:

e o = (. Torma ycinoBue myist kpurmdeckoit Toukn dbyuxnun Jlarpamxka grad £ = 0 o3Havaer, 9TO JJIsi HEKOTO-
pPBIX \; mMeeT MecTo paBeHCTBO \j grad gy + ...+ Apgrad g = 0. To ecTp 310 ciyvail JIMHEHHO 3aBUCHMBIX
I'PaIMEHTOB, Ccay4dall IIJIOXOU ITapaMeTpUu3aliiu.

e o # 0, a 3HAYUT MOXKHO cuuTaTh @ = 1. B aTOM cilydae MOKHO paccMaTpuBaTh 3ajady ¢ GyHKImel L =
f— Mg+ ...+ Axgg. Torma ycmoBue mist kputnaeckoit Toukn dyukmun Jlarpamxka grad £ = 0 o3Hauaer,
9TO IS HEKOTOPBIX A; uMeeT Mecto pasBeHcTBO grad f = Ajgradg; + ... + Ag grad gx. To ectb 310 Ciryygai,
koryia grad f opToroHasieH Haleil TOBepXHOCTH. Ecin iyMaTh B TepMUHAX IOTOKA, TO B 9TOI TOYKE TOTOK He
JIBUTAETCS BJIOJIb IIOBEPXHOCTH.

ITonnsbrit HaGop ypaBHeHuUit AJisd HardasgHOCTH [lycThb MBI perraem 3aj1ady
f(z) = min

z)=0
9(@) roe x € R"

gr(x) =0

Torma cocraBum dbyukimio L = af — A\g1 + ... + A\pgr. B 3TOM ciydae TOUKY MHUHHMyMa HaJI0 UCKATb CPEJId
pelIeHuil cieayIonieil CucTeMbl

grad L(z) =0
g1(x) =0

roe x € R"
gr(x) =0
[Tpu 3TOM MBI TTEpEOUpPaEM BCe BO3MOXKHBIE 3HAUEHUSI TAPAMETPOB (, A1, . . ., A KaK TOBOPMJIOCH BBIIIE, JIJTsI Tapa-
MeTpa (v MOXKHO CIUTATH, 9TO €ro 3Hadenne jaudo 0 jymbo 1.
OHTI/IMI/ISaHI/IOHHaﬂ 3alada C HepaBeHCTBaMu
JlaBaiiTe pacCMOTPUM CJIEAYIONLYIO 38084y : HaM AaHbl (GyHKIWMA f, g1, ..., gk, h1,..., hs: R™ — R 1 MBI XOTUM Ha#iTH

MUHUMYM WU MAKCUMYM QYHKIMA f IIPH YCJIOBUA, 9TO (DYHKIINU §; PABHBI HYJIIO U BBIIOJHEHBI HepaBeHcTsa h; < 0.
To ecTh MBI XOTUM DPEIIUATH CJIEAYIONLYIO 3a1a9y

flx1,...,2,) = min flxy,..., ;) = max
g1(x1,...,2n) =0 g1(x1,...,2n) =0
gk (x1,...,2,) =0 A gk(x1,...,2,) =0
hl(ﬁﬁl,...,$n)<0 hl(an,...,a:n)g()
hs(21,...,2,) <0 hs(x1,...,2,) <0
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B kagecTBe pelenusi Mbl XOTHM IIpeIbaBUTh TOUKy & € R™ rtakyio, uro f(z) < f(y) (ansa Bropoit 3anauu f(z) >
f(y)) nna moboit y € R™ takoit, uto ¢1(y) = ... = gx(y) = 0 m hi(y) = ... k

pelienud TaKOHU 3a1a49u CJIeLyIOMUii:

1. Hamo cocraBuTh Tak Has3biBaeMblil Jlarpankuax

L=af(x)—Mgi(r) — ... — Apgr(x) — prhi(z) — ... — pshs(x)

THE QU A1y Afy [y - - -

hi(y) < 0. CrangapTHblii penent

, s € R — xaxme-TO HEeM3BECTHBIE KOHCTAHTEI. HpI/I 9TOM JIJId TOUCKa MaKCUMYyMa MbI

cantaeM, 9To « = 0 m p; > 0, a 7719 moncKa MUHAMYMa MBI canTaeM, 910 « = 0 m p; < 0.

2. Hasee roBoputcs, 9T0 eciii ToUuKa & € R™ gBJIsIeTCS TOYKONH MUHUMYMa WX MAKCUMyMa f IIPHU yCJIOBUAU, YTO

BCe g; paBHBI Hyso u Bce h; < 0, To HAlyTCs TaKne KOHCTAHTHI (v, A, . .

cy Aky U1y -y fbs € R, 9TO TOUKA T

GyZIeT yI0BJIETBOPTH CUCTeMe (CJIeBa ISl MUHUMYMa, & CIPaBa JJIsl MAKCUMYyMa.)

njimn

B s70ii 3aa4e ellle MeHee 0YEBHIHO, IT0YEMY I10/I00HOe 6apaxJio XO0Th Kak-To paboraer. OCcoOEHHO I0JIyYnIach Kyda
KAaKNX-TO CTPAHHBIX HEPABEHCTB HA KOHCTAHTBHI, KOTOPBHIX HE OBLIO B IPEIBIAYIIEM CIydae, KOIja ObLIN TOJBKO
ypaBHeHUs U He ObLIO HEPABEHCTB B cucTeMme. Kak M paHbIle, s Ipejjiaraio pa3odbparb MexaHu3M pabOThI 3TOrO
MEeTOJ[a Ha KOHKPETHOM IIPUMEpPe MaJjoll Pa3MEpPHOCTH.

Harasaaplit mpuMep ¢ HepaBeHCTBAMU

JaBaiiTe [11s1 TPOCTOTHI OObACHEHUS PACCMOTPHM CJIy9ail BCEro JIByX NEPEMEHHBIX U OJHON BCIIOMOTaTebHON (PyHK-

I ¢ HEpaBEHCTBOM, a UMEHHO

f(z,y) — min

h(z,y) <0

f

x,y) — max

h(z,y) <0

Bonee toro, nasaiite paccMOTprM KOHKPETHBIN TIpUMED

fley)=(@=2°+y> n hz,y)=2>+y° -1

B arom caygae h(z,y) < 0 3amaer Kpyr pajuyca 1 ¢ IEHTPOM B HyJle M Tellepb MUHUMYM U MaKCUMyM (DYHKIUHA
MBI UITEM He TOJIBKO Ha OKPYKHOCTH, HO W BHyTpH KpyTa. Ilo xopomeMy, 3To 03HAYaeT, 9TO HAM HAJIO PENIUTH JIBE
pasHble 3aja49u: 1) HANTH MUHUMYM BHYTPU OTKDPBITOIO Kpyra, 2) HAWTH MHUHUMYM Ha OKpyzKHOCcTH. Ilocie gero
HAJI0 CPABHUTH 9TU J[BA MUHUMYMa U BBIOPATH MEHBINHHA. AHAJOIHYHO HAJIO MOCTYHIHUTD B CJIyYae MaKCHMyMa.
Hasaijire HauHeM co Cirydast IIOMCKa MUHMUMyMa (MJIM MaKCHUMyMa) BHyTpH Kpyra. Torma Mbl peinaeM 3aiady

f(z,y) — min

hiz,y) <0

njimn

f(z,y) — max

h(z,y) <0

Tax kax yciosue h(z,y) < 0 3amaer OTKPBITOE MOJMHOXKECTBO, TO HEOOXOIMMOE YCJOBUE [ MUHUMYMA HJIA

MaKCUMyMa — IpaJiueHT f paBeH HyJIO, TO €CTh

%(l‘,y) =0
%(m7y) =0
h(z,y) <0
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Teneps, ecim MBI UIEM MUHHMYM WM MAKCHMyM Ha IDAHHUIE, TO 3aJa4a MPEBPAIIACTCH B IPEILLIYIIYI0O U MbI
peraem

0 oh

Y () = g (z)

0 oh

6—£<x,y> — i (@)
h(z,y) =0

4 31ech He TUITY (r, TOTOMY YTO MBI y2K€ 3HAEM, 9TO I'PAIUEHT HA OKPY’KHOCTU HE 3aHYJISIETCS.

Tenepsr maBaiiTe 0OCyIUM CTpAHHBIE HEPABEHCTBA U PABEHCTBA, KOTOPbIE BO3HUKJIA B ODIIEM CIIydae, HA STOM
npumepe. IlepBoe HepaBeHCTBO 66110 v > 0. DTO ycjaoBHe HYKHO, YTOOBI KpuTHdeckne Toukn dynxnuit f u af
HE CMEHHUJIM CBOero xapakrepa. Tounee, nmpu v > 0 TOYKA SBJIAETCI MUHAMYM I OJHON M3 HUX TOTJA M TOJIBKO
TOr/Ia, KOTJ@ OHA MUHUMYM s Apyroii. A mpu o = 0 y Hac or GpYHKINM B JIaTPaHKUAHE HUYErO HEe 3aBUCHT U
9TOT Caydail Hy»KeH JIMIIb JJTsi CJIydast ILIOXON apaMeTpPU3aIlin.

[Tpuuwna, M0 KOTOPO# MBI XOTHM HMETHh OIMHAKOBBIM XapaKTep IMOBEJCHWS B KPUTUUIECKUX TOUYKAX s f u
af O4YeHb MPOCTOI — MBI MOXKEM PACIO3HATH MUHUMYMbBI ¥ MAKCHMYMBI B 3TOM ciydae. /laBaiiTe mocMoTpum Ha
rpajueHTsl f u h

2yt =1 —_— 2y’ =1

1.0 1.0

0.0 0.0

0.5 0.5

-1.0 -1.0

-15 -15
-2.0 ~15 -10 -0.5 0.0 0.5 1.0 15 -15 -10 ~0.5 0.0 0.5 1.0 15

Lne 6ymer makcumyM y dyHrnun f Ha okpyzkHocTu? Tam rie *KMIKOCTL NBITAETCS yTedb HApy:Ky. A MuHUMYyM?
Tam rme »KUIKOCTH TBITAETCS 3aT€Yb BHYTPh OKPYKHOCTH. TO €CcTh B TOUKe MakcuMmMyMa Ha rpanure grad f u
grad h CMOTPST B OJHY CTOPOHY, a B Touke MuHuMmyMa grad f u grad A cMoTpsAT B pasHble CTOpOHbBI. IloToMy jist
MUHUMYMa MBI TpeOyeM g < 0, a mist makcumyMa p 2> 0. Cirydaii paBeHCTBa HyJIIO Hy?KEH €CJIN 9Ta TOUYKa OKA3aJ1ach
cTanuoHapHOi fyist [ (HampuMep ToYKa ObLIa TOYKON MaKCUMyMa WJId MUHUMyMa 06e3 orpanudenus h = 0).

Ocrasnoch nouaTh 3adeM HyxKHO yeiaosue ph(x,y) = 0. Ho B aroM ciydae Bce npocro. B obmiem ciryuae, Korma
y HAC MHOTO HEPaBEHCTB, HAM HAJ0 pa30o0parh JJis KarKJOoro ypaBHeHus jBa ciaydas h; < 0 wm h; = 0. A kak
3ammcaTh 9TH JBa ycaosus oxrospemento? ’ Vemosue ph(z,y) = 0 rapantupyert, uTo Ju60 4 = 0 U 3HAYAT YCIOBHE
MuHEMEI3anuu npespaimaercs B grad f = 0 (To ecTh MBI WIEM TOUKY MUHAMYMa 0e3 orpaHuvenuit). A ecam p # 0,
To ycsosue ph(xz,y) = 0 osHavaer, h(x,y) = 0 1 3HAIUT MBI BBIIUIA Ha TPAHUILY U YCJIOBHE MUHUMU3AIAN O3HAUAET
grad f = pgrad h. U st Toro, 4robbl B nepBoM ciydae p = 0 Mbl yaiu HepasenctBo h(z,y) < 0 B cucremy Bce
pasHo jobasisgem ypasaenue h(x,y) < 0. Jlummee paBeHCTBO HYJIIO TyT HUYEMY He MemaeT (pOpPMaJIbHO, Mbl JIUIIh
y9TeM MUHAMYM Ha IPAHUIE JBAXK]IbI, HO HUYEro He MOTEPSeM.

19He 10 uTO6BI 9TO OMOXKET TIpH perrenun. Tak Kak pelnasi COCTaBIEHHOe yPaBHEHIE, BbI BCE PABHO OygeTe mepeGupars ciaydand. DTo
BOIIPOC JIMIIb KPATKOM 3allMCU U TaK HMOHSTHBIX yCJIOBUM.
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Cemunap 1

Sagadmn:

1. Haittu nipenen

(a) lim (sinm)ﬁ

sina
(b) lim —20+2%)
»—s0 sin(cosz—1)
2. Jlanbl 1Ba ceMelcTBa KPUBBIX Ha IJIOCKOCTH

v =4da(a—z) (a>0) u y?> =4b(b+z) (b>0)

TlokazkuTe, aTo B J1I000I TOUKE TIepecedeH s JIF000M KPUBOIT 13 IEPBOTO CeMENCTBA C JIF0OOI KPUBOii U3 BTOPOrO
ceMmelicTBa KacaTesJbHble 3TUX KPUBBIX II€PIEeHIUKYIIPHBI.

3. UccnenoBaTh Ha 3KCTPEMYMBI (TO €CTh Ha JIOKAJILHBIE MEHUMYMBI U MAKCHUMYMDI )
2z = zyln(z? + yz) (x,y) #0

4. Tlycrs 21,...,2q4 € R™ — Habop Bekropos u U C M, (R) — MHOXKECTBO MATPUIL C NOJOKUTEIBHBIM OIIPE/[eJIH-
tesniem. Pacemorpum dyHKIMIO

d

1
p: U —= R mno npasuny A p Z(qu;,xi) —Indet A
i=1

rie (z,y) = x'y — cranpapTHoe cKajgpHoe Tpoussesenue. Haitjure rpajuent ¢ B Touke A.

5. Haittu meromoM dbynkimu Jlarpamska MEHEMYyM ¥ MakCEMyM dyHKIun 2 = 2 + y? — 122 + 16y upu ycaosun
2 2
7+ y° < 25.



MaremaTnyecknii agaJjimns

Jnma Tpymma

Cemunap 2

NaTerpas

Teneps maBaiiTe pazdbepemcs, 9T0 Takoe HHTErpaJ. Kaxk 0OBIYHO MBI IIPECJIelyeM TPU IEJIH:
o [loHATH CETbCKOXO3ANCTBEHHBIN CMBICTT HHTErpaJa.
e OCBOUTH TEXHUYIECKYIO COCTABJISIFOIILYIO O TOM, KAK BBIUUCISITH WHTETPAJL.

[ ] HOCMOTpeTb KaKHe-TO IIPpUMEHEeHUA HHTErpUupOBaHUA.

Yo Takoe unterpan Ilycrs y nac 3agana dbyuxiusa f: R — R u orpesok [a, b] C R. U1 Mbl xoTuM HafTH ILIOIIAIH
oz, rpacdbukoM (yHKIUM Ha oTpe3Ke [a, b], npudeM ecsu rpadux Jjexkur soiie ocu OX, To wionaiab 6yeM cUuTaTh
[TOJIOYKUTEJILHOM, & eC/ii HUXKe, TO oTpuliaTeIbHOi. Hampumep, HuKe n3obpaxkeH rpaduk HEKOTOpOoil (dpyHKIuu f.
[Lomau, KOTOpble MBI CUMTAEM IIOJIOKUTEJIBHBIMU M300parKeHbI KPACHBIM IIBETOM, 8 OTPUIATEIbHBIE CHHIM.

1.09 = — y=f(x)

0.8

0.6

0.4 1

0.2 4

0.0 4

—0.2 1

Nurerpan dbyukiuu f #a orpeske [a, b] 0603HaUaeTCsI CIleLyonuM 06pa3oM

b
/f(x) dx

4 Boime B3s11 (PYHKIUIO, KOTOPasi OIpejieieHa Ha BCell MPsSIMOi, HO 9TO Ha CAMOM Jlejie He 00sizaresibHo. DyHKIUs
MOXKeT OBbITH OIpe/jieieHa B MeHbIIell 4acTh, Kak, Hanpumep, jsorapudnm. [aBHoe, 9To6bl 0TpE30K [a, b] nomana B
obJtacTh ompesesiennsi GyHKnun. Eime MOXKHO paccMarpuBarh ciaydam ¢ = —oo mwim b = +00. To ecTb MOXKHO
CUMTATh MHTErpaJibl BUJIA

b +00 +o0
/f(x)da: /f(x)da: /f(a:)dx



Kax 651 BbI HI onpeaesdIm NHTerpaJi, Bbl BCerJa XOTUTE BLIIIOJIHEHUE CJICIYIONINX CBOICTB

b b “+o0 b “+o0 b
_Zo f(x)dx:agr_nooa f(x)dx a/f(x)dx:biirfooa/f(x)dx _4 f(x)dx:%%ii_nga f(z)dzx

Kpowme Toro, mpo mHTETpas MOKHO JIyMaTh BOT KaK: €CJIM MbI UJIEM TI0 OTPE3KY [a,b] cieBa Ha mpaso (TO ecTh
a < b) To MBI ¢ WIEOCOM GepeM 1utoma m Bhime ocu OX, a ¢ MUHYCOM HIZKE. A eciim MBI HIeM 110 OTpe3Ky [b, a]
(onsAThb ke @ < b), TO MBI HA06OPOT, Oy/eM CUNTATH IIONAJM BBIIE OCH C MUHYCOM, & HIZKE C ILIFOCOM. Takum
00pa30M MbI MOYKEM YUUTHIBATH HAIIPABJIEHUSI HHTEIPUPOBAHUSI, ITO JaeT (HOpMyJTy

/bf(:z:)d:c_/af(x)dx
a b

Takum 06pa3zoM MHTErpaJ YIUTBIBAET HE TOJHKO 3HAK (DYHKIINK, HO U HAIIPABJICHUS JBUKEHUS 10 TIPsAMOit. Boramc-
JIEHHWSI THTETpaJia — 9TO BBIYUCJEHIE OPUCHTUPOBAHHON IIJIOIIAIH.
Erme ouenb 1moJie3Ho IMOHUMATH, 9TO UHTErPaJl He Beerja cymecrsyer. Eciau dbyaknus f(x) ouenb moranas, To

BOOOITE TOBOpsI, JJjIs Hee MOXKET ObITh He OIIPEEJIEHO MOHSTHE f; f(x)dz. Ho sT0 3aBuHCHT OT BuJa UHTErpaJa,
KOTOPBIN BbI Hcoib3yere. CyIecTByeT MHOIO Pa3HBIX OMpPeJIeeHl HHTerpaia u re He cpabaThIBAeT OJIHO, TIOMO-
raeT Jpyroe. A ecTb CHUTyalnu, KOIJia WHTEIPAJ He CYIIECTBYET 110 OOLEKTHBHBIM IIPUYNHAM, & He U3-3a JedeKrTa
KoHCTpyKItnu. Hampuwmep, fol 1/x dx = +00 He3aBucuMO OT KOHCTPYKIuHU. 10 ecTh MIIOMa/b 10f rpacuKOM TOi
dbyuxmn Geckoneana Ha orpeske [0, 1].

DopmasibHasi cropoHa Ha camoMm jiejte, unrasi BCsIKue yMHbIE KHUYKKU 110 PA3HBIM BUJIAM aHAJIU30B, BbI HIYErO
HOBOT'O IIPO MHTErpaJj He y3HaeTe. JTO BCe Ta XkKe oAb 11ojf rpadukom dynknun. [logemy ke Toria cymecrByer
TaK MHOI'O Da3HBIX BUJIOB mHTerpasia’ Bac HaBepHsiKa yke myraju: mHTepraj Pumana, muarerpas Jlebera, maTe-
rpait Pumana-Crunbreca, narerpan Makieitna, uarerpai Kyprsesis-XuHcToka u T.71. Bee 9170 ¢Bg3aHO ¢ TeM, 9TO
MaTeMaTHKOB He yCTPAUBAET CJIOBO <ILIOMAIb» B opMysmpoBke Bbirte. Hamo crporo cka3arh Kak ee cautarh. U
BOT JIJIgl CTPOroro omnpe/ae/ieHusd IJIOa/N €CTh Bal'OH U MaJlIeHbKad TeJIe?KKa Pa3JIMIHbIX KOHCprKL[I/II‘/.I7 KOTOpbIEC Ha
pa3HbIe JIQJIbl CIUTAIOT OJHY U Ty 2Ke I10Imaib. OObIYHO pa3HHIA JIAIIL B 3amace MYHKIUN, KOTOPbIE TO/[JIAI0TCS
TOM WA WHOU KOHCTPYKIIUAMU.

CJI0’KHO BBIIEJIUTH CAMYIO JIYUIIYI0 KOHCTPYKIUIO. OOBITHO 0/IHA XOPOINa B OJHUX OOCTOSATE/ILCTBAX JAPYras B
Apyrux. A B cydae IpUIOXKeHMiA, Tak HAM BOOOIIIE TJIeBaTh, KAKasl U3 ITUX KOHCTPYKIHIT UCIIOJIb3yeTcst. MbI IpocTo
CYUTAEM IJIONAN 10 (POPMYIAaM M TOYHO 3HAEM, UTO IIOJIyUeHHbIe dncia OymyT niom@aaavu. Ho MoXKHO BbIIETNTH
JIBE caMble TOIyJIsipHble: nHTerpaj Pumana u maTerpa Jlebera. urerpas Pumana nbitaercst npub/IM3uTh HAILy
GYHKIMIO CTyHeHYaTol JIOMAHO, CIUTAET IJIONIA/b IOJ| JIOMAHOW, & IIOTOM IEPEXOJUT B HEKOTOPOM CMbICIE K
[IpeJIesTy, 9TO0BI Oy IUTh ILIOMAh Mo KpuBoiil. Jlymaro, aTo GoJbIille BaM 3HATH IO 3TOMY BOIIPOCY HE IIOJIOZKEHO.
A farke ecsin M OJIOXKEHO, TO MOJIB3bI OHO BaMm He npuHeceT. [Ipountas 100500 cTpanuir TeKCTa, BB JHUINb yOEUTECD,
9TO 3HAETE KaK CUYUTATDH ILIONIAIb CO 3HAKOM U BCE.

Y Moero peliieHusi He BbIOUPATH KOHKPETHBI MHTErpajl eCTh CBOU IIOCJEICTBUs. 91 HUIE He TOBOPIO TOYHBIE
YCJIOBHSI CyIECTBOBAHMS MHTEIPAJIOB MO0 OHM BCE 3aBHUCAT OT KOHKPETHOrO BhJa MHTerpasa. Ha 910 MOKHO cMOT-
perh Kak Ha moJsiyooman. 160 Bce paBHO HMKAKWX IJIOXUX (QYHKIUI B Balleil »KU3HU HE BCTPETUTCH, & TaK XOTh
WHTErPUPOBATH HAy4InTECh. B 060M cirydae, eciu TpebOBaTh, 9TO0OBI Bce (DYHKIIUU BCTPEIAEMbIe IO, 3HAKOM WH-
Terpaja ObLIM HEIPEPBIBHBI, TO 9TOI'O XBATUT BCEIJ/Ia U I JIIOOBIX T€OPeM, HO OrOBapUBATL ITO s He OyIAy HU B
KaKOM BHJIC.

Brruucienne nHTerpaJjaosnB

TOHKOCTH BBIYUCJIEHNS] HHTEIPAJIOB MOYKHO Pa30UTh HA HECKOJIHKO YacTei:
e Kak cumraTh MHTErpaJibl Y KOHKPETHBIX (DYyHKITHIA.
e Kaxwme cBoiicTBa €CTh y MHTEIDAJIOB.

e Kakwne Tproku B paboTe ¢ MHTerpajaMi MOXKHO HCIIOJIb30BaTh: Pa3JIMdIHbIE OIEHKU, CBSI3b C IPOU3BOJIHON U
T.JI.



ITo moBomy wmnTerpmpoBanus n aAudEpPeHITNPOBAHNs €CTh OAHA MYIPOCTh: Au(M(MEPEHIIPOBATL MOXKHO HAYINTH
7 KPOJIMKA, €CJU 3a KaXKJyI0 IPAaBUJIBLHO B3sTYIO IPOU3BOIHYIO €My JIABATh MOPKOBKY, a WHTErPUPOBATH — 3TO
y2Ke uckyccrpo. IIponecc auddepeHnupoBaHusl TOJHOCTIO OMKUCHIBAJICS aJrOPUTMaMu K jeiicTBuio. UTo Obl BaMm
HU CKOPMUJIM, BCE MOXKHO TPOanddEepEeHIMpOBATh 0 MpaBujiaM. A BOT ¢ HHTErPUPOBAHUEM Jiejia OOCTOST XyIKe.
Boobrrie roBopst CyImecTByIOT TaK Ha3bIBAEMbIe HEOEPYIIMECs MHTErPAJIBI, TO €CTh TAKWE, JIJIsT KOTOPBIX OTBET HEJIb3sI
sammucaTh dopmMynoit.! B cBA3M ¢ TAKWM JeI0M, B TEOPHH HHTEIPHPOBAHUSA €CTDh JIUIIb PEIeNThl O TOM, KaK MOXKHO
[BITATHCS HAWTH HHTErpaJl.

b
Vo6usblii dpopmasmam  UHTerpas cocTOMT U3 J[ByX KAPTHHOK CAMOIO 3HAYKa MHTerpasa | U HOJBIHTErpasb-
a
Horo Beipakenus f(x) dr. MoXKHO nIpuIATh CMBICJI 3TUM OTAEIbHBIM BBIPDAYKEHUSIM, HO TOTJA HPUAETCH 00bACHATH

BCAKYIO a0CTPAKTHYIO JIaOy/Ly, IIOTOMY IIPOIIE OTHOCUTHCA K HAM KaK K KapTUHKaM. V Kak [moJjaraercs, ¢ KapTHH-
KaMM MOYKHO yjI00HO mourparbes. Hampumep, MoxKHO onpenesutsb auddepenimal GyHKIMU CIeLYIONMM 06pa3oM
df = f'(x) dz. IIpu sr0M GYIyT BBINOJHATHCS CJEILYIONIUME CBOHCTBA:

1. d(f+g) =df +dg.
2. d(\f) = \df.
- d(fyg

3. d(fg) = fdg + gdf.

CBoiicTBa HHTErpaJioB
1. JluneitaocTs o dyHKIIH.

b b b b

/(f(x)—l—g(a:))dx:/bf(x) dx—l—/g(a:) iz, //\f(x) da;:)\/f(x) da

a a a a

2. JluneitHOCTH 10 OTPE3KY MHTErPUPOBAHUS.

/bf(q:) dx:/cf(x)da:+/bf(x) da, /bf(as)dx:—/f(ac)dx

3. ®opmyna Heiorona-Jleitbuuia (ona xe onnomepuas dpopmyna Crokca).

/f@szﬂmm=ﬂw—ﬂw

[Momaepkrem, aro f(x)|2 = f(b) — f(a) — 370 yao6HOE coKpammenme u HIdero 6omee. B Tepmunax auddepen-
[IUAJIOB TO YK€ CAMOE IPABUJIO NPEBPAINAETCA B

b
/W:f@m=f@—f@

b

Ha mero mozxuo CMOTPETH TaK: S3HaK MHTErpUupOBaHUA y6I/IBa€T 3HaK ,HI/ICbeepeHLLI/IaJIa 1 MEHsIeTCd Ha 3HaK |;.

4. Nurerpuposanue 1o gactsiM. 1o npaswry JleiiGauna nmeem (fg) = f'g + f¢'. Ecam npounrerpuposats 310
PaBEHCTBO, TOJIYIUM

/b(fg)/dfﬂz/b(f/g-f-fg/)dx:/bf’gdx—i—/bfg’dx

1Y koro ciyunncs berm-69K ¢ KOPHAME MHOTOYJIEHOB IISITOi CTENeHH ¥ BBIIIE, 9TO He ciaydaiino. Vmenem Iaya moromrasuch u
o teopuu AuddepeHnnaIbHO-NHTETPAIbLHBIX YPABHEHUH U [TOKA3aJIX Kydy Da3HBIX PE3yJIbTATOB O HEHMHTEIPUPYEMOCTHU DPA3JIMIHBIX
dyukuii. Boobige, eciin BbI BO3bMeTe CIIydaifHO HAIMCAHHYIO (PYHKIMIO, TO OHA HAaBEPHSKA HEe HHTEIPUPYETCS B TOM CMBICJIE, ITO IJIs
MHTErpaJia He CyLIeCTBYeT (POPMYJIbL.



IIpumenus npasuiio Hoiorona-Jleiibnuna u3 mpeaplayero myHKTa K JeBOW 9acTH U IIEPEKUHYB CJIaraeMble,

9TO IIPABUJIO OOLIMHO IHILYT TaK
/fgd:v* (@)’ - /fgdz

W B Tepmunax guddepennuaion

b

/b fdg= @@~ [

a

3amnac >XUBbIX MHTEerpaJjioB Tabsmmanbre nHTerpaJibl 6epyTCH U3 U3BECTHBIX HaM IIPOU3BO/IHBLIX. Bor IIpuMepbl
TOIr'0, 9TO CTOUT 3HATDH

N

w

e~

o

b
. fa:" dr = ix”Jrl‘
a

n+1

b b
f%dm = 1na:‘a
a

. b . b
.fcosxdac:smx|a u fsmacdx:—cosxa

b b
fe“’d:z: = e"”’a
a

[ b {1 b
fCOSQZEd'T: tgx‘a u f ——dr = —Ctgx’a
a a

8=

b

1 L b

mdm = arcsmx| u fwdx = arctgm|a
a

ITpumepsr Kak u ¢ nmpon3BogHbIMEA, MBI OOBIYTHO CBOJIMM HEM3BECTHBIE HAM WHTETPAJbl K M3BECTHBIM C TIOMOIIBIO
cBoiicTB. ToJIBKO B cilyduae ¢ MHTErpajoM IMpaBUjIa MeHee THOKMe U He Bcerga padboraioT. Bor mapa mpumMepos.

e llHTerpupoBaHme paruoHAJbHON ApOOH.

b

T
/ IM dr TIme p m ¢ — MHOTOYJIEHBI

q(x)

a

Boobime roBopst Bce Takme MHTErpajbl CIATAIOTCS U JEJIAETCS 3TO C MOMOINBIO Pa3JI0KEHUsT B MPOCTEHIIIe
Japobu BUIA (a:fb)d W 7 TJIe BO BTOPOI IPOOM HAXOAUTCS MHOTOUIEH 0€3 BEIEeCTBEHHBIX KOPHEI.

az+b
24cx+d)f
OKaspIBaeTCs, ITO JIIOOYIO PAIMOHAIBHYIO (DYHKIIAIO MOYKHO PA3JIOXKUATH B CyMMY MHOTOYWIEHA U Apobeit yKa-
3aHHOI'O BUJA. A I HUX MHTErpaJjbl 0epyTCs C IOMOIIbIO0 TabJIMIHBIX. 1 He Oyay pasdouparb oOImil cirydaii
a pusey napy npumepos. Ilyers [a,b] C (—1,1), Torma

Fo L ff1 1 Lo Lo
— dr=- [ (—t—Nde==> ——dv+ - dz =
./1—% v 2/(1+x+1—x> v 2/1+x 9”2/1—3;517

a a a

b b
1 1 1 1

a a

Lpyroit mpuMep MHTETrpaJIa

b b b

b
z 1 1 1 1 1 1
— _dr =~ de* == [ ——=d(1+2?) == [ dln(1+2%) = ~In(1 + 2°
/1+ﬁ . 2/1+x2x 2/1+ﬂ (1+27) 2/‘n(+m) 5 (1 +27)

a a a




e JlaBaiiTe HaiizemM uarerpas ot jorapudma, BOCIOIb30BABIINCH HHTEIPUPOBAHUEM 10 TACTIM

4 Yy

y U y
/lnxdx: zlnz —/wdlnm:ylny—llnl—/daj:ylny—x =yhy—y+1
1 1
1 1 1

Onenku nHTEerpasioB I13-3a TOro, 9T0 WHTErpasbl BOOOINE TOBOPs HE CUMTAIOTCS, & €CJIM U CIUTAIOTCS, TO MOy~
YUBIIIEECs BbIPAXKEHNE HE BCErJa IMOMOIaeT IOHATh, a ITO YK€ MbI HOJIyUIN/In, ObIBaeT TPEOYeTCs OIEHUTHh 3HAYCHUS
WHTErpaJja CBEPXy Win cHu3y. B 3Tux cirydasx 10Jie3HO 3HATH, KaKie ObIBAIOT OIIEHKH HA HHTerpaJibl. BoT HEKOTOpHhIE
"3 HUX

1. Ecau dyuknus f orpanuyena Ha orpeske [a,b] caemyomum obpazom m < f(x) < M nua x € [a, b], To BepHO
b
m(b—a) < /f(x)dx < M((b—a)

2. B 6ouiee obimem Bujie, ecan i aByX dyuknuii f u g Beinosaneno nepasenctso f(x) < g(z) s Beex x € [a, b],

TO BBIIIOJIHEHO b
/ f(@)de < / o) da

a

3. Bmecenme Momynsa moa mHTErpadt
b b
[ t@ds| < [ 1@ ds
a a
DT0, HABEpHOE, CaMOEe BayKHOE HEPABEHCTBO Ha cBeTe. Ha HeM cTpouTCs BeCh (DYHKIIMOHAJBHBIA aHAJIN3 U
CMEXKHBIE JTUCITUTLINHEI.

4. Hepasencrso Komu-IIsapia’

b

/bf(:r)g(x) dx 2 < /bf(:c)2 dz /g(x)2dx

a

Ha 310 yTBepKI€HTE MOKHO CMOTPETh TaK. Ha mHTerpasr or mpon3BeIeHnst MOXKHO CMOTPETh KaK Ha, CKaJIAp-
HOe IIPOU3BeJIcHIE

b
(f.9) = / f(@)g(z) de

TOI‘/I& <« JJJIMHa» beHKL[I/II/I OTHOCHUTEJIbHO 3TOI'O CKaJIAPHOI'O IITPOU3BEIACHUA

[fl= V(. f)=

Ho mbr 3HaeM, 9To KakuMm Obl HE ObLIO OPOCTPAHCTBO CO CKAJSIPHBIM IPOU3BEICHUEM, JIJI HErO BBIIOJIHEHO
(f,9) = |fllg| cos i, tme @ — yron mexay dyakuusavu [ u g. [Horomy mepasencrso Komu-IIIsapiia rosopur,
YTO KOCHHYC YIVIA [0 MOJYJIIO HE IIPEBOCXOIUT €UHUIIBI, YTO [OHATHO.

5. Hepasenctso I'enbaepa. Ilycts p,q > 1 Takue, 910 % + % =1.

1
q

/bf(l’)g(l")dx < /blf(z)lpdw ; /bg(l’)lqdl’

D710 Kak Obl HECUMMETPUYHAsS Bepcusi HepaBeHcTBa Kotn.

2B Poccun oveHb TOMy/IsapHO HazBaume HepaBeHcTBo Komm-Bymskosckoro. Hy mam ke Hy»KHBI pycckue baMuUIUM B HA3BAHHM
MaTeMaTUIEeCKUX yTBEPKIECHUH.



6. Hepasencrso Munkosckoro. Ilycts p > 1, Torma
1
p

b % b % b
/ @)+ g@Pde | < / f@pds | + / g(@)P da

Ha s10 HepaBeHCTBO MOXKHO CMOTpETH Tak. MbI MOXKEM BBECTH «IJIUHY (PYHKIIUU», KOTOPAs HE IMPOUCXOIUT
73 CKaJIIPHOTO IPOU3BEIEHUsT CJIELYIONUM 00Pa30oM

=

b
1l = / (@) de

Torma Jy1s 9TOf JINHBI BBIIOJIHSIETC HepaBeHeTBO TpeyroibHuka || f + gllp < || fllp + |19lp- TIo HOpMambHOMY,
TO €CTh [0 MATEMATUYECKOMY, Y 3TOI JIMHBI €CTh G0JIee IPUIMIHOE HA3BAHUE, OJ00HBIE JIMHBI HA3BIBAIOTCS
HopMamu. O HEX s1 TIOTOBOPIO 9y Th T103:Ke. 110BEephTe TIPUrOUTCA.

Samena nepemennoii Ilycrb y Hac ectb jBa orpeska [a, b| u [¢, d], koopaunary Ha [a, b] st Gyay o6o3HadarTs 3a t, a
KOOpAMHATY Ha [¢, d] 3a . [IycTh y Hac ectb orobpazkenue g: [a,b] — [c, d] no upasuwiy x = g(t) upuuem g(a) = cu
g(b) = d. To ecTh MBI IEPEBOAUM OJIH OTPE30K B [PYTOH U IPU ITOM HAYAJIO TIEPEXOIAT B HAYAJIO U KOHEI B KOHEI.
Ha 3T0 MOXXHO CMOTDETh TaK: MbI 3aJaJIi [IAPAMETPU3AINI0 0Tpe3Ka [¢, d] ¢ oMo GYHKIMNA ¢ OpeeIeHHOI
Ha oTpeske [a, b].

ITycrs Temepb y Hac ectb dyukius f Ha orpeske [¢,d]. B arom ciaydae uaTerpas f wa orpeske [c, d] MOXKHO
HMOCYUTATH C HOMOIIBLIO HAPAMETPH3AINN CJICAYIONHM 00pa3oM

d g(b) b b
/ f(x) d = / f(x) di = / Fla(t)) d(g(t)) | = / Fla(t)) g/ (t) dt
¢ g(a) a a

Baxknas gacthb popMysbl 00BesieHa B paMKy. JleBast 1 IIpaBasi 4aCTH OT PaMKHU — TO BCEro JIUIIb 1epeo003HAYEeHNUs.
Hymars 1po a1y GOpMyIIy MOXKHO TaK: €CJi Mbl HHTErpupyeM 1o orpesky [g(a), g(b)], To MOXKHO nesaTh 3aMeHy
[IEPEMEHHOM, TO €CTh HAJ0 BMECTO I IIOJACTABUTL ¢(t).

AuddepenniupoBanue uarerpasia Jlapaiite paccMOTPpUM HHTErPAJI C TIEPEMEHHBIM BEPXHUM IIPEIEIIOM, 8 UMEH-
HO, JIJIsT TPOU3BOJIbHOM GyHKIMK f paccMOTpuM (DyHKITUIO

F(z) = /f(t) dt

B srom ciryaae okaseiBaercs, aTo npousBogHas F' 310 f, TO ecTh

F(x) = / fyde| = f()

To ectb ecotm Bam Ham0 poAudHEPEHIINPOBATE UHTETPAJ IO BEPXHEMY IPEIELy, TO Bbl JOJXKHBI CTEPETh 3HAYOK
WHTErpaJja u MOJICTABATH 3HAYEHNE BEPXHEr0 IIPeiesia B IOAMHTErPAIbHY 0 PYHKINO. Ecan BepXHuuit mpeaest CJoKHO
3aBUCHUT OT TIapaMeTpa, To auddepeHImpoBaHue UALT M0 MPABUIy Tu(MOEPEHITMPOBAHNS CIOKHON (DYHKITNN

g(x) !

/ f)dt | = F(g(x)) = F'(g(x))g'(x) = f(g(x))g (x)

a

HuddepernupoBanue 1m0 HIXKHEMY TIPEEy TPOUCXOIAT AHAJOTUIHO U CJIEIYET U3 TOrO, YTO Mbl MOXKEM CMEHUTH
HUZKHUII 1 BEPXHUN IIpejies, IIOMEHAB 3HAK MHTerpaJia

/bf(x)dm == /xf(x)dx /Z—f(x)
x b



Ectp ermie ojaa curyarust, KOTOPYIO CTOUT UMETDH B BUY, Korjga MyHKIUA f 3aBUCAT OT JBYX MApAMETPOB T U ¢, B
9TOM cJlydae II0JIydaeTcs IIPaBUJIO

b ! b
/f(:mt)dt :/%f(x,t)dt
2

3/IeCh 3HAYOK 75— O3HAHYACT YACTHYIO MPOM3BO/HYIO 110 T, TO €CTh BBl CMOTpHTE Ha pynKmmio f (2, ) Kax Ha QyHKimo
OT x, cunTas t MOCTOSIHHOM BemanHO# u quddepeHnupyere B 0OOBITHOM CMBICIE TI0 x. Pe3ynbraTr Oymer GyHKIHUIO,
)
KOTOpas 3aBUCAT W OT T M OT t, BOT ee M HashIBaloT - f(7,t). Takyio dbopmysry rapaHTHPOBAHHO MOYKHO TPUMEHHTD,
)
Korfa - f(x,t) HempepbiBHa Kak (GyHKIESA JIBYX TepPeMeHHBIX. B 3aBHCHMOCTH OT BBIODAHHOTO MHTErpajia 9TOT
pe3ysIbTaT MOXKHO yCuanBaTh. HO B 1EJIOM MOYXKHO OCOGEHHO HE 33JIyMBIBATHCS W MOJb30BATHCS STUM IIPABUIIOM.

Ecan ke Hano npomuddepeHInpoBaTh HHTErPAJ Cpa3y M0 BCEMY OJTHOBPEMEHHO, TO IOJIYYHUTCH CJIEIyIoniee

!’

g(z) g(z)
/fmwm =fmmmwuw¢@mmwum+/}%ﬂ%wﬁ
h(z) h(x)

[Touemy 9TO UMEHHO TaK, s1 PACCKAXKY UIyTh IO32Ke, KOIria OyayT OYHKIIMI OT MHOTUX [MEPEMEHHBIX, a CEHYIac JIUIIb
CKayKy, 9TO HAJIO Ha 3TO CMOTPeTh TakK. MbI BBOIUM (DYHKIINIO TPEX IePEMEHHBIX

F(u,v,w):/f(w,t)dt

A HaM HaJI0 MOCYUTATH TIPOU3BOJAHYIO (DYHKIUU

DTO JesTaeTCs 10 MPABUITY

0 0 0

0(@)' = 5= Flg(@), h(w),2)g' (@) + 2 Flg(w), h(z), o)l (2) + 5 F(g(x),g(x), )

Bosibire s moka He X049y rOBOPUTH PO YACTHBIE TTPOU3BOIHBIE, IOTOMY ITOKA HAJIO 3alOMHHUTDH MIPABUJIO, 8 MOHITH
ero Jiydlie IOJIy9uTcd Ha CJIeTyIoNeM 3aHATUH.

Heomnpeneneunniii narerpaii  Heonpenenenasiv uaTErpajoM GyHKIun [ HasbiBaeTcss GyHKIUs F Takas, 94T0
F' = f. Takux dyHKIu MHOro, HO BCe OHM OTJMYAIOTCS HA KOHCTAHTY, TO ecTb ecam F| = f u Fy = f, 1o
Fy = Fy + ¢, tae ¢ € R. Heonpeienenubliit naTerpas 0003HAYaeTCs TaK

/f(m) de = F(z)+c¢

[TonsaTHo, 9TO KaKyIO-TO MYHKIINIO F' MOXKHO MTOCIUTATD 110 TTPABUITY

F(z) = /f(t) dt

W nest Heompe1e/IEHHOrO WHTETpaJja B TOM, 9TOOBI SIBHO HE CUMTATH KOHCTAHTY c. Hampumep, mocuuraeM WHTErPaJ
x . o o
fl Intdt. JasaiiTe mocMOTpUM HA COOTBETCTBYIOIINI HEOIPEIETIEHHBI HHTETPAJT

/lnzd:ﬁ:xlnx—/xdlnx:xlnx—/xldx:xlnx—/dx:zlnxforc
x

Tak kak HeOHpeﬂeJIeHHLII;'I nHTerpaJ — 3To OHpeﬂeJIeHHLII;'I HHTEerpaJl ¢ IepeMeHHbIM BEPXHUM IIPEIEJIOM ILIIOC J00ast
KOHCTaHTa, TO JJId €rO BhIYUCJ/ICHUA MO2KHO HUCIIOJIb30BaTb JIIOOBIE IIpaBUJIa BBIYUCJICHUA OIIPEACJICHHBIX HHTErPaJIOB
H €eIlne B KadeCTBe 60HyC& MOXKHO OTKHJbIBATh BC€ KOHCTAaHTHI BHE MHTETPaJIOB.



MHoromepHble MHTErPaJibl

MpbI ¢ BaMU y2Ke U3YYHJIM aHAJIOI IIPOU3BOJHBIX B Ciiy4yae (DYHKIMKM HECKOJbKHUX Ie€peMEeHHBbIX. Terepb jaBaiiTe
moifiMeM, UTO IPOUCXOAUT C WHTerpajamu. llycTh y Hac ecthb (PYHKIUsT HECKOJIbKUX IepeMeHHbIX f: R” — R u
nycth B R™ y Hac 3ajana Kakas-uu0yan dpurypa A C R™. Camblit mpocToit Bu, GUryphl — MapaJsiie/Ieriine,

OI={(z1,...,2,) ER" | a1 <21 <b1,...,0, <Xy < by} =]a1,b1] X ... X [an,by]

Wnu moxker ObITH mmap

Br(a)={x€eR ||z —a|] <r}

Torma MbI XOTHM IIOCYUTATH OPUEHTUPOBAHHBIA 1 + 1-MepHbIi 00beM nox rpadukom dyuriuu y = f(21,...,T,)
uaji, purypoit A. Ilpuyem o0bembl HaJ MIOCKOCTHIO y = 0 MbI OyJieM CIUTATh C TIJTIOCOM, & TIOJ Hell ¢ MHHYCOM.
Ha xaprtunke Huke s n300pa3mil MOJOKUATEJBHYIO YaCTh B KPACHOM I[BETE, & OTPUIATEIbHYIO YaCTh B CHHEM. B
KadecTBe (pUTypbI BBICTYIIAET KBaJpaT.

O6bem nox rpadurom Gyrakmun f: R — R nazg durypoit A C R™ naspiBaercsa nHTErpajoM (KpATHBIM HHTEIPAJIOM,
MHOIOMEDHBIM MHTEIDAJIOM U T.JI.) U 0003HAUAETCSI CJIELYIOIIIM 00Pa3oM

/f(xl,...,xn)dxl...da:n
A

4./f(x1,...,xn)dx1...dxn

Ourypa A C R™ HazbIBaeTCs 00/IaCTbIO NHTETPUPOBAHMS.

Eme ncronb3yercst obo3nadenne

3amedyanue npo 00JIacTb MHTErPUPOBaHUst ¢l TYT TOBOPIO CJIOBa PO «PUTypay W HE YTOUHAIO, ITO ITO 3HA-
quT. CBSI3aHO 3TO C TEM, UTO KJIACC JIOCTYIHBIX MHOXKECTB M3 R"™ 10 KOTOPBIM MOYKHO HHTEIPUPOBATH (DYHKITUH
3aBUCUT OT BUJIA WCIIOJIb3yeMOro mHTerpasia. Ho Mbl He OyjileM 3aMOpadnBaThCsi C KOHKPETHOUW KOHCTPYKImei. A B
MIPaKTUKE, BCE YTO BCTPEYAeTCsI OYIEeT BIIOJIHE KOHKPETHOM (DUTyPOii: IPSMOYTOJbHIKH, TPEYTOJBbHUKU, MHOTOYTOJIb-
HUKW, JUCKU, MapaJIIeJIeIUIe/Ibl, Mapbl, 00beIMHEHNsT STUX (PUTYDP, 00JIACTH 3a/IaBaeMble KAKIMU-TO (DYHKIIASIMA
u 1.71. O6BIYHO HA MPAKTHUKE BCETJA MOHATHO, YTO 3a 0OJACTHh HAM JIaHA U KaK ¢ Hell paborars. [loromy HeT 0co60r0
CMBICJIA PA3BOJIUTH DOJIBIIYIO0 TEOPHUIO HA ITOT CUET.

Ipumepsbr s Gosblneil HANIAJIHOCTH HUYKe n300paykeHa (DYHKIHUS JBYX IepeMeHHbIX 2z = x2 + y2. B nepsom
caydae B KadecrBe Gurypsl Beiopan ksajpar A; = [—5,5] x [—5,5], a Bo BTOpoM cjiy4dae JUCK Pajuyca 5, TO eCTh
Ay = {(z,y) | ®+y?* < 5%}. B nanHoM cJryuae Mbl XOTUM HOCYUTATH 06beM (3-MepHbIii) 10,1 TpacbUKOM MOBEPXHOCTH
z = 22 + y? B 30He orpanmIeHHoil ¢purypoit A, B mepsoM caydae u GUrypoii A; BO BTOPOM.



Kak cunratn nHTerpaJibl

Kak 06bruyno HaJ10 3HaTh mapy perentoB. OCHOBHASI UJiesl B TOM, 9TO KpaTHBIE HHTErPaJjIbl MOXKHO CBOJIUTDH K OOBIU-
HBIM MHTErpajiaM OT OJHOU IePEMEHHOI, a elle MOYKHO JeJlaTh XUTPble 3aMeHbl nepemeHHbix. Ho 060 Bcem 110
TOPAIIKY, HATHEM C ITPOCTHIX CBOMCTB.

CsoiicTBa

1. Hutst smo6oit dyukiuu f: R™ — R, moboro ancia A € R u mo6oit durypsr A C R™ BbimtosiHeHO

//\f(xl,...,wn)dwl...dxn:)\/f(xl,...,wn)dwl...dxn
A A

2. g mobebix dyuknuit f,g: R™ — R u mo6oit duryper A C R™ BeIIOIHEHO

/(f(xl,...,xn)—|—g(m1,...,xn))dx1...dmn:/f(ml,...,xn)dxl...dxn—l—/g(xl,...,xn)dxl...dxn
A A A

3. Hust mo6oit pyukuum f: R™ — R u 1r00b1x 1ByX He nepecekaronmuxcst puryp A, B C R™ BbInoIHEHO

/f(xl,...,xn)dxl...dxn:/f(xl,...,:rn)darl...d$n+/f(xl,...,$n)d$1...dxn
A B

AUB
CBe,Z[eHI/Ie K OJHOMEPHBIM HHTEerpaJJiaM

Teneps s x04y OOBSICHUTH KaK YCTPOEHO CBEJeHNe WHTerpaja K IOCIeI0BATEIFHOMY BBIUHUCIEHUIO OJHOMEPHBIX
nHTerpasos. B Hagase s chopmymupyio obiee mpaBmiio TOJBKO JIJTst TIPAMOYTOJIBHBIX 00JIacTell, a IOTOM B CIIyvae
IBYX MEPEMEHHBIX O0bACHIO KAK IIOCTYIATH C IPOM3BOJIHHBIMU ODJIACTSIMH.

O6uyuit ciayuait Ilycrs nam nana dynkuuga f: R™ — R u npamoyrosibublii napasutestermnes A = [ag, b] X ... X
[@n, by]. Torma

2% b by

A/f(xl,...mn)dml...dmn:/ / -l/f(ml,...,xn)dacl dzy ... | dz,

an az

Eciu BB 3a1yMbIBacTECh KOLJa Takoe paboTaeT, TO IPABUJIO CJEAYyIOlee, eCJIM MHOIOMEpPHBIH uurerpast no A cy-
IIIECTBYET, TO CYIIECTBYIOT U OJIHOMEPHBIE HHTEerpaJibl cupasa u dhopmyia paboraer. Ho Kak mokasaTsk, 4T0 MHOIO-
MepHBIii uHTerpas cyiectsyer? OKasbIBa€TCsl, €M B3sITh MOJYJIb (DYHKIMHA f, TO U3 CYIIECTBOBAHUS OJJHOMEDPHBIX
MHTETPAJIOB CIIpaBa CJIEyeT CYIIeCTBOBaHIE HHTerpaa ciaeBa. Ho onars ke, st 66 He HAPUIICH B IPOCTO IPUMEHSIT
Bce 9TH npasuia. OYeHb 9acTo MPOCTO CYIIECTBYET MHTErPas, KOTOPLIA paboTaeT B BallleM KOHKPETHOM CJLydae.

JapaiiTe 3a0y/ieM TOT KOMIMAD U si IIPOJEMOHCTPUPYIO CUTYAIMIO HA cepuu 0ojiee UM MeHee KOHKDPETHBIX
npumepos. Ilycrb, HanpuMmep, y Hac 3ajaHa GYHKIUS JBYX HepeMeHHBIX f(Z,y) ¥ Mbl XOTUM IIPOUHTEIPUPOBATH €€
0 OpsMOYTrosbHUKY A = [a,b] X [c,d], To ecTb miem

/ f(z,y) dvdy
A



Torua
bo by

[ t@pdedy= [ | [ saiz) ay
A 1

az a

Kpowme Toro, BepHO U B APYrOM IOPSIKE
by b

=/ /f(x,y)dy dx

a1

$1 ma Beskwmit cory4vaii pacundpyio nepBoe paBeHCcTBO. Mbl cHauasa cMorpuM Ha GyHKIuO f(z,y) Kak Ha QYHKIMIO
oT z, a y cunTaeM (HbUKCHPOBAHHBIM ITapamerpoM. VI nHTerpupyeM 1o orpesky [a1, b1 a1y dyHKIWMIO, 0IyIaeM

by
o(y) = /f(x, y)dx

Hasiee Mbl nostydennyo bYHKIMIO OT ¢ UHTEIPUPYEM 1O [ag, be], moaydaem

b2 b2 bl

/@(y)dyz/ /f(ﬂw)daj dy

az as
Kcraru, narerpas mo TakomMy IpsMOYTOJIBHUKY 9acTO ODO3HAYAIOT TaK

b2 by

//f(x, y) dxdy

az ai

IIpuyaem f u dy CrpynnupoBaHbl KaK CKOOKHU, BHEITHUI MHTErpaJjl COOTBETCTBYET BHelrHeMY muddepeHuany dy.

PyHKOMs OBYX IIePEMEHHBIX Ha KBaapare Bor koHkperHbii npumep. Ilycrs y mac A = [0,1] x [0,1], a
flx,y) = 22 4+ y2. Torma

1 1

/(x2+y2)dxdy:/ /(w2+y2)dx dy:/1

A 0 0 0
i 1 1 3
[ (z+p2)ay=(=y+ L
/<3+y) v=3v+73
0

®yHKIUA IBYX MepeMeHHbBIX Ha AucKe llycTh Temephb B KauecTse (GUIyphI BRICTYIAET JUCK paamyca 1, To ecTs
A={(z,y) | 2 +y? < 1}, a bynkmus Ta xe camas f(r,y) = 22 +1y>. Torga HaI0 TOCMOTPETH KaKoe HANOOJIbIee I
HanMeHbITIee 3HaTeHNe MOYKeT IPUHIMATD IlepBasd IepeMenHas 2. MBI BIINM, 9TO OH MOXKeT MeHAThesa oT —1 1o 1.
Ho Torma jyia Kaxk1oro dbukcnpopannoro x € [—1, 1], anucio y Moxker MeHaTbes o —v 1 — 22 10 V1 — 22. B sTom
CIIydae MbI MOYKEM IIOCUUTATH HAII MHTEIPAJ CIIEILYIONIM 00pa30M

11 2
Ll

0

1 V1—z?
/(ac2 +y?) dedy = / / (2® +yH) dy | do
A -1 \oviz?

ObpaTure BHUMAHUE, 9TO IIEPEMEHHAsT ¢ KOTOPOW MBI HAYUHAJU — X, OyJeT CaMOil BHEIHeH [epeMeHHON MHTerpu-
poBaHusi, jajee uger y. Temeppb JHIIb OCTAETCA TEXHUUECKas 33J/a9a HOCUUTATH JAaHHbIe MHTEerpaJbl. ¢ He Oyy
HUKOI'O MyYUTDb BblYucjIeHussMu. Tem 6osiee, 9TO TYT MOXKHO IPOJEJIATH BBIYUCIEHUE CUJIBHO IIPOIIIE.
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DyHKIUA ABYX II€PEMEHHBIX HAa NPOU3BOJBHOM MHOXKecTBe B obmiem cirydae eciu Bama urypa 3ajgamna
KaK-TO 60Jjiee CJIOKHO, IPUMEHSIETC TOYHO TAKOM Ke IOJXOJ KaK W B IpeaslayieM npumepe. Ilycts y Hac omsars
byuxmus aByx nepemennbix f(x,y) u durypa A C R? kak Ha KapTHHKe HHUZKE.

y = h(x) — y=h(x)

— y=g()

10

0.5

0.0

—0.5

-1.0

-15 ~1.0 ~0.5 0.0 0.5 1.0

Bepxusig rpanuna dburypsl 3agana ypasaenueM y = h(x), a umkags yciaosueM y = g(x). [lpu satom x Mensiercs B
nuanazone or a g0 b. [lpu dukcupoBanHoM x, epeMenHas y GEKUT 0 CHHEMY BEPTUKAJILHOMY OTPe3Ky oT ¢(x)
o f(z). loromy uarerpan f 1o A MOXKHO HOCYUTATH TAK

[ #y)dady = /b h/(z)f(w,y)dy dz
A a \g(z)

Ecsin upu srom f(x,y) = 1, To MBI IOCYUTAEM ILIOMIAJIb HAIIEH CII0KHON burypsr A.

3ameHa mepeMeHHOM’

Ouenb 10JI€3HbBIH npueM BBIYUCJICHHUA MHTErpaJioB OT HECKOJIbKUX II€PEMEHHBIX — CAeJaThb 3aMeHy obJlacT MHTE-

IPUPOBAHMUS C ITOMOIIBIO 3aMEHbI IIePEeMEHHbBIX.
IIpemmonoxuM y Hac ecTh ¢urypa A C R? m Ha 3Toif IJIOCKOCTH KOOPAWHATLI v U v. V eme ecTh (urypa
B C R? u Ha 5Toil III0CKOCTH KOOPAUHATLI 1 ¥. Ul mpeamonoxuM y Hac ecth oTobpazkenue ¢: R? — R? 3amanmnoe

(x _ ([f(u,v)
Y 9(u, v)
Kotopoe mourn B3anMHO 0/(HO3HATHO 1epesoaut burypy A B B. Iloj mourn B3anMHO 0JJHO3HAYHBIM O0TOOPAYKEHNEM

s1 IMEI0 B BUJLy OTODpakeHue, KOTOPOe OJHO3HAYHO Ha BHYTPeHHe YacTu (DUryphl U JIUIIb Ha TPAHUIE MOXKET OBbIThH
He OJHO3HAYHBIM. /300pa3umM 3TO Ha PUCYHKE HUKE.

110 NIPaBUILY

Ipeamonoxum, uro y Hac ectb dyHKIusA h(x,y) U MBI XOTUM TOCIATATH HHTETPAJ

/ h(z,y) dzdy
B

11



Ogmako durypa B odeHb cIoXKHAS U IO Hell CIUTATH HHTErpasn He ymoono. OKasbIBaeTCsS MOXKHO CHEIATD 3aMe-
HYy II€PEeMEHHBIX C HOMOIIBI0 OTOOpakeHus ¢ u cMeHuTh burypy B ma A. s 5T0oro HaJ0 B MHTErpajie BMECTO
x u y noxcrasuth f(u,v) n g(u,v). Torna dburypa B 3amenurcst Ha burypy A, dysxkuus h(z,y) 3aMeHuTcs Ha
h(f(u,v),g(u,v)) u ocramsocs MOHATD, Ha 9TO 3aMeHuTcst drdy. JIjis Haga a COCTABUM CJIEIYIONIYIO MATPUILLY, HA3bI-
BaEMYIO SKOOMAHOM

of 8f
=% %)
ou  Ov
Oxkazwisaercs, uro dzdy = |det(J(¢))| dudv.? Takum o6pasom MHTErpaj CUMTAETCS O TPABILITY

/h(x’y) drdy = /h(f(uvv%g(uvv)ﬂdet(J(w))ldudv

B A

HpI/IMeHeHI/Ie 3aM€EHbI IIepeMEeHHbIX ﬂaBaﬁTe ImocduTaeM HHTerpaJi
(2” +y?) dady
z2+y2<a?

C IIOMOIIb 3aMeHbI IIEPEMEeHHBIX. DTOT UHTErPaJjl BeAeTcs 110 KPYry paauyca a. JapaiiTe cuesaeM CJIeLyIONIyo 3aMeHy
nepeMeHHbIX
T =rcost

y =rsint

Torna eciu t npoberaer or 0 1o 27, a r npoberaer or 0 10 a, 10 (x,y) Hpoberaer Bech JUCK. DTO 0TOOpaXKEeHUE HE
OJIHO3HAYHO JIUIITh Ha T'PaHuUIle KBajapara. [locTponmM sikoOuaH Jjis HAIllel 3aMeHbI

__ [cost —rsint
" \sint rcost
Omnpenenurens sskobuana det J = r. 3uagur
(2% + y?) dovdy = / r2|r| drdt
z2+y?<a? [0,a] x [0,27]

A Tenepb 1IIocduTaeM C IIOMOIIb O/ITHOMEPHbBIX MHTEI'PaJIOB

2T a 271'4
3 r
dr | dt= | —
/ /’" ' /4
0 0 0

PaBHOMepHaﬂ CXOOAMMOCTDb N1 MHTEerpaJibl

4 4

27
@ a4 a ™a
dt= [ L gt =22L =T
. /4 4T
0

[ycrs f,(z) — mocieoBaTeIbHOCTD HenpepbIBHbIX byHKImit Ha orpeske [0, 1].7 U mycTh 0Ha IOTOYETHO CXOUTCS K
HEKOTOpOiil HenpepbiBHOl dyuknuu f(x) Ha 3TOM orpeske. Torja okasbiBaercs, 9To f,, CXOAUTCS PABHOMEDHO K f.
D10 OYeHb 10JIE3HOE yTBEPKIeHue. [aBHbLil 60HyC OT HEro 3akjrodaercd BoT B yeM. Eciu na orpeske [0, 1] nocie-
JI0BaTEIbHOCTD HEIIPEPBIBHBIX (DYHKIWHA f,, pABHOMEPHO cXOAUTCA K PYHKIUU f, TO PYHKIMSA f TOKE HEIIPEPBIBHBI

U BEPHO PABEHCTBO
1 1 1

lim fn(w)dx:/nll_{rolofn(m) dx:/f(x) dx
0

n—o00
0 0
3Ha camom Jiefle y MHOTOMEPHOTO HHTErpaJia eCTh OPHEHTHPOBAHHAS BEPCHS, B KOTOPOH He Hy’KeH MOJLYJb ONPEIeUTEs, He Hy»KHa
OJIHO3HAYHOCTD [IapaMeTPU3aIINHI, HO OH Oy/leT MEHATh 3HaK OT IlepeCcTaHOBKY dx;. Eciu BbI BCTpeTUTe TaKue CJIOBA KaK WHTErPHPOBAaHUE
nuddepennuanbubix Gopm, Teopema CTOKCa U T.7., TO 3HANTE, STO PO MHOMOMEPHBIH OPHEHTHPOBAHHBIN HHTEIDAJL.
AMoxkHO B3ATD J1I060# 0TPe30K, [0, 1] BHIGPaH HCKITIOYUTENHHO U3 3CTETHYECKUX COOBParKeHMil.
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IIpeobpazoBanne Pypbe

EcTtb HECKOBKO pa3HbIX KOHTEKCTOB, B KOTOPBIX BO3HUKAIOT mpeobpazoBanus Pypre. K Kiraccmaeckum oTHOCSITCS
npeobpasoBanusi Pypbe Ha OKPY:KHOCTH (Hy WM Ha OTPe3Ke) n Ha npsamoii. Kiaccuueckne hopMynbl Ha mpsiMOii
paboTaT TOJBKO JjIsl O9€Hb HEDOJIBINOrO KJacca (pyHKIUI, 9TO MPUBOIUT K HEOOXOIUMOCTH PaCCMOTPETh HEeKJIac-
cuveckne mmpeobpazosannsa Oypbe, OTHAKO 3TO TpebyeT TaK Ha3hIBAEMBIX «0006ImeHHEIX dyHKIwmiis.” Kpome Toro,
€CJIN MBI XOTHM 9TO-TO ITOCYUTATH, TO HY?KHO YMEThb HEIPEPBHIBHYIO 3329y PUBECTH K JUCKPETHOMY CJIyJai0, TaK
BO3HHMKAET IUCKpETHas Bepcusi mpeodbpasoBanus Pypbe, I KOTOpoe ecTh 3PHEKTUBHBIN AJTOPUTM BBIYUCTCHUS
10JT, Ha3BaHUeM «ObICTpoe mpeobpazoBanust Pypoes. f mocrapaioch pacckasaTh Ipo ujero npeobpazosanus Oypoe,
[1OCJIe YEero OIUIILY B OOIUX YepTax KJaCCUYECKHe CJIydau M JUCKPETHBIN Ciiydail Ha OKPYKHOCTH.

N pesa npeobpazoBanust @Pypbe

Buumanue, ceitaac oymner venpustao. OCTOPOKHO: ®usuka. JlaBaiire npeacraBum cebe 3a1ady KOIeOaHIS 9€ro-
Jsmbo Ha npsmoit. [IpegcraBpre, 9TO BRI 3aKpenuIn MIHYP KOHEIHON JJINHBI C OMHON CTOPOHBI, a C APYTroil pyKaMu
JiepraeTe €ro m CMOTPHUTE Ha TO, Kakyio (bOpMy OH IMPUHMMAET W IPU ITOM TOXKE He JIBUraeTech ¢ Mecra. Fcim
OCTAHOBUTDH BPEMs, TO B KaXKJIbIIi MOMEHT BpEMEHH MIHYD OyJIeT JaBaTh BaM I'paduK KAKOW-TO DYHKIIH HA TPSIMOI.
Yem jajibllle TOYKA Ha IIHYPe OT COCTOsIHUsI ITOKOsI, TEM CUJIbHEe OHa OTKJIOHEHa, JeM OJinKe, TeM MeHee OHa
OTKJIOHEHa, OT TOKOsI. TakuM 00pa3oM Ha Takoil rpaduK MOXKHO CMOTPETh KaK Ha CUTHAJ B IIPOCTPAHCTBE, TJE II0
OCH & UZET KOOPAUHATA TOYEK IIHYPA, & 110 OCH Y UIET CTEIeHb OTKJIOHEHHs TOYKH OT IOJIOXKEHUs [OKOsl (TO eCTh
«cuiiay Kosiebanust ). AHAJIOMMYHO MOXKHO GPOCUTH KaMeHb B 6acceiiH ¢ BOmON U cMOTpeTh Ha (hOPMY HOBEPXHOCTU
Bozbl cOOKy. Torma 9T0 OyaeT y:ke He KoJjiebaHue IIHypa, a KojiebaHue BOAbl. AHAJOIMYHO MOXKHO JAyMaTh U IIPO
pacIpocTpaHeHne 3ByKa Ha MPSMON — 9TO KoJiebaHMe MOJIEKYJT BO3/lyXa. TOYHO TaK K€ PACIHpPOCTPAHEHHE CBETa —
9TO0 KojiebaHMe 3JIeKTPOMArHUTHOTO TOJIsl. Takasi KapTUHKa CO IIHYPOM WJIM BOJOW OYEHb ITOMOraeT JIyMAaThb IIPO
abcTpaKTHDBIE KOJIEOAHMSI.

B mameit curyaruu Bbitite Mbl Opaju MIHYP KOHEYHON JJIMHBI, 9TO COOTBETCTBYeT Kojebanmio Ha oTpeske. [Ipo
Takue KOJIEDAHUS eIle MOJIE3HO JIyMaTh, KaK KOJeOaHUs CTPYHBI My3bIKAJIHHOrO WHCTpyMeHTa. OJHAKO, MOJE3HO
paccMaTpuBaTh erle KojaeOaHus «OeCKOHEYHOr0» IIHypa B 00€ CTOPOHBI. IDTH J(Be 3aJa9d SIBJISIIOTCS ITPEIMETOM
U3yYeHUsl KJIACCUYECKOro Cjrydasl jiisi npeodpaszosanust Oypoe. /laBaiiTe paccMOTpPUM MX OTJIEJIBHO.

OTpesok (uam OKpy»KHOCTB) B ciyuae orpeska [0, 27| MOXKHO paccMOTPETH «3JIEMEHTAPHBIE KOJIeOaHUsI» BHIA
sin(kx) u cos(mz) mug k,m € Z, k > 0um > 0. ru GyHKIuI 0TBEHAIOT KOJIEOAHUIM C JIMCKPETHLIMA 9aCTOTAMUI
k m m. Ecam nymars mpo xKosebanne CTPyHBI TUTAPHI, TO MOYKHO JyMAaTh, UTO TAKOE 3JEMEHTApHOE KOJebaHne NaeT
3BYK OINIPEJIETIEHHON 9acTOThl. TO eCTh B C/lydae KOHEUHOW CTPYHBI y HAC €CTh JIUINb JIUCKPETHBIN HabOp 9aCTOT,
KOTOpbIE€ MOI'yT BO3HUKATD. Tenepb UHTEpeCHasd 3a/lav9a 3aK/II0TaeTCd B TOM, qTO6I)I OlpeIe/INTh, & KaKne 1aCTOThI
BXOJIAAT B CHTHAJ W C KaKOil CHJIOf OHE BXOAAT. 110 CyTH 3TO 3ajada pas3jioKeHusl (DYHKIUU Ha OTPE3Ke B DAJ| U3
CHHYCOB M KOCHHYCOB C KOI(DMDUITHEHTAMU.

IIpsimas B ciaydae npsMoii K «3J1eMEHTapHBIM KOJIEOAHUSIM» y2Ke OTHOCATCA KOJIeOaHNsl ¢ TPOM3BOJIBHBIME IaCTO-
ramu Bpoje sin(Az) u cos(ux), tae A, p € Ru A > 0u p > 0. Ty xopoio gymarsh 1po KojiebaHue Kak Ipo CBETOBON
CHI'HAJI B IIPOCTPAHCTBE Ha IpAMOil. MbI 3HAEM €ro MOHIHOCTH B KaxKJOil TOYKE IMPOCTPAHCTBA. A 3JIeMEHTapHBIE
YACTOTHI OTBEYAIOT I(BeTy (Ha CAaMOM JieJle TYT HaJ0 UCIOJIb30BATh KOMIUIEKCHBIE (DYHKIMHI, UTOOBI TIPABIJILHO TO-
BODUTH PO CBET, TAK KAK Yy HEr0 €CTh IOJIAPHU3AlUs, HO 9 Ceiiuac PacCKas3blBaI0 Ha Hajblax). JacTOThl B 3TOM
cJlydae OTBEYAIOT PA3JIMYHBIM IIBETaM, KOTOPbIE Mbl MOYKEM BUJETh WU YKe MHPPAKPACHOMY U3JIyYEHUIO (TO eCTh
TEIUIOBOMY WU3JIyYEHUIO), WM YIbTPA(HUOIETOBOMY HM3Jly9€HHIO, WA PAIUO CUIHAJY U T.J. lIpaBuibHO paccmar-
pUBATH KOJIEOAHUSA JTEKTPOMAHUTHOTO TIOJIs, 3araJ0vHON CyOCTaHIN, KOTOPas BCe 0ObACHSET. 110TOMY, ec/in MbI
XOTHM IIOHATH KaKOe U3JIyYeHUe [IPUCYTCTBYET B HAIEM CUIHAJIE, HAM HaJ0 yMETh BBIUUC/IATD BKJIAJ 9aCTOT B HAII
curuain.’ Tak Kak Ha IPsSMOI JaCTOT KOHTHHYYM, TO B BHJE CYMMbI TAKIX 3JIEMEHTAPHBIX CUTHAJIOB (PYHKITAIO yIKe
HE IPeJCTABUIND, IIOTOMY PA3JIO?KEHUE B Pl 3aMEHSETCA HA WHTErPaJl.

506061mennbIe GDYHKIME — 5T0 (PeHOMEH PYCCKOro o0pa3oBaHusa. Bo BceM MEpe HX HA3BIBAIOT IIPOCTO PACIIPEIETICHISIMI.

SHanpumep, MbI 3HAaEM, 9TO Pa3HbIE ATOMBI PA3HBIX BEIECTB H3JIyYalOT CHIHAJBI HA PA3HBIX YaCTOTaX. 110TOMY €CIIM MBI XOTHM
Y3HATH COCTaB JAJIEKON 3BE3MbI, TO HAM OBl XOTEJOCHh NMPHWHSATH CBET OT HEE W PA3JIO’KUTh €ro B HAOOp TAKMX YACTOT, U9TO JAET HAM
3HAHUE O TOM, YTO YK€ TaM 3a 3JIeMEHThl. KpoMme TOro, Ha 9TOM HOAXOJE OCHOBaHBbI METO/IbI OIPEJIEJIEHUsI COCTABA CIIABOB M IIPOBEPKU
KaveCTBa MATEPUAJIOB.
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IIpeo6pazoBanne Pypbe Ha oTpe3ke (OKPYNHOCTH )
®DopwmalsibHO peobpasoBanne Pypbe Ha OTpe3Ke HaunHaeTcs Tak. JlaBaiite paccMoTpuM QyHKIUU
{f:1]0,2n] = C}

DTO TO XKe caMoe, 9YTO PACCMOTPETH 27 nepuoudeckne (hyHKIMU Ha MPAMON UM UTO TO ¥Keé CAMOE, PACCMOTPETH
dbyukmu Ha OKpyxKHOCTH, TAE 0 € [0,27] — yrosa mapaMeTpu3yIOmuil TOUKY Ha OKPYXKHOCTH. IIpm 3TOM MBI HE
npejosaraeM, 9To (pyHKIMHA HEIPEPLIBHBI UK 00J1a1aI0T KAKUME-TO €I11e JONOJHATETbHBIMY CBOWcTBaMu. [Ipo Hux
MBI [IOMOBOPHUM TI037Ke. Tak Ke sl paccMaTpUBA0 KOMILIEKCHO3HAYHBbIE (DYHKIUH, IIOTOMY YTO 3TO JEJIAeT TEOPHUIO
TEXHUIECKHU 6O0JIee TPOCTOM 1 OYeHb XOPOIIO MOJIXOIHT JIJIS CJIydas SJeKTPOMATHUTHBIX KOJTeOaHMIA.

B 3ToM cirydae B KadecTBe «3JIeMEHTapHLIX KOMeOaHmii» MBI paccMaTpuBaeM byHKIHE ¢ () = e = cos(kx) +
isin(kx), tme k € Z. 9ro dbysxnuu nmetomme niepuoy, 27/ |k|. To ecTh Bce seMeHTapHBIE KOJEOAHWs TAPAMETPHU-
30BaHbI IeJibiMK uncaamu. [Ipeobpasosanrem @ypre or dynkiun f HasbiBaercss Habop kKo duiumenTo ai € C
TaKWUX, 9TO

1 27 "
ar = — x)e " dx
" 2m
YT06BI TaKOiT HHTErpajt IMeJT CMBICT HaM JIOCTATOYHO TIPEIIOJIOKHATD, 9To cymecTyeT naterpar || f|l1 = [, |f(z)| dz.

Ecuu mb1 ymaem mpo f () Kak mpo OTKJIOHEHHe KOJIEGIIIOIIEr0Csi MATEPHAJIA OT COCTOSHHUS TIOKOsI (TO eCTh HYJIsl), TO
vem Gosbie | f(2)| Tem, MOIIHEE STO OTKJIOHEHHE U TeM GOJIbIIE SHEPIUH COIEPKUTCS B HAIIIEM CUTHAJIE B TOUKE X.
Taxum 06pazom Ha uHTerpa || f||1 MOXKHO CMOTpETH Kak Ha CPEJIHIO 3HEPruio B HamieM curaaje.” Takum oGpazom
MBI TTOCTPOMJIA OTODparKeHme

F: Ll[O, 27T] — Co(Z), f — {ak}kEZ

rie L1]0,27] — dbynaxknmm ma orpeske [0, 27| ¢ unterpupyembim momysiem,” Co(Z) — mocienosarenbroctn ap € C
npu k € Z, takue, uto ap — 0 npu k — Foo. O6paTuM BHEMaHMe, YTO IPH 3TOM OTOOpazkeHuu e'™® muer B
HOCJIEJI0BATEILHOCTD {a) = 0}'}, TO eCTh eJUHIYKa B 1M-OM MECTe U Hy/II B OCTaJIbHBIX MecTax. IIpo kosddunuent
ap TaKuM 0Opa3’OM HAJO0 JyMaTh KakK IIPO BKJAJ 3JEeMEHTApHOro Kojebamus e* p curman f. Yeiaosume TOro, 9o
@}, CTPEMSATCS K HyJIO Ha GECKOHEYHOCTH O3HAYAET, YTO KOJIeDAHUs C BLICOKUMH YACTOTAMU BHOCAT BCE MEHBINE W

MEHbIII€ BKJIaJ B CUTHAJI.

CgoiicTBa npeobpaszoBanus F' Orobpaxkenue F' HasbiBaeTcs HpsMbIM IpeobpaszoBanueM Pypbe. OHO MHbBEK-
THUBHO B CJICJIyIONIEM CMBICJIE, €CJIA JBe (DYHKIMU JAIOT OJUH U TOT Ke HAabOp KO3(DUIUEHTOB, TO OHU COBHAA-
10T «IIOYTH BCIOJLY» Ha HpsiMoii (To ecTh MHOKecTBO Touek {x | f(z) # g(x)} umeer «umuny» momb).” Jlasaiite
NpUEBeLy TJIABHBIA npumep. Eciau Bl m3mennTe GyHKIHIO f B OMHON TOYKE, TO MHTErPAbl OT HEe HE M3MEHSIT-
cs. AHAJIOTMYHO, BbI MOXKETE IOMEHATH [ B CUETHOM YHUCJIE TOYEK M 9TO HUKAK He OTpasuTcs Ha Koddbduimen-
Tax ag. Ho eciu dyHKIuu f U ¢ HEIpepbiBHBI U Yy HUX COBIAJIAOT peobpasoBanus Pypbe, TO OHH COBIAJIAIOT
BCIOJly Ha OTpe3Ke. 9TO 0ToOparkKeHne He SBJISAeTCs CIOPbEKTHBHLIM, HO B HEKOTOPOM CMBICJIE <IIOUTH CIOPbHEKTHB-
HO». Ecin BBecTH ||ag||co = maxy |ax|, TO MBI OIyUNM HNOHSITHE PACCTOSHUS MEXKJLY JBYMS HOCJI€I0BATEILHOCTI
plag,br) = |lax — bklleo. Torma obpaz F wioren B Co(Z), TO ecTh eciu Jaxke KaKag-TO MOCJIEI0BATEIHLHOCTD He
JIEXKAT B 0Opa3e psJoM ¢ Heil B PABHOMEPHONW METPHUKE CKOJIb YTOJHO OJIM3KO MOXKHO HAUTH IIOCJIEIOBATETHHOCTD
u3 obpaza. [lo BuguMOMy JydIle OmnucaTh 00pa3 TYT HETb3s.

BeenenHyt0 BbIIIE HOPMY ||ak||co = maxy |ag|, MOKHO HHTEPIPETUPOBATH TaK: ||ag||cc — CAMBIH GOIBIION BKIAT
3JIEMEHTAPHOro KojieGanus 1o momnaocTH. ITo onpeaesrenuio MoKHO mokaszarhb, 910 || F(f)|| < || f]]1- To ects Mak-
CUMAaJIbHAs YHEPIUsl CUI'HAJIA JJEMEHTAPHOTO KOJeOaHUs He IIPEBOCXOAUT CPEIHell SHepruu BCero curuaja. Ito ne
YIUBATEIBHO, OJTHAKO MBI ObI XOTEJIN KAKOW-TO 3aKOH COXPAHEHUsI SHEPIUH W BO3MOXKHOCTH BOCCTAHOBUTDH (OYyHKITUIO
f no mabopy kospdunuentor ai. O6parusim peobpazoBanneM Pypbe HazbiBaeTcs GoOpMyIa

{ax} — Z ape'*®
k

To ecTh MBI CKJI3JIBIBAEM BCe 3JIEMEHTAPHBIE KOJIEOAHUSI C COOTBETCTBYIOIIMMU MOIIHOCTSIMU. ECTh o/iHa OOoJIbIIast
pobJieMa, KaK Mbl 3HAEM CXOJUMOCTD G K HYJIIO SIBJISIETCS HEOOXOIUMBIM, HO He JIOCTATOYHBIM YCJIOBUEM JIJIsi CXO-
mumoctu psina. [lotomy Takast popmysia BoobIe TOBOPs JaeT pacxoisrnuecs psaabl. V1 Bo3HIKaeT BOIPOC, & B KAKOM

"BHuUMAaHEE, TYT s IIOIb3YIOCH CIOBAMHU <«MOIIHOCTb», «JHEPTHs» U T.J. HebOpMaabHO. DU3NUECKUIl CMBIC BCEMY ITOMY MOMKHO
aKKypaTHO IIPUJIATh JIUIIb KOTJla OOCY»KIaeTcst KOHKpeTHast du3ndecKas 3ajada, a He oOIuil mareMarudeckuit dopmaan3M. Tem He
MeHee, 3TU CJIOBA IOJIE3HBI JjIsi (POPMUPOBAHUS KAKON-TO MHTYUIMH, YTO YK€ MBI TYT CUUTAEM.

8Uurerpan JleGera B 5TOM ILIaHe OYeHDb YIOGEH, HOTOMY 4YTO (bYHKI[MS HHTErPUPYEMa TOIJA M TOJBKO TOIZA, KOIJA MHTEIDHPYEM

MOZYJIb (PYHKIIAU.
9Bostee TOPOBHO PO Pa3MeEpbl MHOMKECTB 5 [IOIOBOPIO Ha TEOPHH BEPOSTHOCTEIH.
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CMBICJIE BOODIIE TaKhe PsJIbl CXOJATCS W MOYKHO JIM HAWTH Takoi KJyace YyHKIH, KOTOpbIe OYILyT BOCCTAHABJIU-
BATBHCS TI0 CBOUM KO3 DUITIEHTAM.

IIpeobpazoBanue B Ly /laBaiiTe paccMOTpHUM CJEIYIONINE MHOXKECTBA,

LQ[O,ZW]:{f: [0, 27] = C 3/02W|f(x)|2dx}

12(Z)

ar |ke€Z, 3 |axl?
k

[TepBoe ompeesisier 3anac GyHKIMI — Takue MYHKIMHA, YTO UX MOJIYJIb B KBaJpare HHTEIPUPYEM, 8 BTOPOe — 3aI1ac
nocyieoBaTeabHOCTE. Torma MOXKHO MOKA3aTh, 9TO IpsiMOe U 0bparHoe orobparxkenusi Pypbe sIBJISTIOTCST B3aAMMHO
0OpATHBLIMI OTOOPaYKEHUSIMIT:

F: Ly[0,27] — l2 F~ 1 1y(Z) — L0, 27

27
1 ,
7Zk)ZL’ ikx
dzx ay — —— E ape
Ut F V2T . F

O6paruTe BHUMaHWE Ha [IEPEHOPMHUPOBKY B Ipeobpasopanun @ypoe. OHa ciesiana BOT 10 Kakoil npuunue. Jleso
B TOM, 9TO 00a IIPOCTPAHCTBA COJEPIKAT €CTECTBEHHOE CKaJISIPHOE IIPOM3Be/ieHNe, a npeobpazosanust Pypwe ¢ Ta-
KO TEPEHOPMUPOBKOIL €ro cOXpaHsaroT. TovuHee, Ha MPOCTPAHCTBE DYHKITUI MBI OIPEIETNM CJIEIYIONEe CKAISIPHOE

MIPON3BeIeHIe
27

(f.9)= [ fla)g(z)dz

0

(ak, br) Z akb.

O6paruTe BHUMaHIE HA KOMILJIEKCHOE COIPSI?KEHNE HaJl BTOPBIM apryMeHTOM. 7l He 0bcyx)ma popMasibHO CKAJISAp-
HbIE TTPOU3BEJICHUsI B KOMILUIEKCHOM cjiydae. OKasblBAeTCsl, YTO BOT TaK KAaK HAIKCAHO BBIIIE JIEJATH [TPABUJIBHO,
HO 51 HE XO4Yy OCTAHABJIUBATHCS Ha 3TOM HOAPO6HO. C TAKUMHU CKAJSIPHBIME [TPOU3BEJICHUSIMU BEPHO PABEHCTBO

(F(f),F(g)) = (f,9). Bonee Toro, Ha BEJMIUHBI

2
/|mmenwF:ZMP
0 &

MOYKHO CMOTPETh KaK Ha <«CPEJHIO SHEPrHio» B f M aj COOTBETCTBEHHO. TaK KAK 9TO IMPOCTO JJINHBI BEKTOPOB
B T€PMUHAX CKAJISIPHBIX IIPOM3BEIEHUI U F' COXpaHsieT CKaJspHOe MPOU3BEIEHNE, TO JJIMHBI TOXKE COXPAHSIIOTCS.
A suaqur ||f|l2 = [|[F(f)]|2, T0 ecTb MBI mOXyYHIN YKeJIaeMblil 3aKOH «COXpaHeHus sHeprun». OKaspiBaeTcs JJist
COXpaHeHHsl SHePTUN HAJI0 CUMTATh He TLIONIa b 1o rpadukom |f|, a miomaas mos rpadukom |f2|. U BoT B TakoM
BU/IE SHEPTUsI COXPAHSIETCSI.

Tor dakr, uro npsmoe u obparHoe mpeobpazoBanue Dypbe SBISIOTCS B3aMMHO OOPATHBIMU, O3HAYAET, UTO
100y 10 DYHKIMIO MOXKHO PA3JIoKuTh B psax Pypobe:

27
fm=;;(oﬂm%wﬂﬁw

OsHaKo, HAJI0 YyTOUHUTH OYEHb BAXKHYIO BEIl[b — B KAKOM CMBICJIE CXOJUTCs Psij| B IpaBoil dacru. Boobie rosopst
[IOTOYETHO CXOAMMOCTH MOXKeT He ObITh ¥ psiJia B mpaBoil yact. OIHAKO, CXOIUMOCTb Gy/IeT B CMBIC/IE PACCTOSTHHS
B L3[0,27]. A umenno, eciau 0603HAIUTD

27
o) = 5= 50 ([ s ) e

A na IIPOCTPAHCTBE oCJIeJI0BaTeJIbHOCTEMN

1fll2 =

10 ||f — fnll2 = 0 upu N — .
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Eme oann ciocod cMoTpersh Ha KOMITO3UITAIO TIPSMOTO 1 obpaTHoro mpeobpasosanus Pypoe ciemyromnuit. OymHk-
i e*® 1pu k € 7 06pasyioT opTOHOPMHUpPOBAaHHLIH «6asmc» nmpocrpancTsa Lo[0,27] B ciieayiomenm cvbicte. Onn
06pa3yIoT OPTOrOHAJIBLHYIO CUCTEMY, TO €CTh (eik”, eimT) = 2768 ™. U ipu aToM m06ast (DyHKIMST OTHOZHATHO IIPE/T-
CTaBJIAETCS B BUJE PANA » are’™® (rme cXoIMMOCTDL psia MMeeTcss B BHIY B CMBICTE PACCTOSHHS M PABEHCTBO
dyukuuit umeerca B Buy nouru seopy ). Torma dopmysia pazioxkenus dyukinuu B psig, Dypbe MOKHO TPAKTOBATH
Kak (HOpMyIy BRIYUCTEHNsST KOIMDPUITUEHTOB ITPH OPTOHOPMUPOBAHHOM 0a3mce, TO €CTh

ikx o
f — Z Meikw _ % Z(f? eikw)eikw _ % Z ( i f(x)e—ikw d.%') eik;};
k ’ =

k

Torma pasenctso || f|la = ||F(f)]|2 — 9To mpocto Teopema Iudaropa B opTOHOPMUPOBAHHOM Gasuce \/%e“””.

Cayqait R vs C  Ecau mber npeacrasuun dyaknuio [ B Buie psga Pypbe, T0 ecThb

f([L’) _ % Zakeikx
k

To ko3bdurmenTsr a € C 0TBEYAIOT 33 «AMIVIATYLY> U <IOISAPH3AIAIO» s 9IeMEHTapHOro Kojebamus e'F®.
IMox aMILUIITYI0# ST IOHUMAIO |ag| — HO CyTH OHA MOKA3bIBAET HA CKOJBKO MBI CHJIBHO OTKJIOHUJIUCH OT HYJIS O
pacCTOSTHUIO. A 3a MOJITPU3AIUI0 OTBEYAeT apryMeHT KOMILJIEKCHOTO YHCJIa Gf. 1loJisipu3aliys IpoCcTo Tak He BUIHA
a3y, HO OHa J1aeT BKJIa B 3 deKT nHTepdepeH I, KOraa IIpU HAJIOXKEHUU BOJIHBI MOTYT JIPYT JIpyTa YCUJINBATH,
€CJIN Y HAX OJMHAKOBAs MOJIAPU3AINS WA HA0DOPOT MOTYT TacUThb JAPYT APYTra, €CJAu Y HUX HTPOTHUBOIOJIOXKHAS
[IOJISTPU3 Al

He y Bcex kosiebanuii ecTb MOJIAPU3AIKS, IOTOMY TOIJIA €CTECTBEHHO PACCMATPUBATH He KOMILIEKCHBII, a BeIlle-
CTBeHHBIH ciy4ait. B aToM coryuae snemeHTapHbIMEU KostebanusMu siByistiorcst sin(kx) npu k > 0 u cos(kz) mpu k > 0
u upu sroM k nenoe. Torna dyaknus f Ha orpeske [0, 27] gaer jaBe cepun Ko3DhUIUEHTOB

1 2m 1 27 1 2m
b, = — f@)sin(kz)de wu ap=— f@)cos(kz)dr m ag=— (z)dx
T™Jo T™Jo 2 0

Torna psg @ypwe OyaeT nMeTh BU

oo
ap + Z (ay cos(kx) + by sin(kx))
k=1
B ciy4ae KBaJpaTHYHO MHTErpUpyeMbIX (DYHKIMH f, TO €CTh TAKUX, UTO CyIIECTBYET fozw |f(2)|? dz pan Pypwe
cxonurest K f B cMbicsie MeTpuky || —||2. Onsts ke, HaGop dyukuuii 1, sin(kx), cos(kx) npu k > 0 siBisiercst oproro-
HaJIBHBIM GasucoM B Ls[0, 27| n moTOMy MOXKHO IIPUMEHATH OOBIYHBIE (GOPMYJIBI B €BKJIHI0OBOM MPOCTPAHCTBE IS
BBIYUCTIEHNSA KOIMDPUINEHTOB TPU OA3UCHBIX BEKTOPAX

(D)~ (froos(kz)) b = (Josin(kz))
(1,1)’ (cos(kx), cos(kx))’ (sin(kx), sin(kx))

ag =

rje CKaJgpHoe npoussejenue 3ajgano (f,g) = 02 " f(x)g(z) d.

IIpeobpazoBanue Pypbe Ha IIPSIMOIL

s mpeobpazoBanus Pypbe HA TPAMOI HAO PACCMATPUBATH (DYHKINN
{f: R—>C}

B 5ToM ciryuae 3JeMeHTAPHBIME KOJIeOAHUAMI SBISIOTCA €%

doparyoit'”

, upu A € R. IIpeobpazoBanne Pypre TOrma 3a/1aHO

fa) = Foy = [ T f)e e da

1

10Croutr ckazaTh, YTO CyIIECTBYIOT pasHble HOPMHPOBKH STOi (DOPMYJIBI C MOMOIIBIO KOHCTAHT, HAIIPHMED C ITOMOIIBIO 5a-
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Yrobnl 9Ta GOpMyIa UMeIa CMBICIA JOCTATOYHO IIOTPEOOBATL CYIIECTBOBANNS fR |f(2)| de. Oyukuusa f(\) Gyner
00s13aTe/IbHO HENpEPbIBHA U CTPEMUTCS K HYJO npu A — +00. To ecTh Kak U B CIydae OTPe3Ka MBI TOJIYIaeM
orobpazkeHue

F:Li(R) = Co(R), frf

re JIEBOe MPOCTPAHCTBO — 3TO (DYHKIMH I KOTOPBIX MOJYJIb MHTETPUPYEM II0 BCEHl MpsMOif, a IIpaBoe Ipo-
CTPAHCTBO — HENPEPBIBHBbIE (DYHKIMHA CTPEMSIIIAECS] K HYJII0 Ha 06enX OECKOHETHOCTSX. DTO OTOOpaskeHne Tak JKe
SIBJISIETCS] MHHEKTUBHBIM B CYIIECTBEHHOM CMBICJIE, ITO €CJid JBe (QPYyHKIMK JAI0T OJHO U TO K€ IIpeobpasoBaHme
®ypbe, TO OHU PABHBI [TOYTU BCIO/Y, B YACTHOCTH HA HEIIPEPBIBHBIX (DYHKIUIX OTOOparKeHNe WHbHEKTUBHO. Tak ke
3TO OTOGpAKEHIEe He CIOPLEKTHBHO W UMeeT IUIOTHEIH 06pa3 B paBHOMepHOi HopMe.'!

IIpeo6paszoBanue B Ly Eciu tak ke cmeHuTh npocTpancTBo Ha Lo(R), TO HOIy9IrM Tak HA3BIBAEMYIO TEOPEMY
«Ilnanmepenss. I[lycto

Ly®) ={f: R C 3/R|f(x)|2dx

Torma mpsimoe u obparHoe ipeobpazoanrne Oyphe 3amannbIe POPMYIAMI HIKE OYIyT B3AaUMHO OOPATHBIMH OTO0-
pasKeHuAMH 2

F: Ly(R) — L2 F71: Ly(R) — L2

f(@) / f(@)e e da = / FN)e

E,ZLI/IHCTBGHHOG HaJ0 CKa3aTb HeOOJIBIIIoE 3aMeYaHIe O TOM, KaK CIUTaTh MHTErpaJibl BbIIIE, IIOTOMY YTO OHU BOO6HL6
TOBOPAd MOI'yT HE IIOCUUTATHCHA. Ha,D;O B34Tb

N
Un(A) = \/% /_N f(x)e ™ da

Torma nocienoBarebHOCTD ¢ () cxoquTes K i (M) B cMbIcse MeTpuKY ||—||2 38/@HHOI CKAJISIPHBIM OPOU3BEIEHUEM.
To ecTb BOOOIIE TOBOPST MOTOYETHON CXOIUMOCTH I KAYXKJIOTO A MOXKET MPOCTO He ObITh. Jjist Xopormmx (hyHKIIi
dopMyIIBl KOHETHO OyIyT paboTaTh, HO BOT MHOT/A IIPH IIJIOXOM CKOPOCTH CXOAMMOCTH HHTErpaJsa fR | f(2)| dz npuxo-
JIATCsI CIUTATH B TOM CMBICJIE B KOTOPOM yKa3aHO Bbille. TeM He MeHee, [ y106cTBa (1 Ha060pOT JJIsl Iy TAHUIIB )
JIIOJIA BCe 3TO 0D03HAYAIOT B BUJIE MHTEIPAJIOB.

Kaxk u B ciydae orpeska F' coxpaHsieT cKaJsipHoe rpoussejienue (f, g fR g(z) dz, 10 ectn (F (), F(g)) =

(f,9). A smauur u coxpansier smupr Bektopos. To ects || f]l2 = || |- A 9TO O3HAYAET KAK Pa3 «3aKOH COXPAHEHUSI
suepruny. CyIiecTBeHHOE OTJINIHNE TYT OT CIydas OTPe3Ka B TOM, YTO MBI yKe HE MOXKEM IPOCTO TaK TPAKTOBATH
€ Kak OpTOrOHaJIbHYIO cucTeMy. XOoTs GBI MOTOMY uTO 9TH (YHKIUM He Jjexar B npocrpanctse Lo(R) u mpn
MOJICTAHOBKE WX B MHTETPAJIBI MbI TIOJIyYaeM PaCXOJISIIUiCs pe3yIbTaT.

Juckpernoe npeobpazoBanue Pypbe

K muckpernomy mnpeobpazoBannio Pypbe MOXKHO HTPUATH M3 pas3HbIX coobparkenmit. OJHO W3 HUX — MBI XOTHUM
nocuuTaTh npeobpasoanue Pypbe Ha orpeske Ha KommbioTepe. s aToro ano Ha orpeske [0, 27| 3a1aTh CeTKY ¢
HEKOTOPBIM (DUKCHPOBAHHBIM IIIATOM U IIOCJIE STOrO OTPAHUYIUTL (DYHKIIMU HA ITOT OTPE30K. 10 €CTh eCiu g XOdy
pas3buTh OTPE30K Ha N JacTell, TO s 6epy TOUYKH BUIA

270 27l 2k 2(n —1)

Y T ey yee ey

n n n n

TOYKY 27 MBI IIPOILYCKAEM, IIOTOMY 9YTO MBI XOTUM KaK ObI CKJIEHTb OTPE30K B OKPYXKHOCTb, rie 0 = 27. IToTomy
3HaYEHHUE B 27 JIOJI2KHO COBIIACTb cO 3HadeHueM B (.

14 nossosio cebe He paciudpPOBBIBATE STH CJIOBA U TIOHAEIOCH HA BAC, YTO BbI MPOJJIATE TI0 AHAJIOTHH CIIydail OTPEe3Ka.
L2V IuBUTEIBbHO, 9TO B CITydae TIPAMOil TOYKe MOHAJOGHIICH MHOKHUTETD #, XOTsI TYT HET HUKAKOI'O sICHOI'O P€OMETPUIECKOTO CMBICTIa

V2m
2

BpOZle JUIMHBI OKPY2KHOCTH (mim oTpeska). OHAKO IIpU TaKOi HOPMHUPOBKE (DYHKIHS e T Oy/leT HENOJBUKHBIM BEKTOPOM, TO €CTh
COOCTBEHHBIM BEKTOPOM C COOCTBEHHBIM 3HadeHHEM 1. DToT daKT cpasdy JOKEH BaC HACTOPOXKUTH, €CJIM Bbl 3HAETE PO HOPMAaJIbHOE
pacupezesienre. 9TO B YACTHOCTH O3HAYAET, YTO HOPMAJILHOE PACIpEEsIEH e JOIXKHO UIPATh KaKylo-To 0coOeHHyI0 postb. Tak u Gyner,
MBI 00 9TOM y3HAeM Ha T€OPUU BEPOSITHOCTEN.
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Takum obpasom ecsu 6buta dyukuus f: [0,27] — C, To 10 Heil MOXKHO HOCTPOUTDH BEKTOD 3HAYEHUI HA CETKE

e (00 (3) o (320, ()

Kaxk 6yﬂyT BBITJIAJETH dJIEeMEHTapHbIe KOJICOAHUA B 9TOM cnyqae? ﬂaBaﬁTe OrpaHUYINM Cl)yHKI_LI/IIO (& Ha CEeTKY.
HO.Hy‘II/Il\I IIOCJIEJOBATEJIBbHOCTD

i i 2% im 27k im 2m(n=1)
im0 imSE et et T
- 2Tm
Ecnn BBectu obo3nauenus &, = €' » , 10 &, OyZeT KopHeM n crenenn u3 1, To ectsb £, = 1. Bosee Toro, orpanu-

X

qenne pyHKImu e’ npeBpamniaercs B MOCIe10BaTeIbHOCTD

Vm = (1,Emy &2y, o, EX L €T

B rakoit 3a/1ae MbI XOTUM PA3JIOKATH IPOU3BOJILHBII BEKTOD fo IO BEKTOPAM 1, . . ., ¥,. IIpeobpaszosanne Oypne
OyeT BBIYUCIATD KO DUIMEHTH pa3iioxkenns, a obpaTHoe mpeobpa3oBanme Mo KO PUImenTaMm CTPOUTh UCXOJI-
HbIil BekTOD. [Ipeobpazosanne Pypoe Tora 3a/aeTcsd TAKUMU (DOPMYyIaMU

n—1
1 —r
ap = E ; frgk

Torga Mbr mMeeM OoTOOpaXKeHUe
F:C"—=C", foer{ar}

Ecnu BBectn obozHadenus || fo|l1 = Z;é |fx| 1 ||ak||o = maxy |ak|, To Bepro yrBepKIenue | F(fo)|loo < || foll1- To
€CTb BBIIOJIHSETCS TO JKE CaMO€ HEPABEHCTBO, YTO U B IPEIBIIYIINX CJIydasK. ITO HEPABEHCTBO JIAIIL TOBOPHT, YTO
B TAKOM BHJIE «IHEPIUsl HE COXPAHSIETCI>.

Cuayuait Ly FEciu paccmorpers aHasior ciydasi La, TO MbI IIOJIy9UM JIB& OTOOPaKEHUS:

F:C"—>C" F~l:cn=>cCn
n—1

1 n—1 , 1
f-Hak:ﬁgofrgk akH%kZ:Oak'(pk

Ecuu BBeCTH CcTaHIaPTHOE CKaIsipHOE iponsseienue B C™ mo npasuiy (x,y) = ZZ;& Zk Yk, TO oToOpaxkenue F' Gymer
coxpassiTh 3710 ckaJsipHoe npoussenenne (F(fo), F(ge)) = (fo,ge). A 3HAUNUT U ByIeT COXPAHSITH JJIMHBI BEKTOPOB.
To ectb ||F(fo)|lz2 = ||fell2- B 9TOM cMBICTE MCXO/HBIA BeKTOp 1 ero npeobpasoBanne Pypbe HECYT «OIMHAKOBOE
KOJIMIECTBO SHEPIHUU».

Kak u B kj1accuueckux cirydasix, Ha 9Ty 3a/[a1y MOKHO CMOTPeTh Tak. BekTops! ¢y ipu 0 < k < n aBIILAIOTCS Op-
TOTOHAJIBHBIM 0A3MCOM, TIOTOMY KOMTIO3UIHs mipeobpazoBanns Pypbe u ¢ 0OPATHBIM — 3TO BCErO JIUIIH PA3JI0KEHNEe
BEKTOPA fe 110 OPTOMOHAIBLHOMY 6A3WUCY, JJIST KOTOPOTO TOJSITCS (DOPMYJIBI

n—1 n—1 n—1 /n—1
fo= 3 Yoty IS = L (S g™ |

= W v) =0 " i=0 \m=o0

IIpu sTom Mbr BugmM, 910 |[1g]l2 = +/n. Jos moncuera kaxkmoro xkosdbdununenta ap Tpebyercs O(n) omeparmii.
Bceero y Hac n koadbdutmentos. [IoToMy 9TOGB MOCYATATEL TAKOE Pa3/IoXKeHne HyKHO BLITTOTHNTL O(n?) omepartuii.
OxasbIBaeTCsl, YTO BHIUACIEHNsI MOXKHO BBINOJIHUTH 3a O(nlogn) onepanuii. Takoii aaroputM HaseiBaeTcst BeicTpoe
npeobpazoBanne Pypre.
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CemuHap 2

Sagadmn:
1. ITocunraiire HEOUpeIeJI€HHBI HHTErPa | (1 - z%) vz dz

2
2. Tocuntaiite oupenenennsii unarerpasn [ zInz dx
1

3. Haiinure npene

4. Haiinure naTETpAT
oy dudy
z24y2<a?
5. lycrs f: [—7,m] — R samana no npasmiy f(x) = z. Bynem pacemarpusath f Kak amement Lo[—m, ], co
ckautsipabiM npoussesenneM (g,h) = 7 g(z)h(z) dz.
(a) Tlokaxure, uto f oproronasnbho yuKiwsM cos(kz) mpu k € Zu k > 0.
(b) Haitmure pasnoxenne f(z) = > po ajsin(kz) nocunras kosddunuentsr Dypbe ay.

(c) Haiigure aymubl BekTopos || f|l2 1 [|ak||2. Buas stu giusHel, Haiiaure cymmy psiga > oo k%



