Cemunap 1

CucremMbl JTUHEHHBIX YPaBHEHU

Hama 3anaun nayuntbes pemars Cucremsr JIuneitubix Ypasuennit (CJIVY), To ecTh HAXOIUTH BCe UX PeIIeHUs UJIN
JIOKa3bIBaTh, 9To pemenuil Her. O6muii ug CJIY u ee omaoponnas epcust (OCJIY):

a11x1+ ... +aipx, = b1 a11x1+...+aipxr, =0

Am1Z1+ - . + QnTn = b Am1Z1+ ...+ amnxy, =0

KosdduiineHThI
I'me >xuByT KO3 unMEenTH a;; u b;? BapnaHTer:
e BemecrBennnie yuciaa R
e Kowmrmekcubie anciia C
e Pamumonasibubie gnciaa Q
st periennst CJIY HE umeer 3HadeHust oTkyna 6epyTes KO3(DMUIMEHTHI, TaK KaK PelleHust OYIyT JieXKaTh TaM

xe. [Toromy mbI Oyzem paborars ¢ uanciaamu u3 R.

Matpurnpi cBa3auubie co CJIY

s xkaxx ot CJIY BBemeM ciaemayiomnine 0003HAYCHUST:

ail . A1n b1 T a1 e QA1n b1
e N R I B N IO
Aml - Qmn b T, Aml -+ Qmn | bm
HazBanwns:
e A — Marpuila cuCTEMbI
e b — BeKTOp MpaBoit YacTu
e (A]b) — pacmupeHHasi MATPHUIA CUCTEMbI
® I — BEKTOpD peIleHuit

Bynem kpatko 3ammceiBars CJIY u ee omnopoaayio Bepcuio tak: Az = bu Ax = 0.

KosmygecTBo pernienmii

Ciry4aii 0J{HOrO yYpaBHEHUSI U OJHOI HEM3BECTHO
e © = ( — oxgHO pemreHne
e Ox = 0 — GeCKOHEYHOE JHCJIO PenteHuit

e Oz =1 — Her pemeHni



DJieMeHTapHbIe ITIpeodbpa30BaHMs

aiq N A1n bl a1 . A1n bl
;1 N in bz a;1 e Qi bz . .
I Tum: ¢ — 1]

aj1 ... Gjn bj a1+ a1 ... Gjn + Ain, bj + Ab; ?é
Ami  --- Qmn | bm Ami . Armn b
aiq N A1n b1 ail . A1n b1
a1 ... Q b; aj1 ... aj b;

II Tom: il m L = gt L
aj1 . Ajn bj a;1 e 0779 bz
Am1 -+ Gmn | bm Am1 -+ Gmn | bm
ail PN QA1n bl ail ce A1n b1

IIT Tom: a;1 cee Qip bl — )\ail . )\am )\bl A 75 0

Gml -+ Qmn | bm Gml -+ Gmn | bm

IIpuBenenue k crynmenuaromy Buay (anropurm Iaycca)

OcuoBHoit criocob pemrenusi CJIY — npuBecTu ee sjieMEeHTAPHBIMU IPEOOPA30BAHUSME K IIPOCTOMY BHLY, I'Zle MHO-
JKECTBO PelIeHHit OIeBHIHO. !
Pas6epen THIIUHLIN Xon anropuTMa [aycca Ha mpuMepe 3 ypaBHEHHIT 1 4 HEHM3BECTHBIX.?

IIpsimoit xon anroputMma I'aycca

a1 a2 a1z a1 | by as
o1 Qoo G933 (24 | bo 2-s1 cTpoKa — — - 1-s1 CTPOKA
a11
az1 azz asz as4| b3
a1 a2 613 aia| by as
0 aos asz asy| bo 3-g1 cTpoKa — —— - 1-g CTpOKa
ail
a31 azz asz as4| b3
a1 a2 a1z a4 | by aso
0 aos asz asy | bo 3-s1 CTPOKa — —— - 2-51 CTPOKA,
0 b a2
a3z2 as3z G34 | 03
a1 a2 a1z Gy | by
0 a2 a3 as| by
0 0 a3z asz|bs

B pe3ysibTaTe JaHHOTO XO/a KaKue-TO KOS(I)(bI/IL[I/IeHTbI7 HaIlIpUMeEDp a33, MOTJIN 3aHYJINTbCA, ITIOTOMY BO3MO2KHBI CJie-
AYIoImye NTpUHIUIINAJIbHO IpyTrue cnyan/IS

a1 a2 613 a4 | by ain a2 @13 a4 | by a1l G2 013 a4 | by a11 aiz a3 a4
0 axx a3 aos| by 0 0 a3 aoa| by 0 a2 a3 asa| by 0 axx a3 ao
0 0 0 a34 b3 0 0 0 asq b3 0 0 0 0 bfg 0 0 0 0

[MoguepKHyThIE 3JIEMEHTHI CYUTAIOTCS He PABHBIME HYJIIO. B CTyIleHYaToOM Buje BCe lepeMeHHble (I COOTBETCTBEHHO
K03 DUIMEHTDI [IepeJi HUMU) JIeJISITCS Ha TJIaBHbIE U HerIaBHbIe. [J1aBHbIe KO MOUIMEHTHI — 9TO IIEPBbIe HEHYJIEBbIE
k0o dunuenTsl B crpoke (nomdepkuyTbie). [lepeMennble Ipu HUX HA3BIBAIOTCS IVIABHBIME, OCTAJbHbIE HEHYJIEBbIE
KO3 DUIMEHTHI U IepeMeHHbIE — HETJIABHbIE WU CBOOOTHBIMU.

L ITaHHBI# METOJ ABJIAETCS CAMBIM OBICTPBIM BO3MOXKHBIM KaK JJTsl HAITMCAHHS MPOTPAMM, TaK M JJIs PYYHOTO BbIYHCIIeHus. IIpu
BBIYUCJICHUAX PYKaMU, OJHAKO, ITOJIE3HO MECTaMU II0JIb30BATbCA «JIOKAJIbHBIMHU ONTUMU3AIUAMU», TO €CTh, €CJIU Bbl BUJUTE, YTO KaKas-
TO XUTpasg KOMOMHAINA CTPOK CHUJIBHO YIIPOCTUT BHJ, CUCTEMBI, TO CIeJaliTe ee.

2TIpu mepexojie OT OHON MATPHUILI K JAPYTOil 5 HOBBIM KO3(MDUIHEHTaM a0 CTapbie MMeHa, YTOGB He 3aXJAM/IATH TEKCT HOBBHIME
0003HAYEHUAMH.

3970 He MONHLIH CIMCOK BCEX CJIyHUaes.

by
by
0



O6parsblit xoa anroputrMma I'aycca
Pasbepem Tunmunbiil 06paTHbIil X071 anropurma Laycca. [logdyepkHyTBIE 3JIEMEHTBI CIUTAIOTCS HE PABHBIMU HYJIIO.

ann a2 @13 Gia| by
Aoy Qo3 24 | bo pPa3aeUTh -0 CTPOKY Ha a;;
0 azz ass| b3

a2 a1z ais| by
1  as3 a9y | by 2-51 CTPOKA — Qo3 * 3-51 CTPOKA
0 1 a34 bg

a2 a3z aia| b
1 0 aos| ba 1-s1 cTpoKa — @13 - 3-s1 CTPOKA,
0 1 as4 bg

1 a2 0 ag| by
0 1 0 agg] b 1-s1 crpoka — a1s - 2-51 CTPOKa
0 0 1 as4 bg

1 0 0 a4 bl

01 0 a4 b2

0 0 1 asq b3

B CHIeINaJIbHBIX C/IydasaX MPUBEACHHBIX BBIIMIE, IOy YNM

1 0 ais 0 b1 1 ai12 0 0 b1 1 0 a3 Qa4 0 1 0 a3 Q14 b1
0 1 a23 0 b2 0 0 1 0 bg 0 1 a23 Q24 0 0 1 ag23 Q24 bg
0 0 0 1]bs 0 0 0 1|bs 0 0 O 0|1 0 0 O 010

[Tonydennsiit B pe3ysibrare 0OpATHOTO XO1a BUJ PACIINPEHHON MATPUIIHI HA3BIBAETCS YJIyUIIEHHBIM CTYIIEHIATHIM
BHUJIOM, T.€., 9TO CTYIIEHYATHIN BUJ, I7e BCe KOIDMUINEHTDI IPY TVIABHLIX HEU3BECTHBIX — €IUHUIIBI, U BCe KO3 bdu-
IIUEHTHI HaJl HUMU PaBHBI HYJIIO.

Ilonyuyenue perennii

B cucreme HUKe, BbI6epeM IIepeMEeHHYIO T4 KaK IIapaMeTp

1 0 0 alq b1
O 1 O a4y b2
0 0 1 as34 bg
Torna pereHust TMEIOT BI/I,H/l
1 by aiq
o | = | b2 | —w4 | a2a
3 b3 asy
CueruaJjibHble CJIyYan:
1 0 a3 0 bl X1 bl ais
0 1 a23 0 bg Pemenusa: Xro = bg — X3 | a23
0 0 0 1 b3 Ty bg 0
1 a2 0 0| by X1 by a12
0 0 1 0fby Pemenns: z3| = |[ba | —2zo| O
0 0 0 1 b3 Ty b3 0
1 0 a13 Q14 0
0 1 as3 asy| O Pemenus: Her pemenwuit, T.K. mocaesanee ypasuenne 0 = 1
0 0 O 0|1
1 0 a3 au| b
0 1 ag3 Q24 b2 Pemenns: (i1> = (21) — I3 (Zm) — X4 <Zl4>
O O 0 0 O 2 2 23 24

4Onepauns{ YMHOXKEHNA MaTPUIbl HA YHNCJIO ITIOKOMIIOHEHTHAasA (yMHO)Kael\/I Ka.}K,Z[bII‘/i dJIEMEHT Ha ‘{I/ICJ'IO). CyMMa U Pa3HOCTb ABYX
MaTPpHUI[ IOKOMIIOHEHTHAaA (CKJIa,ELbIBaeIVI HWJIX BbIYUTaEM YHUCJIa Ha OJHUX U TEX 2Ke HO3I/II_H/IHX).



Broraucianreabuas IIpaKTHUKa

Haiitu permenust CJIY cOOTBETCTBYIONIMX CJIEAYIOMIAM PACIIUPEHHBIM MATPHUIIAM:

21 1|3 9 3|5 1 1 —-1ja 1 1 2|0 A1l 141 1 -1 =20
1 2 110 (7 5 3> 1 -1 1% -1 0 -1| -1 1 A 1)1 0 -1 —-1]0
1 1 2(0 -1 1 1 ]e¢ 11 2] A 1 1 A1 1 2 1|1

Samevarue. PaboTasi ¢ 1eI09NCTIEHHBIMU MATPUIIAME, CTapaiTeCh BO BpeMs IIPsIMOTO Xofa ajroputma [aycca e
BBIXO/IUTH 32 PAMKHU IIeJIbIX YHCel.

e lcmosip3yiiTe s1eMeHTapHbIE TPe0bpa30BaHus | THIA TOJBKO C IEJIBIM [TAPAMETPOM.

e [lose3H0 He 3/I0yIOTPEONAT YMHOYXKEHIEM HA HEHYJIEBOE IeJI0e, yMHOXKaliTe Toibko Ha +£1. Unade npumercs
paboTaTh ¢ OOJILIITUMU TUCTAMH.

Ha sTame obparHoro xoma anropurma [aycca n3daBUTHCSA OT JAEJTE€HUs yKe HE BO3MOXKHO.

Tupokue cucrembr Ilycrs BaM jgaHa OFHOpPOAHAS CHCTEMA U3 M YPABHEHUH C N HEM3BECTHBIMU U M < N, TOL/A
YTBEPXKJIAETCs, 9TO OHA 00s3aTeJIbHO MMEET XOTsi Obl OJIHO HEHYJIEBOe PEIlleHHe, TO €CTh TaKOe PEIleHue, IJe XOTs
OBl OJ[HA [TEPpEMEHHAsT OTJINYHAsT OT HyJisi. /leiicTBUTE/IbHO, TaAK KaK Y OJHOPOHOI CHCTEMBI BCETIa eCTh PeIlleHre, TO
HaM JOCTATOYHO JOKA3aTh, 9TO y CHCTEMbI B YJIYUIIEHHOM CTYIIEHYATOM BHUJE €CTh CBOOOIHBIE TIepeMeHHble. Koy
9TO TaK, TO MPUIABas CBOOOIHBIM IIEPEMEHHBIM HEHYJIEBble 3HAYEHUs, Mbl [IOJIy9YUM HEHYJEBOE perleHne. ITo0bI

IIOHATH, YTO €CThb CBO60,HHI>I€ nepeMeHHble, ,HaBafITe OII€HUM CBEPXY KOJHNYIECTBO I'JIABHbBIX. I'naBubIX IIepeMEeHHbIX He
00JIbIIIE YeM CTPOK, a CTPOK CTPOI'O MEHbIIIe, 9YeM BCeX II€epEMEHHBbIX, BOT U BCeE.

MaTtpunsl

MaTpuia — 9T0 IpsMOYTOJIbHAST TAOJIUIIA THCET

ail A1n
A= ,r;xeaijGR

Am1 ceo Qmn

MHo2KecTBO BCeX MATPHIL C 1M CTPOKAMu U 1 cTosbnaMu ob6o3uadaercs My, , (R). MHOKeCTBO KBaJpPATHBIX MATPHI
pasmepa n 6yuaem obosuadarb M, (R). Marpumpl ¢ ogauM cToJGIOM UM OJHOW CTPOKOIl HA3BIBAIOTCS BEKTOPAMU
(BEKTOP-CTONIOIAMI U BEKTOP-CTPOKAMH COOTBETCTBEHHO). MHOXKECTBO BCEX BEKTOPOB € 1 KOOpAMHATAMH OBO3HA-
vaercss gyepe3 R™. MblI IO yMOTUAHMIO CUHTAEM, UTO HAIIA BEKTOPA, — BEKTOP-CTOJIONEL.

Omnepanuu HaJ MaTPUIIAMU

Caoxenne Ilycre A, B € M, ,(R). Torma cymma A + B onpezensercs nokomuonenrso, t.e. C = A + B, 10
Cij = aij + bij nJjim

a] ... Qln b11 ... bin a1 +b11 ... aip+bin
aml1 .- QAmn bml N bmn Am1 + bml oo Qmn + bmn
CKﬂaﬂbIBaTb MO2KHO TOJIBKO MaTPHUIIbI OJIMHAKOBOI'O pa3Mepa.

Ymuoxkenne HA ckausip Ecimn A € Ru A € M, ,(R), To AA onpezensiercst tak: AMA = C, tze ¢;; = Aa;j win

a1 . Ain )\all . )\CLln

Ami - Gmn A1 --- ANamn

5Baskno, directX un openGL ncrombsyor Bekrop-crpoku! IToToMy 4YacTh WHYKEHEPHOI JUTEPATYPHI HA AHTIHICKOM CBSI3AHHOM C
TpeXMepHOil IpadUKOil OIIepUPYET CO CTPOKAMH.



VYwmuoxkenune marpur; I[lycrs A € My, ,(R) u B € M, (R), To npoussenenue AB € M,,, . (R) oupezeinsiercs Tax:
AB =C, rtne ¢ij = Y.y aitbyj mm

n n
a1 e A1n b11 . blk Zt:l altbtl . Zt:l altbtk

n n
Am1 I Amn, bnl N bnk Zt:l amtbﬂ e Zt:l amtbtk

VMHOXKeHIe MaTPUIL MOJIE3HO KAK-TO BA3YaJIU3UPOBaTh y cebsi B roJioBe. IIpemosoKumM Mbl XOTUM MTOCUYATATH KO-
s durment ¢;;. Torma Hago u3 Marpurpl A B3ATH (-10 CTPOKY (OHa HMEeT IJIHHY 7), a U3 MATPHUILI B B34Th j-blit
crosber (OH ToxKe mMeeT miamHy n). Torma WX HamO CKAJSPHO IMEPEMHOXKHUTL U PE3YJIBTAT HOICTABUTL B C;j, KaK
IIOKa3aHO HUKe Ha KapTHUHKE.

ay ... . am bin ... | by | ... bu T ok

. n
a1 .. Qin__ | : = D i ity

U1 - o Qmn bui oo | bnj | ..o bk

[Ipu sTOM yMHOXKeHWE CTPOKH HA CTOJIOEI] MOYXKHO ceOe IPE/ICTABISITh TaK: MBI IIPUCTABJSIEM CTPOKY K CTOJIOILY,
IIOTOM IIO3JIEMEHTHO IIepeMHOXKaeM MX, a 3aTeM CKJIaJlbIBaeM BCe IIPOU3BeJIeHUs BMeCTe.

’ a1 e Qin ‘
a;1 . Ain ‘ . — —
’ blg b”J ‘
by
Qi1 Qin
— . 4+ ... + . = ailblj 4+ ...+ ambnj
TpaucnonupoBauue Ilycts A — maTpuia Buga
ail ce A1n 1
a1 aiz2 a13
WIn I To
az1 Q22 Aa23

T
Ami  --- QAmn 3
OmupenenuM TpaHCIOHIPOBAHHYIO MaTpuiy Al = (a'ij) TaK: agj = aj;. Harnsaano, Tpancrionuposannas MaTPULA JJIsT
IIPUBCICHHDBIX BbLIIIC

ail cee am1

a1l azi
nin ajp Qa9 nJjIm (1’1 xTo CEJ)
a a
Alp - Qmn 13 23

Caen marpunsr  I[Iycrs A € M, (R), Torma onpeesnm ciey MaTpuibl A, Kak CyMMY €e JIMaroOHaJbHBIX JIEMEHTOB:
trA= Z?Zl a;;. JaBaiiTe OTMETUM CJIEIYIONINE CBOMCTBA, CJea:

1. Hast mro6eix marpun A, B € M, (R) Bepro tr(A + B) = tr(A) + tr(B).
2. s mo6oit marpunst A € M, (R) u A € R Bemnonseno tr(AA) = Atr(A).
3. Insa mobbx Marpun, A € M, ,(R) u B € M,, , (R) Bbimosiaeno tr(AB) = tr(BA).

Bce sTu cBoiicrBa IPOBEPAIOTCA HEIIOCPEACTBEHHBIM BBIYUC/ICHUEM I10 OIIPEJICJICHUIO.



ChnenuajibHble BUAbI MAaTPUIL

Huxe Mb1 IIepevdmnc/imM Ha3BaHUA HEKOTOPBIX CIICI[MaJIbHBIX KJIaCCOB MaTPUIL:

A1 o... 0
e A=1|: . ! | - amaronanpnas maTpuna. Bce HemyseBbIe 3JIeMEHTDI CTOAT Ha TJIABHON JMArOHAJIH, TO
0 ... A\
€CTh B IMO3UIINH, I'Jle HOMEP CTPOKHU PaBEeH HOMEpY CTOJIOIA.
A ... 0
e A= |: -. 1| - cxkangprag Marpuna. JnaronanbHas MATPUIA C OJMHAKOBBIMU dJIeMEHTAMH HAa, JIHArO-
0 ... A

HaJIN.

Sameuanne Ilycrs y Hac 3ajana cucrema JMHEHHbIX ypaBHeHuii ¢ Marpuneii A € M,, ,(R) u npasoii yactsio b €
R™. Iycrs © = (21, ..., 2Z,) — Oyaer croabioM u3 nepemeHHbIX. Torma cucremy (Alb) MOXKHO 3a/1aTh B MATPHUIHOM
pune Ar = b.

CsoiicTBa oneparnuii

Bce 1pu omepanuu Ha mMarpunax o6J1aJalo0T «eCTECTBEHHBIMHU CBOWCTBAME» K COIVIACOBAHBI JIPYT C apyrom. Bor

nepevenb 6a30BBIX CBOMCTB Omepalyii Hal MaTPHUIIAMU:

1.
2.

10.
11.

6
AccormmaruBHocTb ciaoxkenusi (A+ B)+C = A+ (B + C) mns mobbix A, B,C € My, »(R)

CyuiecTBoBanne HEHATPabHOTO 3jeMeHTa st cjaoxkenusi CylnecTByer eauHcTBeHHasds marpuna 0 €
M, »(R) obnanaromast ciemyiomum coiicrBom A +0 =0+ A = A miua Bcex A € My, ,(R). Takas marpuna
IEJMKOM 3AII0JIHEHA, HYJIAMH.

KovmMmyTraruBHoCcTb cioxkeHusi A + B = B 4+ A niga moboix A, B € M, ,(R).

Hanuune o6parHoro no ciaoxeuuro st so6oit marpuist A € My, , (R) cymecrsyer marpuna —A rakasi,
aro A+ (—A) = (—A) + A = 0. Takas MaTpua eIUHCTBEHHAS B COCTOUT U3 IEMEHTOB —G;;.

AccormmaruBHocTb yMHOXKeHus st mo6eix marpury A € My, ,(R), B € M, (R) u C € My +(R) BepHO
(AB)C = A(BC).

Cy1iecTBoOBaHNE HENTPAJIBLHOTO 3JIEMEHTa JIJIs yMHOXKeHUs [l Kask 1010 k cyllecTByeT eJMHCTBeHHASs
marpuna FE € M (R) rakas, aro st go6oit A € M,, ,(R) Bepro EA = AE = A. ¥ raxoii marpuiel E;; = 1,
a I;; = 0. Korga mer myTannmel MaTpuily £ oboznadaror wepes 1.

AucTpuby TUBHOCTh yMHOX»KEHUS OTHOCUTEJBHO cjoxkeHusi s mobeix marpun, A, B € M, ,(R) u
C € M, x(R) Bepuo (A + B)C = AC + BC. Auaynornuno, gjst jiobsix A € M, ,(R) u B,C € M,, x(R) Bepuo
A(B+C)=AB+ AC.

VYMHOXKeHMe Ha 4mcjia accoruaTuBHO Jjist ao6bix A, 4 € R u soboit Marpunst A € M, ,(R) BepHO
ApA) = (An)A. Ananornaro jyist sro6oro A € R u mo6bix A € My, n(R) u B € M, (R) BepHo A(AB) =
(M)B.

YMHOXKEeHHEe Ha YuCJIa JUCTPUOY TUBHO OTHOCHUTEJILHO CJIOXKEHUSI MATPUIL U CIJIOXKEHUs ducest s
JO0BIX A, 1t € Ru A € My, ,,(R) Bepro (A1) A = MA+pA. Ananorunaso, st moboro A € Ru A, B € M, »(R)
BepHO A(A + B) = AA + AB.

VYMHOxkKeHue Ha cKaJisip HeTpuBrabHo Ecin 1 € R, To mg jo6oit marpunst A € M, ,(R) Bepro 1A = A.

VYMHOXKEHHE Ha CKAJISIP COIJIACOBAHO ¢ yMHOXxeuHmem wmatpurl s jgroboro A € R u yrobeix A €

My, n(R) u B € M, (R) Bepro A(AB) = (AA)B = A(AB).

K sTumMm cBoiicTBaM Ha/I0 OTHOCUTHCH TakK. JloKa3bIBast 9YTO-TO PO MATPHUIIHI, MOXKHO JIE3Th BHYTPb OIIPE/IeIeHUT
omeparuit HajJi HUMH, & MOXKHO II0JIb30BaThCsl cBOMcTBaMu oreparnuii. Tak BOT, CIIUCOK BBIIIE — 3TO MUHUMAJIHHDIH
HabOP CBOMCTB Olepalnii, 13 KOTOPBIX MOXKHO BBITAIUTH 6a30BY0 MHMOPMAIIUAIO PO 3TU ONEPAIuu U IIPU ITOM He
JIE3Th BHYTPH OIIPE/ICICHUI.

6BC€ 9TU CBOICTBA O6’be,£[‘I/IH5[eT TO, 9TO OHU ABJIAIOTCA AKCUOMAaMHW B PA3JIMYHBIX OIIpEAeJICHUAX I anre6panquKHx CTPYKTYD.
ITos2ke MBI CTOJIKHEMCSI C TAKUMU CTPYKTYypaMU.



Hysnesbie crpoku u crosbnpsr  Ilycrs 8 marpune A € My, ,(R) i-s crpoka HOJIHOCTBIO COCTOUT U3 HYJIEH U HAM
nana mMarpuna B € My, (R). Torna B npoussenennn AB i-s1 cTpoka Toxke Oymer Hysneas. 306pasumM 310 HUXKe
rpaduIecKu

AB =

* O % %
* O % %
* O % %
EE CHEE
* % Kk %
* % X *
* O % %
* O % %
* O % %

JleficTBUTENIBHO, -51 CTPOKA IPOU3BEICHUS 3aBUCHUT OT i-Oif CTPOKHU JIEBOIO CMHOXKUTEA (MaTpuIipl A) 1 Beex ¢rosit-
uoB B. Ho yMHOXKas HyJIeByIO CTPOKY A Ha 4YTO yroaHO, IIOJYy9YUM HYJU B 4-Oif CTpOKE pe3y/brara. AHaJOrMYHOe
yTBepXKJeHUe BEepHO I cTosbIoB B Marpuie B, a umenno. Ilycrs B marpune B € My, (R) 4-blit crosbery nosso-
CTBIO COCTOUT u3 HyJseil 1 HaM gana marpuna A € M, (R). Torna B uponssenenun AB i-biit crosnber Toxe Oyuer
HYJIEBOA.

* 0 % x x 0 =
* 0 = x % 0 x
* % k% * x 0 x * % 0 %

Hexopoinue cBoiicTBa omnepariuii

MarTrpuribl KakK HOBbIE YHcJjia PaccMOTPpUM MHOXKECTBO KBaJIPATHBIX MATPUIL C BBEICHHBIMU BBIIIE OTIEPAIIASIMU:
(M, (R),+, —, -, ). [Ipo 3T0 MHO’KECTBO CTOUT JyMaTh KaK IIPO HOBBIN BUJI 4HCEJl CO CBOMMHM omnepanusmu. [Tpus-
[UMAAIBHOE OTJUYNE — HEJIb3s JIEJUTh Ha JIIOOYI0 HEHYJIEBYI0 MATPHUILY, KAK 9TO MOYXKHO OBLIO JEJIATh C UUCTAMUA.
V mHac BooDOIIE MOKa HEeT MOHUMAHWUsI, 9TO Takoe jJejeHne B Marpurnax. O HaKO, 970 He eJUHCTBEHHOE OTJINIHE.

Anomasiuu MaTpudHbIX omepariuii Marpudanabie omepanuu 001a7a10T HECKOIBKUMIA AHOMAJIASIMHU IO CpaBHE-
HUIO CO CBOHCTBAMU ONEPAIUil HAJI OOBITHBIMY TUCJIAMH.

1. CymecrBoBaHVe BEIUUTAHUS CJIEYET M3 «XOPOIIECTHy Omeparuu cjaoxkeHus. OHa MO3BOJISIET ONPEJIEIUTh Bbl-
quranue 6e3 podsem. OHAKO, orepalys YMHOXKEHUsI yXKe Xy»Ke, YeM Ha, OOBIYHBIX UYUCJIaX, [IOTOMY HE I10-
JIYIUTCS IPOCTO TAaK OIPEJIEJIUTh Ha MATPHUIAX Olepanuto Jejerus. [Ipo jesrleHne u Kak ero MOXKHO ObLIO Obl
006001IaTh MBI TIOTOBOPUM HUXKE.

2. HasaiiTe 0oOCyIuM TOPSIOK MAaTPHUIl B Ipom3BeleHnn. TyT MOxKeT ObITh HECKOJBKO mpobsiem. Moxker Tak
OKAa3aThCsl, IYTO MATPHUIBI MOXKHO ITEPEMHOXKUTH B OJHOM TOpPSJKE, HO HeMb3s B Jpyrom. Hampumep, A €
M, n(R), B € M, x(R) u upu srom m # k. B srom ciayuae AB € M,,;(R), onunako, upoussenenne BA
IIPOCTO HE OIIPEJIEJIEHO M3-3a OTCYTCTBHS YCJIOBHS COIJIACOBAHHOCTH MAaTPHIL. ECIM Mbl pACCMOTPUM MaTPHUIIBI,
KOTOPBIE MOXKHO [IEPEMHOYKUTH B 000UX HOpsiKax, T0 ectb A € My, »(R), B € M, ,,,(R), To pesynbraTs! 6y1yT
AB € M,,,(R) u BA € M,,(R). A 3ua4uT 1ipu pasHbIx m 1 n 910 OyIyT MaTPUIBI PA3HOTO pa3Mepa U He MOTYT
OBITH OJMHAKOBBIME. Takum o6pazom, arobbl AB morio coBnactb ¢ BA mam Hao, arobbl marpuisl A u B
onLn KBapaTHbiMu. Ho maxke B aToM ciydae ymuoxkenne marpuii HE kommyTtarusno. leficTBuresbHO, BOT
IPOCTOIl ITpUMep B MaJloil pa3MepHOCTHU

0 1\ /0 0y (1 O Ho 0 0y(0 1} /0 O
0 0/J\1 0/ \0 O 1 0/\0 0) \0 1
3. B Marpunax ecTb «IeJUTe/IH Hy/d», T.e. CyMECTBYIOT JIBe HeHyjeBble MaTpuinl A u B raxue, utro AB = 0.7

TIpumep:
1 0 0 0
(0 0) (0 1)‘0

4. B MaTpuiax ecrb «HUJIBIIOTEHTHI», TO €CTh MOYKHO HAMTH TaKyio HenyieByto matpuily A, aro A" = (. [Ipumep,

0 0) =G oo o)

"Ha, caMoM Jiejie, 9TO OYEHDb «XOPOIasis aHOMAJIHs, TaK KaK OHa cBs3aHa ¢ TeM, uro OCJIY umeror pemenus. JeiicTBUTEILHO, BOIPOC
pemterust OCJIY Az = 0 — 9TO B TOYHOCTHU BOIIPOC CYIIIECTBOBAHMUS MPABBIX JeJIUTeNel Hysst st A B MHOXKecTBe R™.




Buounoe YMHO2K€eHnEe MaTpuill
IIycTh nanb! 1Be MATPUILI, KOTOPbIE Pa3bUTHI HA OJIOKM KaK ITOKa3aHO HIUKE:

k s u v
m (A B k X Y
n C D S w Z
Yucna m, n, k, s, u, v — pa3Mepbl COOTBETCTBYyIOmMnX 0/0KOB. Harma 1esb MOHATH, ITO 9TH MATPHUIIBI MOKHO
[IEPEMHOXKATH OJI0YHO. A UMEHHO, YBUJIETD, 9TO PE3YIbTAT YMHOXKEHUS STUX MATPHUIL IMEET BU/T

U v
m (AX+ BW AY + BZ
n CX+DW CY+DZ

Jenaercst 3T0 TakKuM TPIOKOM. B Hauaje 3amMeTum, 4T0

(e 2)=( D)6 o) o) @ o)

ITocsie 4ero MeTOIOM <«IPUCTAJILHOIO B3IJISa» IIEPEMHOXKAEM MATPHILI ¢ GOJIBIIUM KOJIMYECTBOM Hysiefi (mompo-
GyiiTe pomesaTh 310!).

Ha sTor dakT MOKHO cMOTperh BOT Kak. Marpuiia — 9T0 IpsiMOYTOJibHAs TabJ/IMIA 3AII0JHEHHAST YACIaMEI. A
MOXKHO COCTaBJISITH IIPSIMOYTOJIbHBIE TAOJIUIA 3AII0THEHHBIE JPYTUMHU 00beKTaMu, HAllpUMep MaTpunamu. Torga onu
CKJIIBIBAIOTCS W IIEPEMHOXKAIOTCS TaK K€ KAK U OOBIYHBIE MATPUILI U3 Yuces. KInHCTBEeHHOE HAJ0 y9eCTh, UYTO B
6J109HOM yMHOXKeHUU ecTh pasuuna Mexiay AX + BW u XA+ BW | tak kak A, B, X u W wne uncja, a MAaTpuIisI,
TO UX HEJIb3s IePECTABJISATh MECTAMU, IOPSIO0K TelePh BarKeH.

Bor nosesnsriit npumvep. Ilyers nana marpuna us M, (R) Buga

0

A v\ (A v\ _ [A% Av+od) (A% Av+ X\ [A2 (A+AE)Ww
0 xJ\0 A \O A2 ~\ 0 A2 ~\ 0 A2

[Ipenmocieniee paBeHCTBO BEPHO, TaK KAK HE BaXKHO C KAKOW CTOPOHBI YMHOXKATh U Ha CKAJIAD .

(A K) re A€M,(R), veR", AcR

Torua

Bagaga. Ilycrs A € M,,,(R) u B € M,, 1 (R). ITokaxkure, uro
1. (AB)! = BtA".
2. Eciin A — 6ytouHas MATpUIa CJIELYIOMEro BUIA
t t
A= () e = (G 02)
Bor erme onun mosiesnblit mpumep 6j109HOTO yMHOXKeHUs. [lycrs o1, ...,y € R® u y1, ...,y € R® — cToNOIIBL.
Cocrasum u3 3TuX cTOI6MO0B MATPUIBI X = (21| ... |Tm) 1Y = (y1] ... |ym).> Bamernm, uto X, Y € M,,,,(R). Torga

XY' = (1] )l Jym)' = wiyt
=1

DJieMeHTapHble ITPe0Opa30BaHMSA

Tun I Ilycrs S;;(A) € M, (R) — maTpuma, DOIydIeHHas U3 eIMHAYHON BINCLIBAHUEM B sIUefiKy ¢ j wmciaa A. Jta
MATPHIA UMEET CJIEAYIONHi BU/T:

J
1 0 0

1 0 A
S
0 0 1

8ﬂaHHaH 3alluCh O3Ha4vaeT, YTO MbI 6epeM CTOJI6U\I>I I; U 3allUChIBa€M UX IIOAPAJ B OJAHY 6OJI]>IJ_IyIO Ta6J'II/II_Iy.



Torna npsmast mpoBepka MOKa3biBaeT, yMuozkenne A € M, , (R) Ha S;;(\) creBa npubasiiseT j CTPOKY yMHOKEHHYIO
Ha A K ¢ cTpoke MaTpunsl A, a ymaoxerne B € M, ,(R) ma S;;(\) cupaBa npubasisieT 4 cToI0€I] yMHOKEHHBIN Ha
A K J cTONOIy MaTpuns B.

Tumn IT Ilycrs U;; € M, (R) — Marpuna, morydeHHas U3 ¢IUHUTHON [IEPECTAHOBKOI 4 U j CTOIOLOB (MM €ITO TO
JKe caMoe — CTPOK). DTa MATPUIA UMEET CJICAYIONM BUJ

i J

1
i 0 1
J 1 0

Torna npsiMast IpoBepKa ITOKa3bIBaeT, yMHOXKeHne A € M, ,,,(R) Ha U;; ciieBa mepecrapisier ¢ 1 j CTPOKH MaTDPHILBI
A, a ymuoxenue B € My, ,(R) ma U;; cupasa mepecraBisieT ¢ 1 j CTOIOLEI MaTpuIsl B.

Tun III  IIycrs D;(A) € M, (R) — Mmarpuna, nojiydeHnas U3 eIMHAIHON YMHOXKEHUEM ¢ cTpoKu Ha A € R (ujm 9o
TO 2Ke caMoe — CToJIOIA). DTa MATPUIA UMEET CJICILY IO BUJ

Torna upsamas npoBepka mnokaspiBaer, ymuoxkenne A € M, ,,,(R) na D;(\) ciesa ymuoxaer i crpoky A Ha A, a
ymuoxkenue B € M, ,(R) na D;(\) cupasa ymuoxaer ¢ crosber MmaTpuisl B Ha .

Buaumanune marust! Ilycrs ectb marpuiiel U u V' cooTBeTCTBYIOIIME 3JIEMEHTAPHBIM IIpeobpa3oBaHusM U A —
pousBoJbHas Marpuia. Torga caenars npeobpazosanne U Haj cTpokaMu, a noroM V' Has croabmamu sto (UA)V,
a CIeJIaTh ITU IPeobpa3oBaHusd B 00PATHOM IIOPAJIKEe (TO eCTh CHAadYasa HaJl CTOJIONAMU, a IMOTOM HaJ|, CTPOKAMH)
310 U(AV). Tak Kak yMHOXKECHHE MATPHI[ aCCOIMATHBHO (HE Ba’KHO KaK PACCTABJIATH CKOOKH), TO 9TO OJHO U TO
’Ke. BHAUNT AEHCTBUS HaJ, CTPOKAMU KOMMYTHUPYIOT C JEHCTBUSIME HAJ, CTOJIOIAMHE.

YMmHoxKeHne Ha cnenumaiabHble BuAbl marpur, Ilycrs A, B € M, (R) umeror cienyromnmii By

0 1
a11 a12 e a1n—1 A1n 0 1
a1 a22 ce A2n—1 a2n
A= : : : : B = 0
an-11 Gp-12 ... Qpn—1n—-1 Gp-1n N |
an1 an2 cee Apn—1 Ann 0

TJie BC€ HE3aIllOJTHECHHbIC KJICTKN CIYUTAIOTCA PAaBHBIMU HYJIIO. TOI‘,IL& opdamMagd IPOBEPKa IIOKa3bIBa€T, IYTO

0 a1l cee a1n—2 a1n—1 a1 A22 ... Q2p—1 QA2n

0 a21 cee a2 n—2 a2np—1 azy as2 ... a3p—1 0Aa3n
AB=|: u BA=

0 An—11 e Ap—1n—2 An—1n—1 an1 an2 e Anpn—1 Ann

0 Anl e Gpp—29 Apn—1 0 0o ... 0 0

To ectb ymHOXKeHUE Ha B cipaBa cBUTAET BCE CTOJOIBI MATPUIGI A BIIpaBO, a YMHOXKEHHE Ha B CJIeBa CIBUTAET
BCe CTPOKM MaTpuilbl A BBepX. FKciim Mbl XOTHM TIepecTaBIIsiTh CTOJIONBI U CTPOKU IO ITUKJLY, TO HAJIO yMHOXKATDH Ha



MaTpuity B ciemyiomniero Buia

O =
—

1 0

TO €CTh JOOABUTH €IMHWYKY CJIeBa CHU3Y K Hpeablayimeil marpurie. [IpoBepbTe, 4T0 yMHOXKEHUE Ha Hee JefCTBU-
TEJIBHO CABUTAET CTOJIOIBI M CTPOKU IO IIKJIY.

KommyTupyomnme MaTpuiibl

B o6meM Buje MaTpUIBl HE KOMMYTHPYIOT ADYT C JApYyroM. IIOTOMy HMHTEpeCHO#l ABIAeTCS Takad 3aJada; I
koHkperHOil Marpunpl A € M, (R) naiitu Bce Takue marpunst X € M, (R), koropsie kKommyTupyior ¢ A, 10 ecThb
AX = X A. JlapaiiTe pacCMOTPHUM IIapPOYKY KOHKDPETHBIX MATPHIIL.

Huaronanbabie matpurpl  Ilycrs marpura A € M, (R) umeer Bu

A1
A2
A= A3

ATL

rae \; # \j upu ¢ # j. Haitmem {X € M, (R) | AX = X A}. OtBer Ha 9Ty 3a1atdy HocTATOIHO IpocToil. OKa3bIBaeT-
csl B KadecTBe X MOIXOMAT JINarOHAJIbHbIE MATPUIIBI M TOJIBKO OHU. V3 onpesiesiennst yMHOKEHUS [T TUArOHAJIBHBIX
MaTPUIL MbI BUJUM, YTO BCE JUATOHAJbHBIE TOYHO KOMMYyTUpPYIOT ¢ A. Haso b nmokasars, moyemMy JIpyrux Mar-
purt Het. JlelicTBUTENBHO, IyCTh X — IIPOU3BOJIbHASI MATPUIA C HEOIIpeeIeHHbIME Kodddurmentamu. PaccMorpum
yesiosre AX = X A. B npousBosibHON sideiike ¢ MHIEKCAMMU 4, j B JIEBOW MATPUIIE CTOUT JIEMEHT Ai%ij, a B TIpaBOit
MaTpune A;T;;. Ecam ¢ = j, 70 3T0 0fMH 1 TOT Ke 3JIeMEHT U X PABEHCTBO HE JaeT HHKaKoro ycjaosud. OmHako,
IUIs1 © 7 § MBI TIOJIydaeM, UTO YCJIOBHE \;T;; = A;j&;; BiedeT 2;; = 0 (TyT MbI IOIB3yeMCsI TeM, 9TO A; 7# Aj). A 3T0
U O3HAYAeT, YTO BCe BHEIUAIOHAJIbHBIE SJIEMEHTHI MaTpUIbl X PaBHBI HYJIO, & 3HAYUT OHA JUAIOHAJIBHA.

Marpuna casura Ilycrs marpuna A € M, (R) umeer Bug

Haiinem {X € M,,(R) | AX = X A}. Jasaiire 1151 OpeJIeIEHHOCTH PACCMOTPUM 3aJ1a1y B ciiyuae n = 4, Tak Oymer
IIPOIIe YJIOBUTEH HAIIN BBIYHCICHHS, TO €CTh IMyCTh

01 T11 Ti2 T13 T4
0 1 x T T T
A 4 X o | %2 T2 T T2
0 1 T3] T32 T33 T34
0 T4l T4z T43  Tag

Torua

11 Ti12 T13
T21 T2 T23
31 T32 T33
T41 T42 T43

T21 T22 T23 T24
x x x x
AX = 31 32 33 34 0 XA=
T41 T42 T43 T44
0 0 0 0

o O OO
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Tax kak marpunbl AX u X A paBHbI, TO y HUX paBHBI BCE 3JIeMEHTHI. JlaBaiiTe IOCMOTPUM Ha IIEPBBI# cTOJIOEI [1JIst
Hauasa cBepxy BHu3. Torma zo; = (AX)1; = (X A)1; = 0. Saunr

11 Ti12
0 =z
X — 22
Tr31 T32
T41  T42

Amnanornuno Torna xz; =

T11 T12

0 X292
X =

O 32

T41 T42

Z13
Z23
33
T43

T14
T24
T34
T44

)

0 I22
g xT
AX = 31 32
T41 T42
0 0

X23
33
T43

0

(AX )91 = (X A)21 =0, TO ecTh MMeeM

13
T23
33
T43

T14
T24
T34
L44

0 I22
Ax=| 0 o
T41 T42

0 0

IMorom BuauM, uTo 241 = (AX )31 = (X A)s1 = 0 n 3HaUNT

T12
€22
Z32
T42

13
T23
33
T43

T14
T24
T34
T4

AX =

0 T2
0 z32
0 g2
0 0

X23
33
43

0

Z23
x33
43

0

XA=

OO OO

XA

OO OO

T24
T34
T44

0

XA=

OO OO

T11 Ti12

0 X292
Tr31 T32
T41 T42
T11 T12

0 X292

O 32
T41 T42
T11 T12
O o2
O I32
0 T42

Z13
T23
33
T43

Z13
T23
33
T43

13
T23
33
T43

VYenobue (AX)y1 = (X A)41 TpuBHANBHOE U He NaeT HUKAKUX orpaHudenuii. Terepb CpaBHUM 3JI€EMEHTHI MATPHIL
AX u XA Bo Bropom crousbre HauuHas ¢ guaroHasu BHu3. Ilomyunm z32 = (AX ) = (X A)aa = 0 u 316Ch MBI
OJIb3YEMCsl TIOJTy U€HHBIM 3HAHUEM O TOM, ITO 3yeMeHT (X A)go HyJIeBoH, mosydaeMm

T11 Ti12

o 0 X292
X= 0 0
0 x4

Z13
T23
33
T43

T14
T4
T34
T44

AX =

0 T2
0 0
0 T42
0 0

€23
33

43
0

T24
T34

T44
0

XA=

OO OO

Z13
T23
33
T43

[Ipomoskast B TOM 2Ke JIyXe U Iepexois K CIAEAYIOMMUM CTOIONAM C JTUATOHAJN U HUKE, Mbl BUIAM, 9TO Y HAC OyIaeT

CJIEIYIONIAsl CUTYAaITs

T11 Ti12

o 0 X292
X= 0 0
0 0

T13
23

Z33
0

T14
T4
T34
L44

AX

T22
0
0
0

o O oo

Z23

33
0
0

T24
T34

T44
0

XA

OO OO

T11

0
0
0

T12

22
0
0

T13
T23

x33
0

Teneps HaM H3JI0 paccMOTpeTh Bee adeiiku B Marpunax AX u X A Boime riasHoe quaronasu. JapaiiTe HadHeM c
anementa 1,2 u GyjieM UATH [0 JUATOHAJM BIPABO BHU3. Bumum, 410 oo = (AX)12 = (X A)12 = x11. Anajornano
233 = (AX)o3 = (X A)az = x99 1 w44 = (AX)34 = (X A)34 = x33. To ecrb Mbl BuguM

a T2
0 a
X = 0 O
0 O

x13
Z23

a
0

T14

T24

T34
a

AX =

0 a T23
0 0 a
0 0 O
0 0 O

T24 0

T34 0
n XA=

a 0

0 0

a Ti12 T13
0 a T23
0 O a
0 0 0

HpO,ZLOJI}KaH AHAJIOTUYIHO paCCMaTPUBATH 3JIEMEHTHI BBIIIEC IVIaBHOE AWAar'OHAJH Ha AWarOHaJIdgX ITapaJijieJIbHBIX IJIaB-

HOI, MBI BUJIUM, 9TO

X =

o O o
S o o

[SES oY

QN0

. AX =

O O OO
S oo

o o

0

L 0

o

XA=

"

o O OO
oo o

o

Q 0

o

Takum 06pazomM B 0DOIIEM CIydae MHOXKECTBO MATpuil, X KOMMYTHPYIONUX ¢ A MMeeT CJIeIytomuil B,

ai

az

11

Qp—1

an

an—1

a2
ay



To ecTp 9TO BepxHETpEyrojbHas MATPUINA y KOTOPOH HA JAMATOHAJISAX IJIABHOE HAPAJIJIEIHHON CTOAT OIUHAKOBLIE
quCca.

KBagpaTHbie MaTpuilbl

3ameTnm, 9TO MHOKECTBO KBapaTHBIX MaTpul M, (R) 3aMKHYTO OTHOCUTEILHO CJIOXKEHNUS, YMHOYKEHHsI, COIEPIKUT
0 u 1 (B cMBIC/IE CONEPKUT eIUHUIHYIO Marpully E, Koropas gBjsiercs aHajorom umciaa 1 jys aucen). Ha sto
MHOXKECTBO MOXKHO CMOTPETh KaK Ha 000o0IeHne obbraubix uncesi. O1Hako, HAI0 He 3a0bIBATH, 9TO [IPOM3BEICHNE
HEHYJIEBBIX MATPUI] MOXKET CTATh HYJIEM WJIH JIayKe CTEleHb HEHYJIEBOM MATPUIIHI MOXKET OKA3aThCsI HYJIEM.

Yro 3nauur genenune B unciyax? IIpeanosnoxum, 9ro y Hac ects ABa uucia a, b € R. Torga nesnenne a/b = a-b~!
— 9TO IPOCTO yMHOYKEHHE Ha OOPATHBIH 3JIEMEHT, a OOPATHBLIN 3jeMeHT b~ ompemessercs cpoiictoM bb~1 = 1.
JlanHOe HaOJIIOJIeHNe JTaeT KJIF0Y K PACIPOCTPAHEHUIO JeJIeHNsT U O0OpallleHns] Ha CJIydail MaTpHIl.

O6parumbie MaTpuibl  UT0OOBI OMpPene T OOPATHYIO MATPHUILy HAM HYKEH aHAJIOr eJUHUILI U3 Juces. B Ka-
YecTBe TAKOrO aHAJIOra BhICTyIAeT ejunndHas marpuna E. Tna marpuner A € M, (R) marpuna C maspiBaerca
obparnoii, eciin BonosHsiercst paseracTBo AC = E = C'A. Takasg marpuna C He 06s3aTeIHHO CYIIECTBYET, HO €CIH
CyIIECTBYeT, TO eIuHCTBeHHa. Torma obparHas MaTpuia obosnauaerca A1, Eme crout obpaTnTh BHIMAHIE HA TO,
YTO yMHOXKEHHWE MATPUI] He KOMMYTATHBHO (MMeEeT 3HAUYeHHe B KaKOM MOPSJIKE yMHOXKAITCs MaTpulpl). Tak Kak
JIeJICHHE — 9TO YMHOXKEHHE Ha 0OPATHYIO MATPHILY, TO y HAC BO3HUKAET aK J[Ba JICJICHU: JIeJICHNE CIIPABA U JI€JICHIE
caeBa. YTo0ObBI He OBLIO Iy TAHUIIBI OTIEPAITUIO JIEJIEHUS BOOOIIE HE BOOJST HA MATPUIAX, a MOJIB3YIOTCH YMHOKEHUEM
Ha 00paTHYIO.

VYrBepxkaeuune. [Iycmo A € M, (R) — npoussoavras xeadpammuas mampuya. Toeda caedyiouue ycaosus K6u6a-
AEHMHDL:

1. Cucmema aunetinux ypasnerut Ax = 0 umeem moavko nyaesoe pewenue xr € R™.

Cucmema aunetinox ypasnenuti Aly = 0 umeem moavko nyaesoe pewenue y € R™,

Mampuuya A npedcmasasemes 6 eude A =Uj - ... Uy, 2de U; — mampuyp, IMEMEHMAPHBLE NPEOOPA30EAHUL.
Mampuya A obpamuma.

Mampuua A obpamuma caesa, m.e. cywecmeyem L € M, (R) maxas, wmo LA =E.

SO S

Mampuua A obpamuma cnpasa, m.e. cywecmeyem R € M, (R) maxasn, wmo AR = E.

Haxoxx1enne obpatHoii maTpuiibl MetogoM l'aycca

Hano Marpua A € M, (R).
Bamaga IlomsiTe o6parmMa Ju MaTpHuIa A 1 ecm oHa o6paTuMa, TO HaliTH ee obparHyo A~ L.

Aaropurm

1. Hawm mazio no cytu penmmts cucremy AX = E, tine F — equananas marpuna. IIoToMy COCTABIM PACITUPEHHYO
marpuiyy cucremsl (A|E).

2. IlpuBenemM 3Ty MaTpHILy K YIyYIIEHHOMY CTYIIEHYATOMY BHLY.
3. B pe3ynbpraTe BO3MOXKHBI 2 CiIydast:

(a) Tocse npuseenus noayuniu marpuity (E|B). Torma A obpatuma u A~ = B.

(b) Iocse upusenenus nosyunaun marpuity (D|B) u y marpuipt D ectb cBOGOJHbIE IIepeMeHHbIE (MK YTO
TO 2Ke caMoe HysieBast crpoka). Torma marpuna A He obparuMa.

3aMeTuM, UTO ecJid B IIPOIECCe aJrOPUTMA, MBI CJIEBA OT Y€PTHI B PACIIMPEHHON MaTPHUIlE HAILIA CBODOIHYIO TIepe-
MEHHYIO, TO Ha 9TOM MOXKHO OCTAHOBHUTBLCSI — MaTpuiia A HeobpaTuma.
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O6paTuMoCTh NMPSIMOYTOJIbHBIX MATPHIL

VYreepxkaenue. [Tycmo A € My, »(R) u B € M, 1, (R) maxue, wmo AB = E,,, w BA = E,, (3decv E,, — edunuunas
mampuya pazmepa n). Tozda m = n.

[Hokasamesvcmeo. Bee nokasaTebCTBO OCHOBAHO Ha JIOIa [JIMBOCTH: HAJIO PACCMOTPeTh paBeHCTBO tr(AB) = tr(BA).
Orkyzma nosydaem, m = tr(AB) = tr(BA) = n, Bce. O

Opsocroponusisi o6parumocts  Ilycts A € M, ,(R) u upu stom m < n. JaBaiite mokakeMm CJIeJyIOII¥e BEII:

1. Ecu marpuria A cofiepKUT HyJIeBOil CTOJIOEI, TO OHA HE MOXKET ObITh 00paTHUMa CJieBa, a €CJIH COIECPIKHUT
HYJIEBYIO CTPOKY, TO OHA HE MOXKeT OBITH O0paTmMa CIIpaBa.

2. Marpuna A o6partuma cripasa (cjeBa) TOTIa U TOJIBKO TOIJIA, KOoryia obparuma cripasa (ciesa) marpuna CAD,
e C € M, (R) u D € M,,(R) — obpaTumMble MATPUIIBL.

3. He cymecryer marpunst B € M, ,,(R) Takoit, uto BA = E € M, (R). To ecrb upsmoyrosbHast Marpuna
HUKOIJa He 00paTuMa ¢ KOPOTKOH CTOPOHBHI.

4. Haiinercsa marpuna B € M, ,,,(R) takas, yro AB = E € M,,,(R), Torga u ToJbKO TOrza, KOIIa KOJIXIECTBO
IJIaBHBIX IepeMeHHBbIX A paBHO m. Takum 00pa30M IIPSIMOYTOJIbHAS MATPUIIA MOXKET ObITh 00paTHMa TOJBKO C
JJIMHHON CTOPOHBI U KPUTEPU 00PATUMOCTH — MAKCUMAJIbHO BO3MOXKHOE KOJIMYECTBO CTYIIEHEK B YLy YIIEHHOM
cTynenuaToM Buze.’

5. B cayuae cymecTBoBaHMs mpaBoit obpaTHOl st Matpursl A € M, (R) KommaecTBO mpaBbIX 0GPATHBIX
OECKOHEYTHO.

(1) IIycrs y marpunst A ectb HyseBoil crosbern, Toraa mjis 6ot marpunsl B, B marpuiie BA ToT Ke caMbrii
cronber OyzeT HyaeBbiM. A 3HauuT BA HEKOrIa HE MOXKET ObITH €IUHAIHON. AHAJIOTMYIHO Je/IAeTCa U JJIs HyJIeBOi
CTPOKH.

(2) HokaxkeMm mjisi OOGPATUMOCTH CIIPaBa, JUIs OOPATHMOCTH CJIEBa JeJaeTcsl aHAJOrm4IHO. IlycTh Marpuia A
obpaTuma cripaBa, Torjia Haiierca B € M, ,,(R) Takas, uto AB = E € M, (R). Torna E = AB = ADD™'B.
Homuozkum 3to paserncTso Ha C' ciesa u Ha C~! cnpasa, noryunm E = CADD ' BC. To ects D~ BC — npaswrit
obparust qra CAD. B o6paTHyio CTOpoHy melaeTcs aHajornaHo uoo, ecma A’ = CAD, o A= C 1A'D™1.

(3) Tokazkem, uto maTpuiia A He o6paTuMa ¢ KOpOoTKoiil croponbl. Ilpuseem matpuiy A' K crynendaromy BuLy
Q*. Tak Kak n > m, TO 3TO 03HAYAET, 4T0 Q' MMeeT HyJIEeBYIO CTPOKY B KOHIe (MaTpPHIA BHICOKAs ). DTO 3HAUUT, YTO
B MaTpulie A 1ocjie BBIIOJIHEHUS 3JIEMEHTAPHBLIX IIpeoOpa3oBaHuil CTOJIONOB, MBI MOJYyYUM MATPHUILy () ¢ HyJIeBLIM
crosibom. B wacrrocrn, o nmyukry (1), marpuna () me obparuma cieBa. Tak Kak 3jeMeHTapHbIE MPe0OPa3OBAHMS
CTONOIOB O3HAYAIOT JOMHOKEHHE Ha OOPATUMYIO MATPHUILY CIIPaBa, 3TO 3HAYUT, UYTO HAlmeTcsa obpaTuMast MATPHIA
U € M, (R) Takas, auro AU = Q. Torga no nyukry (2) caemyer, uro u marpuna A He o6paruma cjesa.

(4) IIycrs y marpuipt A B cryneHdaroM Buje () IJIABHBIX II€PEMEHHBIX MeHbIe m (KojudecTBa crpok). Torma
B MaTpuie ( ecTh HyJeBas cTpoka. To ecTh Marpulia () He obpaTuMa cIpaBa. SHAYUT JJI HEKOTOPOH 06paThuMOil
marpuibl U € M,, (R) soimonseno UA = Q. Teneps u3 nyskra (2) ciemyer, uro A nHeobparuma Crpasa.

Tenepb paccMOTPUM CIIydail, KOTAa KOJUIECTBO INIABHBIX IEPEMEHHBIX PABHO KOJMYECTBY CTPOK. B 3TOM cirydae
marpuiy A moxkuo npusectu K Buiy (E | 0) ¢ momorbio ipeobpasoBanuii crpok u c¢rosi61os. To ecrsb sjist 06paTuMbIx
marpur C € M,,,(R) u D € M,,(R) BbInosnHEHO

CAD = (E | 0)

C apyroii cToponbl, Mbl BuguM, 9ro Marpuna R = (£) asasercsa npasoit obparuoit k (E | 0). Ousts ccbuika Ha

nyHKT (2) 3aBepiiaer JokazaresbcTBo obparumoctu A cupasa. Ilpu sToM 3amerum, uTo mpaBas obparHas K A
umeer Bug, DRC € M, ,(R).

(5) Zly1st 9TOr0 JOCTATOYHO 3aMETHTH, UTO B CJIydae BbIlle Mbl MO Obl B3aTh Marpuiy R = (E), rne P -
[IPOU3BOJIbHAST MATPUIA HYKHBIX paszmepos. Torga dopmysa DR'C € M, ,,(R) maer Ham GeCKOHEYHOE MHOXKECTBO
MPaBbIX OOPATHBIX.

ITpumepsr OueHb MOJIE3HO MPUBECTHU MAPY TPUMEPOB OJHOCTOPOHHUX 00paTuMbix Marput. CaMblil IPOCTO CIy-
qaii A = (1,0). Torua nousTHO, 9TO Y Hee HET JIeBOIl OOPATHON (MBI 9TO y2Ke JI0Ka3aJi, HO TeM He MeHee, s II0BTOPIO
apryMeHT sIBHO), JIEHCTBUTENLHO, B 3TOM ciydae y BA Bropoit cronber Beerya Hymnesoit. C Ipyroit CTOPOHBI MaT-

punsl Buja () sBisiorcs BceBoaMorkHBIME OOpaTHbIME it A cupasa.

9Ter1ep1> TO MbI 3Ha€M, 9YTO OH KOPPEKTHO OIIpeaeJICH.
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Cemunap 1

Sagadmn:

1. Haiitu oOrriee perienre U OJHO YaCTHOE PeEIeHNe CHUCTEMBI JIMHEHHBIX YpaBHEHUil, ncroab3ysa mMeron [aycca:

—3x1 + 69 + 223 — by = —6,
2$1 — 4372 + 2$4 = 4,
3x1 — 629 —x3 +4x4 =6

2. WccnenoBaTh cucremMy W HaflTH 00IIee peleHne B 3aBUCUMOCTH OT 3HAYEHUs IapaMeTrpa A

(1+)\)I1+l‘2+1‘3:1,
1+ (1 4+ Mg+ 23 = A,
$1+$2+(1—|—/\)1‘32/\2

3. Iycrs marpuna A € Ms6(R) umeer Bug

i s s
8 R Rk 8
K& = =8 =
SN I
=8 = =8
= =8 8

Hmsa cucremsr Ay = 0, rae y € RS, maiiTn KoamdecTBO IIABHBIX HepeMEHHEBIX IPH JII060M 3HadeHnn = € R.

4. Ilycrs marpuna J(A) € M, (R) umeer ciemyromuit Bust

Aestyliashid 0
0 x 1 0
0 0 A
1
0 0 0 A
HoxkazaTb, 4To Jiis Jiroboro k BepHa dopmysia
ARCCINETL RPNk
0 DU 0/ Yt 04 L
JNE=10 0 DL :
: : " Cpk=t
0 0 0 AP

2 1\ /1 0\ /3 -1\\"
5 3/\1 1/\-5 2
6. Iycts A € M,(R) Takast, uto A™ = 0 gus Hekoroporo m. Ilokasars, uto E + A u E — A obparumsl, riae
E € M,,(R) — exuHnIHAs MATPHIIA.

5. BoramcanTs miisa 106010 n:

1 Takasi Mmarpuna HaszpiBaercs: JKOpPIAHOBOI KIIETKOI.



CemuHap 2

KnaccudukanmoHHbIil pe3yJibTaT

VYrBepxkaeuune. [Tycmv A,B € M,,,(R) u nyemv Ea, Ep C R™ — wmnoorcecmsa pewerutds cucmem Az = 0 u
Bx =0, coomsemcmeenno. Toeda caedyrouiee 3K6UBAAEHTIHO:

1. Ex = Ep, m.e. cucmemol umerm 00HO U MO HCE MHOHCECMEO PeWEHUT.
A npusodumcs x B asemenmaproimu npeodpa3osarusM.

Cywecmeyem obpamumas C € M, (R) maxas, wmo B = CA.

RN

Mampuua yayuwennozo cmynenuamozo euda oas A coenadaem ¢ mampuuets yayuuerho2o CmyneHwamozo
euda oasn B.

HO}ICTaHOBKa MaTpuil B MHOT'OYJI€H

Mycts p(x) = ag + a1z + . . . a,x™ — MHOrOWIEH ¢ BemecTBeHHbIMEU KO3 dunuentamu, a A € M, (R). Torma moxuO
ompeiemath p(A) = agF + a1 Al + ... + a, A", tne E — equnnunas marpuna. MHOXKECTBO BCeX MHOTOUJICHOB C
BelecTBeHHbIMU Koad dunuentamu s Oyy obosnadars R[z].

CaoiicTBa NOACTAHOBKH B MHOTI'OYJIEH
1. Ecm A € M, (R) u f € R[z] — muorouren, to f(C~1AC) = C~1f(A)C nna moboit obparumoit C' € M, (R).

2. Ecm A € M,(R) u f, g € R[z] — muorousnenst, To marpunst f(A) n g(A) KOMMYTHPYIOT MeKIy COGOI.

CrnekTp MaTpHIIbI

ITycts A € M, (R) onpeesimM CrieKTp MaTpuiibl A CIeayromuM 06pasoM:
spec A = {A € C| A— A\E ne obparnma}

DTO ompejiesieHre CIEKTPa IIPUHAJIEXKUT (DYHKIMOHAJIBHOMY aHaju3y. Ha caMOM jiejie 9TOT CIEKTp COBIAJIAET CO
MHO>KECTBOM COOCTBEHHBIX 3HAYEHUI MATPHUIIBI, O KOTOPBIX Pedb MONWIET Iy Th 1mo32ke. Ob6parnTe BHUMAHME, ITO XOTH
MATPHIA UMeET BEeIeCTBeHHbIe KOA(DMUIINEHTHI, CIIEKTD MBI PACCMATPUBAEM KOMIIJIEKCHBIN. DTO BCE 3ar0OBOD CpeJin
MaTeMAaTUKOB, KOTOPBIE JII00AT KOMILIEKCHBIE YUCJIa OOJIbIIIE BEIIECTBEHHBIX 32 X O0JIee IPUINIHOE MaTEMATHIeCKOe
noBesieane. Eie MOKHO BBECTU CIIEKTDP ¢ KOHKPETHBIM BUJIOM YHCEJI, HAITPUMED BEIECTBEHHBIN CIEKTP

specg A ={\ € R| A — A\E ne obparuma}

AHAJIOTUYHO CHEKTDP MOYKHO OIPEJICJIUTD Il JIIOOOr0 MHOXKECTBA 4Hces (pAIlMOHAJIBHBIX, HAIPUMED WA eIle Ka-
KUX).

IIpumepsni

1. IIycre A € M,,(R) — nuaronanpaas mMarpuna

An
Torma spec A = {\y,..., A\, }.

2. Hycrs A= ({ ') € M2(R). Moxno nokasars, aro spec A = {i, —i}.



Mununmasnsabiii Mmuoroastes Ilycrs A € M, (R) — nekoropasi marpuna. PaccMorpum MHOXKeCTBO BCeX HEHyJIe-
BBIX MHOTOYWIEHOB 3aHyJsonmx A. @opMaIbHO MBI CMOTPUM Ha MHOYKECTBO

M ={f eRlz] | f(A) =0, f #0}

[Iyctb fmin € M — MHOTOYJIEH caMOil MaJIeHbKOMN cTerenn u co crapimM kodddurmentom 1. Torma on HazbBaeTCst
MUHAMAJIBHBIM MHOTOWIeHOM MaTpuibl A. ObpaTure BHUMAHUE, YTO MUHUMAJBHBIA MHOIOUYJIEH 3aBUCUT OT TOTrO,
¢ KaknMu KO3 DUIMEHTAMA MBI €r0 paccMarpuBaeM. KOMIIIEKCHBIN U BEIeCTBEHHBI MUHUMAJIbHBI MHOTOYIEH
MOT'YT OBITH PA3HBIMU.

YrBepxkaeuune. [Tycmv A € M,,(R), mozada sepnv caedyrousue ymeeporcoenus:
1. Munumasororli MHO20YAER fmin cYuecmeyem u eduncmeernviti, npu amom deg fumin < n.
2. Munumaavhoili muozousen deaum 110007 dpye2oli mHuozousen 3anyasowut A.
3. X € spec A moeda u moavko mozada, %0204 fin(A) = 0.
4. s mo6o20 sanyamowezo mrozouaena g € Rlz], mo ecmv g(A) = 0, eepro spec A C xopru g.!

5. Bepno pasercmeo spec A = Kopnu frin-

ITonck muHEMasbHOrOo MHorowieHa Ilycrs 3amana marpuna A € M, (R). Torma mbl 3HaeMm, 9ro Haiigercs
muorowied f € R[z] Takoit, uro f(A) = 0. Kpome Toro, st coobmmi, uro deg f < n. lapaiite obcyaum, Kak HalTH
nonoGHbI MHOrOWIEH. ByjeM uckath ero ¢ HeompejieseHHbIME Kodddurmentamu f(x) = ag + a1z + ... + apz™.
[TosicTaBuM B MHOrOYJIEH MATpUIly A ¥ MpUpaBHsSIEM PE3YJIbTaT K HYJIIO.

flA)=aE+aA+...+a, A" =0
Torma To, 9TO HAILIMCAHO, SIBIISIETCSI CHCTEMOIT 13 N2 ypaBHEHHIA, & MMEHHO
n
{1<i7j<nEija0 + Aijal + ...+ (A )ijan =0

3aeck yepes B;; obosHauens! kKoaddurmenTsl MaTpunsl B, nanpumep, Fj; — 9T0 1j-blil KO3(DGUIMEHT eIuHIIHOIT
marpuipl, a (A™);; — ij-blit kosdduruent Marpus A”.

Tenepp HaC WHTEpPECYET HEHYJIEBOE PEIIEHWE ITON CHCTEMBI, ¥ KOTOPOTO KAaK MOYXKHO OOJIBbIlIE HyJeil cripasa.
Haaiite nosicaro. Takoe pelieHrne OTBeYaeT 3aHYISIONEeMy MHOrowIeny. Mbl XoTuM BbIOpATH TAKOt MHOTOWIEH KAK
MO2KHO MeHbIIeil crerreHu. To eCTh MBI XOTHM 10 BO3MO2KHOCTHU 3aHYJIUTD (y,, [IOTOM Gy, 1, HOTOM Qy,—o U TaK JAJIEE,
IIOKa HaXOJUTCdA HEHYJIEBOE€ pelIeHue. I_Ipe):LIIO.HO)KI/II\/I7 Y9TO MbI IIpUBEJIN CUCTEMY K CTYIIEHYaTOMY BUY U A} — CaMad
JleBasl CBODOHASI repeMenHas. 1 yTBepxKiao, 9ro k u OyIeT CTeHeHbI0 MUHUMAJILHOI'O MHOTOUIEHA, a ITOOBI €ro
HaWTH HAJIO HOJOXKUTDH G = 1, ¥ BCE OCTAJIbHbIE CBODO/IHBIE TIEPEMEHHBIE PABHBIMH HYJIIO.

JeficTBUTEILHO, €CJIM MBI CAEJIaJIi, KAK OIMCAHO, TO BCE IJIABHBIE IIEPEMEHHBbIE IIPABEe Q) TOXKE PABHBI HYJIIO,
10O OHU 3aBUCAT OT CBOOOIHBIX MMEPEMEHHBIX, CTOSIINX IpaBee, a OHU B HAIEM CIydae HysaeBble. To ecThb ajp Oyaer
cTapIuit HeHyaeBoil K03 MUITUEHT B UICKOMOM MHOTOUJIEHE, & 3HAYUUT k OyIeT ero crenenbio. [lodemy Henb3s HAMTH
MeHbIte. YTobbl HATH MEHBIIEe HAJ/I0 3aHYJIUTH €Ile U aj. 1o ecTh Bce cBODOIHBIE TEPEMEHHBIE B 9TOM CJIy4ae OyyT
HYJIEBBIMH, a TOIJ[a U BCE IVIABHBbIE OYIyT HYJIEBBIMH, a 3TO JACT HYJEBOE DPeIlleHHe, UTO IPOTUBOPEUUT HAIIIM
HaMepEHUAM HalTH HEHYJIEBOX MHOTOYJICH.

BerusieHeHNE U3 KAKOTO-TO 3aHYJISIONIEro  IIpeoioxKuM, 9T0 BbI yralaid KaKOH-HIOY/ b 3aHYJIAIONINH MHO-
rowrer i Bameit Mmarpunpsl A € M, (R), a nmenno, nanm kakoit-to f € Rlx] takoit, uro f(A) = 0. Torma MoxuO
[OIIBITATHCST HANTH MUHUMAJIGHBI MHOIOYJIEH CPEJIU JieJInTejieil MHOrOYJIeHa f. DTa Ipolie/lypa TpedyeT yMeThb hc-
KaTh 9TH caMble jiesuresu. Ho B HEKOTOPBIX CATyalusX 3Ta IpoIieypa ToxKe ObiBaeT mosesHa. Hanpumep, B ciaydae
GOBIION OI0YHON MaTpuIlbl A ObIBAET MPOIIE HAWTH 3aHYJISIONUN MHOTOUJIEH.

L AHAIOTIYHOE BBIIIOIHEHO /IS BEIIECTBEHHOIO CIIEKTPA, a MMEHHO, BEIECTBEHHBIH CIIEKTP MATPUILI A JIEXKHUT CPEIy BEIIECTBEHHBIX
KOpHEH g.



Sameuanne o cnekTpe MOoXKHO 110Ka3aTh, 4T0 JI000ii BemecTBennplii Muorowied f € R[z| exuncrsennbiM obpa-
30M Pa3BAJINBAETCS B IIPOU3BEJICHIE

fl@)y=(x—=X)...(x = X)q(x)...q(x)

rue ancyia \; € R MOryT noBTOPSThCH, & ¢; () — MHOIOUIEHBI BTOPO CTENEHN ¢ OTPUIATEIbHBIM JIUCKPUMUAHAHTOM
(10 ecTb 6Ge3 BEIECTBEHHBIX KOPHENt).

[Iycrsb Temepn fiuin — MUHEMAJIBHBI MHOTOYWIEH HeKOTOpoit MaTpuiibl A. Pazioxkum ero momoGHBIM 00pa3oM.
Torjga MBI BUIUM U3 IPEABIAYINErO YTBEPXKICHN, YTO SpeCy A HOMHHUT UHQMOPMAIHIO TOJILKO O HIEPBOii MOJOBUHE
COMHOYKUTEJIeN U TepsieT NH(MOPMAIHIO O KBaAPATHIHBIX MHOTOWIeHaX. OIHAKO, €CTH OBl MBI PACCMOTPEIH [, KAK
MHOIOYJIEH ¢ KOMILJIEKCHBIME KO(DhDUIUEHTAMHI, TO MbI OBl MOLJIN JIOPA3JIOKATH BCe ¢; () Ha JMHeHbIe MHOXKUTEIN
u specc A moMHAT MHQPOPMANUIO O BCEX COMHOMXKHUTEIAX fpin. Ellle HAI0 HOHMMATH, 9TO KaxXKJ0e T — A MOXKET
HECKOJIBKO Pa3 yYaCTBOBATH B PA3JIOKEHUM fy,in, HO CHEKTP HE MOMHHUT 3TO KOJUYIECTBO, OH JIUIIH 3HAET ObLI JIK
TaM JIAHHBIA & — \ WUJIH HeT.

3ameyanme 06 apudmMerndecKmnx cBoiicTBax marpul Ecium Bbl paboTraere ¢ MaTpUIAMU, TO TOTOBHTECH K
TOMY, 4TOOBI JIyMaTh IIPO HUX KakK IIPO 0oJiee CJIOXKHYIO BEPCHUIO 4Yuces. A 3HAYUT, Bbl OyJleTe MUCATH C HUMU pa3-
JITYHOIO pojia anrebpandeckue Boipakenus. Hanpumep, st Kakoii-uuOyas marpunsl A € M, (R) moxno Hanmcarn
A3 1+ 2A — 3E. Ul mpeamonoXKuM BBl XOTUTE YIPOCTHUTD 3TO BEIPAKEHIE KaK-HUOYIb, He 3HAS KAK UMEHHO BLILISIUT
Barta MaTpuiia A. EuHCTBEHHOE, 9TO BaM TIOMOYKET B 3TOM CJiydae — 3aHyJsdonmii muorodied. [lycrs, nanpumep,
f(x) = 22 — 3 zanynser A. Do sHaunTt, uro A? = 3E. Toryia BLIpaskeHue BBITIE MOXKHO YIPOCTUTL Tak

A3+ 24 —-3FE =3A+24A—3E =5A—-3F

Posb MUHMMAIBHONO MHOTOYJIEHA 3aKJIIOYAETCSI B TOM, UTO 3TO «CAMBIH JIYUINi» MHOTOYJIEH, KOTOPBIA ITOMHUAT
KaK MOXKHO OOJIbIIIE COOTHOINEHUH Ha MaTpuily A, 94ToObl MOXKHO OBLIO YIPOUIATH BhIpAXKeHUs. BoJee TOro, Mu-
HUMAaJIbHBIII MHOTOYJIEH aBTOMATHUYEeCKN IOBOPUT, KOTJ/la MOXKHO JIeJINTh Ha BBIPpasKEeHHE OT MATPHIILI, a KOIrJa HeT.
Hampumep, na A — E mozenTs MOYKHO, TaK Kak 1 He siBJIsieTcst KOpHeM f, ¢ IpyToii cTopoHsl Ha Marpurs! A+ +/3E
JEeJIATh HeJIb3sl.

O6paTuMOCTh M MMHMMAJIbHBIIA MHOrowieH O6paTuMOCTb MaTPHILI O OIPEEeeHHI0 PABHOCHILHA TOMY,
YTO B €e CIEeKTpe HeT HyJis, a 3TO TO K€ CaMoe, UYTO Y MUHHMAJBLHONO MHOTOYJIEHA CBOOOIHBINA UJIEH OTJIMYEH OT
Hyls. B 3TOM ciygae MBI MOXKeM SIBHO BBIPA3UTh OOPATHYIO MATPHUILy 9epe3 MCXOAHYH0. JleficTBUTENnbHO, IyCTh
Sfmin = a0 + a1z + ... + apa™ s vekoropoii marpunpr A € M, (R). Toraa

awFE +aA+.. . +apnA™ =0 = AmE+...+anA" ) =—qE = A g _mgmel) g
ag ap

To ectn 10 OTIpeIEIEHITIO
A= g dmyme
ao ao
ObpaTuTre BHUMaHMe, YTO JaHHAs (DOpMyJia paboTaeT PHU yCIOBHH, 9TO ag # 0. DTa mporeaypa moxoxKa Ha IMpoIe-
Jypy u30aBJyieHusI OT UPPAIMOHAIBLHOCTY B 3HAMEHATe e Jpobeil nin n3baBjeHns OT MHUMON YaCcTH B 3HAMEHATeJe

B KOMILJIEKCHBIX JIPODSIX. DTO HECIPOCTA, 9TO B TOYHOCTU TOT K€ CaMBII METO/I.

Onpenenuress (HemHOro dunocodun)
Ceituac 1 X014y 0OCYJUTH «OPUEHTUPOBAHHBIN 00beM» Ha MPSAMOil, JIOCKOCTH U B MMPOCTPAHCTBE.
Ilpsamas Ha npsimoit MBI MOXKEM BbIOpaTh <«IIOJIOXKUTEJIbHOE» HampapjeHue. OObBIYHO Ha PUCYHKE BBIOMPAIOT C

JieBa Ha TmpaBo. Torja fjnHa BEKTOpa, KOTOPBIF CMOTPUT C JieBa HA MPAaBO, CIUTACTCS IOJOKUTEIBHOMN, a C IIpaBa
Ha JIEBO — OTPUIATEJIbHOIA.

Ilnockocth 3mech 06beM OYIET 3a1aBATHCS AP0 BEKTOPOB, TO €CTh HEKOTOPOI KBAIPATHON MAaTPHUIIEH pa3Mepa
2, TIe BeKTOpa — 3TO ee cTojbmpl. OCHOBHAS MIest TaKas: IMyCThb MBI XOTHM ITOCYUTATH ILIOMIAIbL MEXKIY IBYMSsI



BEKTOpPaMU Ha IIJIOCKOCTH, TOYHEE IUIONIa b IapasulelorpaMMa HaTAHYTOI'O Ha BEKTOPa €1 U €3 KaK Ha IIePBOM
PHUCYHKE HUZKE.

- €2 el

ey €1 ~

JlaBaiiTe ABUraTh BEKTOP €2 K BEKTOPY €;. 1Orja IJIOIab Oy/IeT YMEHbINATHCA U KOTJIA BEKTOPA JIATYT Ha OJHY
[psiMy¥0, oHa Oyzer paBHa Hysr0. OIHAKO, €CJIM MbI IIPOJIOJI?KUM JIBUTATh BEKTOP €2, TO ILJIOMIA/Ih MEXKYy BEKTOPAMU
OITh HAYHET PACTU U KAPTUHKA B KOHIIE KOHIIOB CTAHET CUMMETPUYHA UCXOJIHOM, a MOJIyYEHHBII MapaJiaeorpaMM
paBeH m3HavagbHOMYy. OIHAKO, 9TA CATYAIMs OTJIAIAETCH OT MPEIBLIYINEl M BOT KAK MOYXKHO HOHSTH ueM. [Ipes-
MTOJIOXKUM, UTO MEXKJy BEKTOPaMHU ObLIa HATSHYTa XOPOIIO CXKUMaeMas TKaHb, OJHA CTOPOHA KOTOPOH KpacHas,
Opyras 3eseHas. Torja B caMOM Hadajie HA HAC CMOTPUT KpPAcHAs CTOPOHA 3TON TKAHU, HO KaK TOJBKO €g IIPOIIE
Jepe3 e1 Ha HAC yKe CMOTPUT 3ejieHast CTOpoHa. MbI ObI XOTe/N HAYIUThCS OTJINYATh ITH JBE CUTYAIINH C TIOMOIIHIO
3HaKa, €CJIM Ha HaC CMOTPUT KpacHas CTOPOHA — 3HAK IIOJIOYKUTEJIbHBIN, eC/Ii 3eJIeHast — OTPUIATEIbHBIN.

Eite onun criocob mymaTs mpo 9ty curyarmio. [IpemgcraBuM, 9TO IJIOCKOCTH — 9TO HAII CTOJI, 8 MapaJLIeIOrPAMM
BBIpe3aH u3 Oymaru. Mbl MOXKeM HOJIOKHUTH TAPAJIIESIOrPAMM Ha CTOJI ABYMsI CIIOCOOAMU: JINIIEBOI CTOPOHOI BBEPX
WK Ke BHU3. B mepBoM ciiydae Mbl CYUTAEM ILIOMIAb MOJIOKHUTEIHHOM, a BO BTOPOM — OTPHUIATEIbHOM. Bo3moxk-
HOCTD OIPEJICJITH JINIEBYIO CTOPOHY CB3aHA C TE€M, UTO MBI 3HAEM, TJIe Y CTOJA BEPX, a IJe HUX. ITO BO3ZMOXKHO,
[IOTOMY YTO HAIlla IJIOCKOCTH JIEZKUT B TPEX MEPHOM IIPOCTPAHCTBE M MbI MOYXKEM TJIsiIeTh Ha Hee u3BHe. OmTHAKO,
ecjin ObI MBI >KWJIM Ha IJIOCKOCTH U y HAC He OBLIO Obl BO3MOYKHOCTH BBITJISIHYTH 3a €€ IPEJIEJIbl, TO €INHCTBEHHbIH
croco0 YCTAHOBUTH «KAKON CTOPOHOIN BBEPX JIEKUT MMAPAIEIOTPAMM>» OBLT ObI C TIOMOIBIO TOPSIIKA BEKTOPOB.

Eme oxmo Barkmoe 3ameqdanne. Ecim Mbr 6epeM [1Ba OJMHAKOBBIX MAPAJIIEIOIPDAMMA HA HAIIEM CTOJIE, KOTOPbIE
JIeYKaT JINIEBOI CTOPOHOM BBEPX, TO MBI MOXKEM II€PEJIBUHYTH OJMH B JPYroOii, HEe OTPBIBas €ro OT CToja. A BOT
€CcJIi OJIMH U3 MapaJIIeIOrPAMMOB UMEET IMOJIO2KUTEJIHHBIN 00beM, & JIPYroil OTPUIATEIbHBIN, TO HEJIb3s MIEPEBECTU
OJIUH B JIPYTOW, HE OTPBIBast OT CTOJA. 1O €CTh, €CJIM BbI >KUBETE HA IJIOCKOCTH, TO BAM HE IOJIYIUTCS IT€PEMECTUTH
MTOJIOYKUTEJIbHBIN ApaJIIeJIOrPAMM B OTPUIATEIbHBINA, HE CJIOMAB WA HE pa300paB ero.

ITpocTpancTBOo B mpocrpamcTBe 7€710 ¢ opueHTanueir 00CTOnT abCOTIOTHO aHAJOTUIHO. MBI XOTHM yIKe CIUTATh
00'bEMBI TTAPAJUIEIETNITEIOB HATSIHYTHIX HA TPU BeKTOpa. Il MBI Tak »Ke XOTUM, ITOOBI 3TH 00HEMbBI TIOKA3BIBAJIH «C
KAaKOI CTOPOHBI» MBI CMOTPUM Ha, TAPAJIICJIEIIHIIE/T.

s 7 s 1 s 7
v s v s v s
s s ‘ s s ‘ s s ‘
o |- _ 7 I <o |- _ 7 I ol 4 |
| | | | | | | | |
€3 €2 €1
| | | | | | | | |
| €2 | I | €3 | I | € | I
- _ s —_— >
| | / | | 7 | | /
€1 / €1 / €2 /
| L | L | L
| l/ | l/ | l/

31ech 3HAK 00bEMA ONMPEIEIISETCS IO IOPaKy BeKTopos.” Ha pucyHke o6beMbl IEPBOTO U TPETHETO HOJIOXKHATEIb-
HbIE, & Y BTOPOro OTpUNaTeabHEI.? EC/M BBI cleaeTe MONSIBKH STUX KYOHKOB U3 HOIINCAHHBIX CIINUEK, TO TPETHit
KyOUK — 3TO IEpBBId, HO JIesKaIUi Ha JAPYroil rpanu. A BOT BTOpOI KyOUK MOJIYYUTH U3 [IEPBOTO BPAIECHUSMU HE
noyuntcs. Hamo Oyzer ero pazobpars u npucobaduTh pedpa mo-Ipyromy.

Kak u B ciy4ae ¢ IJIOCKOCTBIO, €CJii Obl MBI MOIVIM BBIATH 38 IIPeeJibl HAIIero TPEXMEPHOI'O IIPOCTPAHCTBA,
TO y HAC IOSBUJIACH ObI JIMIEBas U ThLIbHAS CTOPOHA, KaK y cToJa. M Torma mepBblii U TpeTuil KyOUKHU JIesKaJIin
OBl JINIIEBOIl CTOPOHOI BBEPX, & BTOPOil — BHU3. Mbl, KOHEYHO 2Ke, TaK CJejaTh He CMOXKEM U HUKOIJIA B YKU3HU He
YBUJIUM IOJ00HOE, HO JyMaTh IIPO TAKOEe IOJIOKEHNE BeIel 110 AHAJOTUH C IJIOCKOCTHIO MOYKEM U T4 MHTYHUIUS
OBIBaET IOJIE3HA.

2B obrmeM ciyuae MOKHO OIPEIEUTD MOHATHE 3HAKA, /Il TG00 yHOPSI0UMHBAHNS BEKTOPOB, TAK UTO ITOT 3HAK Gyner BecTn cebst
xopommuM o6pazoM. OnHaKo, Mbl He Oy/1eM yTiIybJIAThCA B 9Ty HEHYXKHYIO HAM TEOPHIO.

3Y106BI TOHATD, TOYEMy WMEHHO TaK, Ha/I0 PA3BUThH TEOPUIO 3HAKA TTepecTaHoBKH. OIHAKO, CeHTac 9TO HE BasKHO, & HUYKE, 5 PACCKAIKY
METO/I, KOTOPBI!I He ITOTPeOyeT STOro 3HAHUS.



Omnpenennreb

CymecTByeT HeCKOJILKO CIIocob0B OIpeIe/ T olpeieuTesb. ! BoT kiaccudaeckoe olpejie/ienne 1epes MepecTaHOBKH.
ITycrs A € M, (R) nostoxum
det A = g SgN(0)A15(1) - - - * Ono(n)

oES,

Nnmenno sty (opmysty JIOOST cocraBuTe/ M YIeOHUKOB 110 JIMHEHHON ajirebpe W MMEHHO ee HUKTO He HUCIIOJIb3YET,
KOI'JIa HAYMHAIOT PEIlaTh 33Ja9i. A eCIi y4ecThb, 9TO B 3TON (OPMYJIe MMOJIHO BCAKUX HEIMOHATHBIX 3HAYKOB, CMBICI
KOTOPBIX €Ille HaI0 OObLACHUTH, TO 3TO IO CYyTH O3HAYAeT, YTO AaHHad (POpMyJa, MSATKO I'OBOPs, HEe TaKad yiK
[IOJIE3HAS] U HyKHAasl.

Tem He Menee, gaBaiiTe s O0bBSICHIO, YTO TYT HamucaHo. Ilo-xopormeMy, s TOMKEH OObICHUTH, UTO TaKoe Iie-
PECTaHOBKHM, UX 3HAK U KaK OHU TYT KCIOJIb3YIOTCs. HO BMECTO 9TOro s moiiay KOPOTKUM IIyTeM M OObSICHIO IIO
paboUe-KpPeCThsIHCKH.

BryTpH CTOAT NPOUSBEICHUS BUMA (g (1) * - - - * Uno(n), T/1€ TIEPBBIT HHIEKC — 3TO WHJIEKC CTPOKH U 3TU WHJICKCDI
HJYT HO-HIOPSAIKY. DTO 3HAUMUT, 9TO Mbl M3 KazKJO0i CTPOKHM BBIOMPAeM IO 3JIEMEHTY. XUTpas 3allicCh I BTOPO-
0 MHJIEKCA O3HAYAET, YTO Mbl BHIOMPAEM 3JIEMEHTHI TakK, YTOObI M3 KayKJOrO CTOJIONA BBHIOPAH B TOYHOCTH OIUH
ssieMenT. Hanpumep, eciin MbI B IIEPBOii CTPOKE BHIOpAJIM SJIEMEHT U3 3-€r0 CTOJIOIA, TO Jajiee U3 3-ero CTOJIONA
BBIOMpPATH y2Ke HeJib3s. 10 eCcTh Takoe cjaraeMoe IOJIy9YeHO TaK: Mbl BEIOMpaeM 7 3JIEMEHTOB U3 MarTpuilbl A Tak,
9T00BI B KAXKJION CTPOKE M KaXKJIOM CTOJIOIE BCTPETUJICS TOJIBKO OIMH JIEMEHT. Bce 3T 3/1eMeHThI IepEeMHOKAEM,
nobapiigeM 3HaK 1 U moaydaeM OZHO cjaraeMoe. A IIOTOM MbI BCe IIOJOOHBIE CJlaraeMble CKJIAILIBAEM MEXKIy CO-
Goii. Bcero okasbiBaercst 1esibix n! ciaraeMbix. A 3TO 03HAYAET, YTO UX CUJIBHO J0HUIra U CIATATH 110 3TOH (PopMyie
[PAKTUIECKH HEBO3MOXKHO.

Kaxk 310 omnpesiesieHne CBs3aHO ¢ OPHEHTUPOBAHHBIM 00beMOM. JlyMarTh mpo 3To Hajo Tak: myctb A = (A |

| A,) € M,(R) cocrasnena uz cronbuos A; € R™. Torma det A — 370 OpUEHTUPOBAHHBIN 00HEM N-MEPHOIO
napaJuiesienuie/[a HaTsSHyTOro Ha BekTopa Aj, ..., A,.

IIpumepsnt
1. Ecmm A € M1(R) =R, 1o det A = A.

2. Ecim A € My(R) umeer Bug A = (‘; Z), o det A = ad—bc. I'pacdbuyecku: riiaBHast IUaroHaJib MUHYC TOOOIHAS.

aiil ai2 ais
3. Eciim A € M3(R) umeer Bug A = (fj’“ a22 23 ), TO OIpPeJIEJIUTENh TOIydaeTcs u3 6 cjaraeMblX TPH U3 HUAX C
31 a32 a33

+ tpu ¢ —. I'padutecku caaraembie MOKHO U300PA3UTh TaK:

detA:+\+//\+\//_/_/\\_\\/

Tounaa dbopmysa’

det A = a11a22a33 + a12a23a31 + 13021032 — G13022031 — G12021033 — Q11023032

CaoiicTBa onpeaeanTeJis

Cunrarh olpeaeJauTe b 110 SABHOI d)OpMy.He BeCbMa HpO6JIeMa,TI/I‘{HO. Cummkom YK MHOT'O CJlara€MBbIX. HOTONIy
II0 OIIpeaeJIEHNIO €ro MOXKHO BBIYHCJIATL JIAINb [dJId OYCHb CIIeIUaJIbHBIX MaTPHII. ,HJ'IH IIPOU3BOJIBHBIX MAaTPHIL
HCIIOJIB3YIOTCA HEKOTOPDBIE ITOJIE3HbIE CBOfICTBa, C IIOMOMIIBIO KOTOPBIX UX OIIPpEACIUTE/IN CBOAATCA K OIIPEACTUTEIAM
ClIeMuaJIbHbIX MaTPHIL.

ITycts A € M, (R) — maTpuna, Torya Ha Hee MOKHO CMOTDETh Kak Ha Habop u3 n crononos A = (Aq]...|A,).
Torna oupenenurens det(A) MOXKHO paccMaTpUBaTh, Kak (YyHKIUIO OT cTOJIONOB MaTpunsl A, 1o ecth det(A) =
det(Aq]...|A,). dymaro Takum o6pa3oM, Mbl MOXKeM ¢(HOPMYJIUPOBATH CJIELYIONIHE CBOMCTBA:

1. det(Aq]...|A; + Al|...|4,) = det(Aq]...|4;] ... |An) + det(Aq]...|A}] ... |A,). Hanpumep,

ey 9) =t (G ) =aer (G G+ (3) =aa s 5) a3 2)

4Kak 65l IUIYIIO 5TO HE 3BYYAJIO.
SHauunasi ¢ 9TOro MOMEHTa MOYKHO 3a0BITh HecTHOe omnpesesenre. OHO TTOYTH HUKOT/IA HE HY’KHO I MCIIOJB30BAHUS, HAM JIHIID
npurogsTcs ero csoiicrsa. OnpeiesnTes HUKOILa HE CYUTAIOT IO OIPEIEIEHHIO. DTO CIHUIIKOM JOJITO.




2. det(Aq] ... |4 .. JA ] ... |An) = —det(A1]...|4;]...|A;i] ... |As). To ecTs eciiu mOMEHSITH MeCTaMHE JBa CTOIO-
1, TO OIPEe/EeJIMTe/b U3MEHUT 3HAK, HAIIPHMED,

1 3 31
det (2 7)——det (7 2>

3. det(Aq|...|A"|...]4"]...]A,) =0, TO eCTh €CJIM y MATPHIIBI CTh JIBA OJMHAKOBBIX CTOJIOIA, TO OIPEJEJUTENb
ABTOMATHIECKY PABEH HYJIO, HAIPUMED
1 0
det =
e (2 0) 0

4. det(Ay]...[AA;] ... |An) = Adet(Aq]...|A4;i]...|An). To ects, ecom omun cTONIGEI] yMHOXKHUTE Ha OJIHO B TO YK€
YHCII0, TO BECH OLPEJEINTEb YMHOXKHUTCS HA 9TO YUCJIO, HAIIPUMED,

1 3 1 1
det (2 9> = 3det (2 3)
5. det(Aq] ... [Ail ... JAj]...|An) = det(Aq] ... [Ai] ... |A; + XA;i| ... |Ap). To ecTs, ecau K ofHOMY CTONIOIY MaT-
pUIBl TpUGABUTH JAPYTOil yMHOMKEHHBIN Ha KO3 DUIMEHT, TO ONpeIenTeb He N3MEHUTCS, HAIIPUMEpD

s 3= (G G)) = (GG 2 () = o (G) () oo )

6. det A = det A’. To ecTb ompemesuTe b MATPUILI PaBEH ONPEIEINTENIO TPAHCIOHHPOBAHHOM MaTpUIbL. A
3HAYNT, BCEe CBOICTBA CHOPMYJIMPOBAHHBIE BBIIIE /IJIsi CTOJIOIOB aBTOMATUYIECKH BEPHBI U JIJIsI CTPOK.

7. Omupesesuresib TPEyTrOJIbHON MATPHUIIEI

/\1 * * /\1
Ao ... % * Ao
det . . = det . . . = /\1/\2 . /\n
An x % .. A

TO €CThb Yy Tpeny.HbHOfI MaTPpHUIIbI OIIpedeJINTe/Ib PaBEH IIPOU3BECACHUIO €€ JUarOoHaJIbHbIX 3JIECMEHTOB. B qacT-
wocru det E =1 u det(AE) = \™.

Bprauciienue onpeaesinTelisi ¢ IIOMOIIBIO JIEMEHTAPHBIX NPeoOpa30BaHMiA

U3 copmymnpoBaHHBIX CBOWCTB BBIIIE CJIEAYET, 9TO OIPE/IEINTE]b MOXKHO CINTATH TAK: HAJO IPUBECTH MATPUILY
A sytleMeHTapHBIMEA TPEOOPA30BAHUSAMI K TPEYTOJBHOMY BUJY U II0 IIyTH 3allOMUHATH HEKOTOpbIE KO(DDUIIHEHTHI,
[IOCJIE Y€ro HaJ0 MEPEMHOXKUTH ITU KOI(DMUIMEHTHI C OIPEeJIeJNTesIeM TPeyroibHoi Marpuisl. JlaBaiite mpome-
MOHCTPHUPYEM Ha IpuMepe, OyIeM MPUBOIUTH MATPUILy K CTyHEeHIATOMY BUJLY 3JeMEHTAPHBIMU ITPe0bpa30BaHUSIMU
CTPOK

0 1 1 1 1 -1 1 1 -1
det | -1 2 1 |=—-det|{-1 2 1 |=—-det{0 3 0 | =
1 1 -1 0 1 1 01 1
11 -1 1 1 -1
=—-3det {0 1 O |=-3det|0 1 0 |=-3
01 1 0 0 1

CsB#a3b oripeagegaunTesid C IIpon3BeJeHnemM
[1st onpeienuresisi BepHBI cieyomue hopMyJIbl

1. det(AB) = det(A) det(B)

2. det(A~1) = det(A4)7!



3. Ilycts A € M, (R), C € M,,,(R) u B € M,,,,(R), Torzma

A B
det (0 C’) =det AdetC

OKa3bIBaeTCsl, UTO OUPEEIUTENb sIBjIsiercs equncTBennoii dyunknueit ¢: M, (R) — R raxoii, aro
1. ¢(AB) = ¢(A)¢p(B)
1

2. 6 -

MuHops! 1 ajredpandeckue JIOMOJTHEHUS

IIycts A € M, (R) ¢ samementamu a,;. Pacemorpum marpury D;; € M,,_1(R) noayuentyo u3 A BblMepKuBamHmeM
i-0if cTpoKu u j-ro crosbdna. Onupenesmurens Marpunsl D;; obosHadaerca M;; 1 Ha3bIBAETCS MUHOPOM MATPHILI A
W/ ij-MUHOPOM Jyist onpejesentoctn. Yucio (—1)"7M;; nasbiBaercst ajireOpanvecKuM JONOJHEHHEM 3JIeMEHTa
a;; 1 obo3HaTaeTca A;;.

[TokaxkeMm Kak 3TO BCE BBINJISIAUT Ha KapTUHKaX. Ecau Mbl nmpeiacraBuM mMaTpuily A B Buje

*

Torua

~

ij

Dij:(;f 5;) M;; = det <)Z(J %C) w Ajj = (—1)"" det ()Z(]J le>

Paznoxxkenue onpesenuresis 1o cTrpoke (CTosoILy)

Pa3znoxenue no cronubiy [Tiua marpunst A € M, (R) u moboro k ¢ yciaosuem 1 < k < n Beprua dopmyia
det A = Z?Zl aikAik. 3necy A;j — anrebpandeckoe JIONOJHEHNE a;;. Hampumep, pas3jioxKuM 110 BTOPOMY CTOJIOITY

1 2 3

det| 3 2 1 :2(—1)1+2det(3 1)+2(—1)2+2det<1 3>+0(—1)3+2det<1 3)
1o -1 1 -1 1 31

st pa3sioKeHus 10 CTPOKAM BEPHBI POBHO Te ke caMmble (popmysbl. VIX MOXKHO IOJIyYUTH IIPOCTO Iepeijisd K
TPAHCIIOHMPOBAHHON MaTpuIie

dBHass popmysia oOpaTHOI MATPUIIBI

ITycrs A € M,,(R). OkasbiBaercs, yro Marpuna obpaTuMa TOra U ToJIbKO Toraa, korga det A # 0. B sTom coyuae
MBI MOYKEM HAIMCATH sABHBIE (POPMYJIBI JIIs OOPATHON MaTPHUIBI 9epe3 onpeaenTeb. [lyers A umeer By

a1 ai12 e A1n

a921 a9 . a9n
A =

an1  ap2 cee Qpn

Cocrasum MaTpury AT u3 anrebpandeckux JOMOTHEHNI, T.e.

An A ... A,
At = Agp Asa ... Ay
Anl An2 .o Ann



Conpsizkennas Marpuna A gis A onpenensiercs xkax (A1), re.

All .A21 P Anl
. A Az ... Ap
A=

Aln A2n e Ann

-1 _ _1 A
TOF,ZI& A = mA

IIpumep Ilycts A = (‘;Z)7 torma At = (_db _ac), A= ( d 71’), Al = adibc ( d ’b).

—C a —Cc a

Dopmyasr Kpamepa

Marpuna A € M,,(R) nasbBaercst vesviposicdennot, ecnu det A # 0. B mpoTuBHOM ciiyuae OHa HA3BIBAETCS BHIPOXK-
nennoit. Eciim Mmarpuna A He BBIPOXKIEHHAS, TO U3 IBHBIX (GOPMYJI JJist 00PATHON MATPUIIBI CJIEJYET, 9YTO CYIIECTBYET
A~!. B wacTHOCTH cucTeMa BUIa Az = b MMeeT eMHCTBEHHOE peleHne JIs JIo0oil mpaBoit yactu b € R™.

ITycts A € M, (R) — ueBbipoxKenHas KBaaparHasg marpuna, b € R™ — npoussosbubiil cronben u Ax = b —
CUCTEMa JIMHEVHDBIX YPaBHEHUN C 1 HEU3BECTHBIMU.

ITycte A = (A1 ... |A4,), tae A; € R™ — cronbuer marpunpst A. Onpenenum marpuiel B; = (Aq|...|A4;-1]b|Ait1] ...

T.e. B; nonydaercst uz A, ecqiv B A 3aMeHUTD i-biii cTosidel; A; Ha BEKTOP b U3 MPaBOil YaCTH CUCTEMBI.

Tak kak A — HeBBIpOXKIEHA, TO cucTeMa Ax = b Beerja uMeer eJUHCTBEHHOE PEIEHUEe. DTO PEIIeHUE BHIYUCIIs-

TCA II MYyJIaM T; = L, 9T MYJIbI 1 Ha3bIB TCA MYyJIaMK M .‘
eTcC O PO aM T (ileettilg O a3 aIOTC! O a. Kaea(’

Ipumep Ilycrs A = (‘; g) ub= (g;) Pemum cucremy Ax = b. Torma det A = ad — be, det By = det (Ig; Z) =

b1d — bab, det By = det (? g;) = aby — ¢by. Torma x1 = % U Ty = %.

XapaKTepuCTUIEeCKN MHOTOYJIeH
ITycts A € M,,(R), Torma Boipazkenue
Xa(A) = det(AE — A) = (—=1)"det(A — AE)

SIBJISIETCSI MHOMOYJIEHOM OT A\ CTEIIeHM 7 ¥ Ha3bIBAETCsI XapaKTEPUCTUIECCKUM MHOI'OYJICHOM JIJIe A. T'naBuas moan3a
OT XapaKTEPUCTUIECCKOI'0O MHOT'OYJIEHa — €I'0 KOPHU 3TO U €CThb CIIEKTD MaTPHUIIbLI.

VYreepxkaenue. ITycmv A € M, (R) u xa(X) — zapaxmepucmuueckuds muozouaen. Toeda

1. Jlezko nocwumamo caedyrousue koaddhuryuernmo:’

xa(A) = A" = tr(A)A" "+ 4 (1) det(A)

2. s npoudsoavrozo wucaa N 6epro, wmo A\ € spec A moada u moavko moeda, xozda x a(A) = 0.

3. Mnozouaen x a(\) sanyasmowud das A, mo ecmv x 4(A) = 0. Imo nasweaemes meopema Iamusomona-Kanu.

Asubie dopmyuibl Aist KO3(PUIMEHTOB XapaKTEPUCTUIECKOr0O MHOTO4YJIeHAa BrHadaje jaBaiiTe BBeJeM
HekoTopble obosHaueHus. Ilycts A € M, (R) — Hekoropast marpura. PaceMorpum mponsBosibHOE K 3/1eMeHTHOE
HOJMHOMKECTBO B MHOMKECTBE Umcesl OT 1 70 n 3aJaHHOE B BUJIE %1, ...,1;° DBBIUepDKHEM U3 MATPHUILI A CTOIOIEI
7 CTPOKH C STUMH HOMepaMH 1 OOO3HAaYMM MOJIydeHHYI0 MaTpuily depe3 R; . ; . I'padmudeckn srta mporemypa

6V sTEx dopMys HET 0COBOrO IMPAKTHUECKOrO CMBIC/IA, B OCHOBHOM TOJILKO TEOPETHUECKOE MPUMEHEHHE, 33 HCK/IIOYEHHEM MAaJIOTO
pa3mepa.

"Ha camoM gese ectb (pOPMyYIIBL [1Jisi BCeX KO3 DUIMEHTOB, HO B HUX HET CMBICIIA, [JIs HAC.

83aer OpeaIoaraeTcs, 91o 1 < ... < tg.

[An),



BBITVIAIUT TaK:

T
Q144 A4y,
Ry . . Ry k41
. : : Ri1 - le 1
1 ’ Qi1 - cee Qign ‘ +
= Ril,...,ik = : T : S Mn—k(R)
: Rii11 o0 Reyikn
(23 ’ (2779 BRI e Qyn ‘
Rpt11 : .- : Ri1 k41
anil a'nik

HOJ’IBSyHCb 3TUMU 0003HAYEHUSIMU ITOKAZKEM cieayromee.

YrBepxkaeuune. [Tycmov A € M, (R) u e2o zapaxmepucmuseckuds mnozonaen umeem 6ud
XAN) =N Fan N 4 adFag

Tozda, 6 0603HAMEHUAT 6viLe, 04 KoOIPPUUUEHMO8 a) 8epHa caedyowas dopmyaa’

ap = (71)"71c Z det Ril,---,ik

11 <...<tg

93anmeTuM, uTO 9Ta POpMyIa TaK¥Ke HMeeT cMbICa mpy k = 0 u npu k = n. Ecim k = 0, To MHOYKeCTBO HHIEKCOB ImycTo @ U Ry = A,
noromy dopmysia npespamaercs B paBeHCTBO ag = (—1)"™ det A. Ilpu ycioBun k = n, Mbl BbIYEDKHBAEM BCE CTPOKU M3 MATPHUIBI U B
stom caygae Ri,...n € Mo(R). Takoro o6bekra He CymIECTBYET, HO MbI MOXKEM [Isi yAOOCTBA CUUTATH, U9TO B 9TOM Ciydae dopMyiIa
osHauaer det Ry,... n = 1.



CeMmuHaAp 2 AOOJHUTEIBHO

IIpuHIUNO «IIPOJIOJI2KEHUSI IO HEIIPEPBIBHOCTU »

Bapaua. Pacemorpum kBaspaTHyoo Marpuily u3 M., (R) Buma (é B), tme A € M,,(R), B € M,,,(R), C €
M, »(R), D € M,,,(R). TTokaxkure cieyromniee:

1. Ecim A obparuma, TO

A B _
det (C D> = det(A)det(D — CA'B)

2. Eerm m =n u AC = CA, to'

A B
det (C’ D) = det(AD — CB)

Pewenue. (1) Unesa B ToMm, 941066l IPUMEHUTH GJIOYHBIE BJIEMEHTAPHBIE IIPEOOPa30BaHUsd K CTPOKAM MaTpurpl. A
IMEHHO, MBI GepeM TIepByIo cTpoKy Marpunbl (A|B) u ymHOxkaeMm ee ciiesa Ha «kodddurment> C A~ momyamm
(C|CA~1B). Tlocne 3Toro BerauTaeM 3Ty cTpoKy u3 Bropoit crpoku (C|D) u nomyuaem (0|D — C A~ B). Ha omnoit
KapTUHKE MBI [IPOJIEJIAJIH CJIe Ly IOIee

A B -0 I C Ail — A B
C D BbIYUTaeM U3 -Od CTPOKH 1-I0 YMHOXKCHHYIO Ha cJIeBa 0 D — CA—lB

ITo amasorum c sjeMeHTAPHBIME TPEOOPA3OBAHUSAME [I€PBOrO THIIA HAJL CTPOKAMHU TaKas IMIPOIEAypa He IOJKHA
[IOMEHSATH OIIpeJiesinTeNb. JlaBaiiTe cTporo moiiMeM, oYeMy OIpeJeIuTe/b He MeHseTcs. s sToro 3amernM, 4To
Takas MPOIEypa SKBUBAJIEHTHA YMHOYXKEHUIO CJIeBa HA OJIOYHYIO MATPUILY, & UMEHHO

E 0\ (A B _ (A B
—ca E)J\c¢ p)~\o D-ca'B

Camasi JieBasi MATpUIA — HIZKHETPEYTOJIbHASI C eJMHUIIAME Ha JIMaroHajH, a ee onpejenutess paser 1. Iloromy
OTIPEJIEIUTENb UCXO/ITHOW MaTPHIIBI PABEH OINPEJIE/INTENIO0 MATPHIILI CIeBa. A ee ONpeJIe/IuTesb PaBeH TPedyeMoMYy,
TaK KaK TYT €CTh YIOJI HyJIEil.

(2) Ilar 1 Tapaiire B Havyaje paccMorpuMm ciydaii A obparuma. B sToMm ciydae, 10 mepBOMy MyHKTY Mbl
[IOJIy 9aeM

A B —1 —1
det <C D> =det Adet(D — CA™"B) =det(AD — ACA™"B) = det(AD — CB)
B mocnepeM paBeHCTBE MBI BOCHOJIB30BAIUCH TeM, 9T0 Marpulibl A 1 C' KOMMYTHPYIOT.

IITar 2 A 3xech s BaM OPOJEMOHCTPUPYIO MJEI0, HA KOTOPOH JEp:KUTCS pelleHne MHOruX 3ajad. Hampuwmep,
€CJIN BBl MOXKETE JIOKA3aTh 9TO-TO TOJBKO JJIs OOPATHMBIX MATPHI], TO ITUM CIIOCOOOM OYEHBb JIETKO CBECTH JOKA3a-
TEJILCTBO HEOOPATUMOTO CIydast K OOpaTHMOMY.

Hagaiite paccmorpum Matpuiy Ay = A — AE u noifimeM 1ipu KaKuxX A Takasi MaTPUIA MOXKET ObITh obOparnmMa, a
[IpU KaKux HeT. f yTBep:K/1aio, 9TO TOJIBKO JIJIsI KOHETHOI'O YUC/Ia A TaKas MaTpuia He obpatuma. JleiicTBUTEIBHO,
MBI 3HAEM, UTO MATPHUIa 0OPATHMA TOTJIA U TOJBKO TOT/IA, KOTJa ee OIpeesnTeb He HOMb. [lotomy Ay HeoGpaTmma
TOrJIa ¥ TOJBKO Torga, Korga det Ay = 0. Jasaiite BauMaresbuo mocmorpuM Ha det(A — AE).

ailp — A ai2 N A1n
a921 a9 — AL a9n
det
an1 A2 oo Qpn — A

$1 yTBep:K a0, ITO MOJTyUeHHOE BEIpaXkeHne OyaeT MHOTOWIeHOM OT A.%2 JleHfCTBHTEILHO, eC HOCIATATE IO (hop-
MyJI€ JIJIsT OTIPEJIJIUTEIsI, TO MBI OyJIeM MEPEMHOKATEH KaKHe-TO 9JIeMEHTHI U3 MaTpuIbl A — \F 1 MOTOM CKJIa/[bIBATh
BCe BMecTe. Bce 3JIeMEeHTBI SIBISIOTCS JINHOO0 KOHCTAHTAMH JINOO JIMHEHHBIMU MHOTOWIEHAMHI OT A. A 3HAYUT UX TIPO-
u3BejleHne Oy/ieT MHOIOYJIEHOM CTelleHH He 0ojiee m OT A, Hy W CyMMa B TOoM 4mucie. JIerko BusieTs, 94To crapiiuii
YWIEH 9TOI0 MHOTOUJIEHA MOYKET B3sIThCS TOJBKO C JIMArOHAIM U paseH (—\)™.

lO6paruTe BHMManue, MaTpua A MOKeT He GBITH OGPATHMOl B STOM CIIydae.
2Ha caMoM JieJie Jaxke MHOTOHUICHOM CTEIIeHH 7, HO 3TO CeHyuac He Bar<HO.



Tak kak det(A)) sB/IsgeTCA HEHYJIEBHIM MHOTOUIEHOM OT \, TO OH UMeeT TOJIHKO KOHEUHOe KOJIMIeCTBO KopHeit.?
A snaunTt marpuna Ay HeoOpaTHMa TOJIBKO JIJIsi KOHETHOTO JHCIA A.

Teneps paccMoTpuM Hally 3aja4dy st Marpuibl Ay Bmecto maTpursl A. To ecTh HaM HaJIO OCYUTATH

Ay B

detCD

Marpunpst A u C' kommyTuposaju. Tak kak Ay = A — AE, ro u Ay u C kommyTupyor. A 3Hauut jjis Bcex A € R
KpPOME KOHEYHOI'O YHCJIA Mbl MOXKEM BOCIIOJIB30BATHCS TIPEIBIIYIIIM [IIANOM W HAITUCATD

det (f(l; IB)> =det(AyD — CB) st Bcex A € R KpomMe KOHEUHOTO IHCIIA

Tenepsr oOpaTrM BHUMAHWE, YTO JIEBAS IACTH
Ay B

detCD

SABJISIETCS KAKIM-TO MHOrOWICHOM f () M aHAJIOTMYHO IIpaBasl 9acTb
det(A\D — CB)

TOXKE ABJAETCS KAKUM-TO MHOrOwIeHOM ¢(A). M1 MBI TosibKO 410 jroKasasu, uro f(A) = g(A) ma Becex A € R kpome
KOHeuHOro uncia. To ecth MHOrOWIEH [ — g nMeeT GECKOHEYHOE YUCIO KOPHei. A Takoe GbiBaeT Jminb Korga f = g,
a suaunT f(A) = g(\) Boobmme mist mroboro uncia A € R. Togcrasum 3uaderHre A = 0 U HOIYUYHM JKeJIaeMoe. O

Ha noceamii niar MozkHO ¢MOTpeTh Tak. Mbl 3HAEM pe3yIbTaT JJTsl KaskKI0i MaTpuIsl Ay B CHIly 06pATUMOCTH
TAKUX MATPUIL IPU JOCTATOIHO MAJIOM A. A Temeph B (DUHAIBHOM DABEHCTBE MEPEXOIUM K mpeaeny npu A — 0.
T0 TOXKE KOPPEKTHOE JIOKA3ATEIBCTBO, HO IPUBEICHHOE BBIIIE HE UCIOIb3YeT aHAJIN3 B ABHOM Buje. Kpome Toro,
IPH HPABUJIBHBIX CJIOBAX OHO TOAUTCS JIaZKe JIst 9K30THIECKUX TOJIell BPOJIe KOHEYHBIX (€C/IM BBI IOHIMAETE O UeM
sl TOBODIO).

3He GoJjiee 4eM n — €ro CTENEHb.



CemuHap 2

Sagadmn:

1. Haiitu onipeiesiuTesnib CJIeIyIOMEH MATPHUITHI

5 1 7 3
1 0 2 0
-2 2 5 4
3 040
2. TlocuuTaiiTe XapakKTepPUCTUIECKUHT MHOTOUJIEH MaTPHUITHI
-1 5 4
3 -2 0
-1 3 6
3. Haiinure onpenenuresnt Caeyonux MaTPUIL
—t aq A1l .01 A
azy —t 1 A ... X1
@ o W) |
ap—1 —t1 1 1 ... A1
an, —t 1 1 1 A
4. Haiiure obpaTHyI0 MaTPHUILY
-2 -1 0
1 0 -1
0 1 1
5. Iyctb X = (X1 | ... | X)) € Mp(R) u Ay, ..., A\, € R. Haittu det(A X7 X? + ... + X\, X, X1).

6. IIyctb A € M, (R) — upousBosbuasa marpuna. [Tocrpoum u3 mee marpuny B € M, (R) ciexyomum obpa-
30M: CJBMHEM BCE CTOJIOIBI MATpUIlbl A MO IUMK/IY Ha JiBa BIPABO U pe3ysbrar npubasuM K A. Beipasure
onpenennTeab B yepes onpeneanTtenb A.



Cemunap 3

KonkpeTHble BEKTOPHbIE IPOCTPAHCTBA

OcHOBHOIT 06'beKT U3yueHnst — pocTpascTBo crobros R™. JTobas marpuna A € M, ,,(R) oupezgensier orobpazkerne

A . . .
R™ — R™ zagannoe z — Ax. B KaKOM-TO CMBICJIE 9TO €JMHCTBEHHBIN IPUMED, & TOTOMY — CaMblil BaXKHBII.
OsHaKo ecTh U JIpyrue, BHEIIHE He MIOX0XKKe, IPUMEPHI:

1. Marpuer M, (R). B kadecrse oTobpakennii Hy:kHO paccmarpusarb M, (R) — M,, (R) samansoe 110 paBmity
X = Zi PlXQ'u rane PZ)Qﬁ € an(R)

2. Pemenus CJIYV {y € R" | Ay = 0} st Hekoropoii A € M, ,(R). Xopommit Bonpoc: Kakue TyT J0JIKHBI ObITH
OTOGparKeHUsT MEXKIY PeIICHISAME !

3. Emie Gosiee MHTEpPECHBIH BOIIPOC, & KaKHe JIOJKHBI ObITh oToOpazkerust Mexky M, (R) u {y € R™ | Ay = 0}?
VIMeHHO 1O3TOMY Hy»KHA, O0IIasi TEOPHs, KOTOpas ObI OMOIJIA HAM OJHUM S3LIKOM OIIMCATH BCE 9TH CIydad U

OpuaAyMaThb IpaBUJIbHbBIC OIIPEAC/JICHUA, KOIIa OHU HE OYCeBUIHBI.

AbcTpakTHbIEe BEKTOPHbBIE ITPOCTPAHCTBA

B ompenenenun BeKTOPHOTO MPOCTPAHCTBA HAJ0 3adUKCHpOBATH OTKyma OepyTcs KodddunmeHTol. BapuanTos
HECKOJILKO: BellecTBeHHble unciaa R, kommiexkcuble uncia C, panuonanbubie unciaa Q.' Ijns mpocroTsl, Bee ompe-
JesieHnst OyneM GOPMYJIHPOBATE C BEIIECTBEHHBIMHI THCIAMIE.”

Omnpenenenne. Bekropaoe npocrpancTso Hag R 3T0 ciemyronme JaHHbIe:
1. mHOXKecTBO V.2
2. omeparsi CJIOXKEHHsI BEKTOPOB, T.e. otobpaxernue +: V X V — V Bugna (v1,v2) — v1 + va.
3. omeparysi yMHOYKEHHUsI BEKTOPOB Ha UHCJIO, T.e. oTobpaxkenue -: R X V' — V Buna (r,v) — ro.
U 3Tu jaHHBIE YIOBIETBOPSIIOT CJIELYIOITUM AKCAOMAM:
1. s mobeix v, u,w € V Bepuo (v+u) +w = v + (u + w).
2. Cymectyer BekTop 0 € V' Takoit, uro jjs joboro Bektopa v € V mmeem 0 +v =0 + 0 = v.
3. Hyst soGoro BekTopa v € V cymecTByer BeKTOp —v TakKoil, 4To v + (—v) = (—v) + v = 0.
4. Jns m00b1X BEKTOPOB v, u € V BEpHO v + u = u + .
5. g mobbix r € R uv,u € V Bepuo r(v+ u) = rv + ru.
. Host mo6bix 11,79 € R u v € V BepHo (11 + r2)v = r1v + rov.

. Host mo6bix 11,79 € R u v € V Bepuo (r17r2)v = 71(r2v).

o N O

. Hns moboro v € V Bepro 1v = v.

OO6BIYHO 2s1IeMeHTBI V' HA3BIBAIOT 6EKMOPaMU, & SJeMEeHThl R HA3BIBAIOT ckaaspamu. Jlake B abCTPAKTHOM CJTy-
Jae, MOJIE3HO JIyMaTh T€OMETPUUIECKH, IPEJICTaBIsist cebe B mepByio odepeib R™ Kak IJIaBHbBIE [IPUMED.

1Ha caMoM Jiejie FOAMTCs BCE UTO yrOQHO, €CJIM B 9TOM «U€M yIOJHO» MOYKHO CKJIAJbIBaTh, BLIYMTATH, YMHOXKAThH U J€JUTh. Takue
OOBEKTHI HA3BIBAIOTCS TOAAMU.

2Qnpeesenye BEKTOPHOTO MPOCTPAHCTBA MOYKET TTOKA3ATHCS YKy TKO CIIOXKHBIM 1 (bopMababiM. He cront 6pocarhest yIuTh HAM3yCTh
BCE, YTO B HEM HAXOJUTCsH. [JIaBHOE IMOHMMATH KaK C HUM paborarh. JleficTBUTEIbHO, HUKTO U3 HAC HE 3HAET CTPOroro omnpenesieHus R,
HO 9TO He MelIaeT HaM C HUM paborars!

33910 GymeT Kak pa3 MHOMKECTBO BEKTODOB.



3amevyanusi Ilose3no nmoHnMarh, ITO yKA3aHHBLIN BbIIIe HAOOP aKCHOM — 3TO MUHHUMAJILHBIN Habop. Ho n3 mero
MOKHO BBIBECTH ITPOCTBHIMU HO HYJHBIMH MAHUITYJISIIIUSIMA €Ie MOJIe3HbIe CBONCTBA, KOTOPBIE HAJI0 WMETh IIe€pej]
rjasaMu. B jgajibHelineM OKaykKeTcsl, 9TO BCe pa3yMHbIe CBOMCTBA, K KOTOPBHIM BbI IPUBBLIKJIM B R"™ BBIIOJIHAIOTCS B
[IPOU3BOJIBHOM BEKTOPHOM IpocTpaHcTBe. [loToMy MHTYUTHBHO HAJ0 BCe BpeMsi JyMaTh Ipo R™, 3Ta MHTYUIMS Bac
HE MOJIBEJIET. A BOT IpUMeEp MOJIE3HBIX CBONCTB:

1. HyneBoit BeKTOp Bcerjia €IMHCTBEHHBIN.
2. Hust moboro BekTOpa v € V IPOTUBOMOJIOXKHBIN BEKTOP —v BCEIJIa €IMHCTBEHHBIN 1 coBmajaer ¢ —1 - v.

3. Eciu ymuoxkuth uncsio 0 Ha Jii060it BEKTOP, TO MOy YUTCs HYJIEBOI BEKTOD, TO ecTh 0-v = 0 (TyT ciieBa HOJIb
— 9TO YHCJIO, a CIPABA — BEKTOD).

4. AHAJOTMYHO, €CJIM YMHOXKUTD HYJIEBOH BEKTOP HA UTO yTOJIHO, TO IOy IATCS HYJI€BOH BEKTOP, TO ecThb A-0 = 0
(TyT ¢ 0benx CTOPOH HOJIb O3HAYAET HYJIEBON BEKTOD).

Onpenenenue. Ilycts V' — BekTopnoe npocrpamctso nafg R, torma mommuokectBo U C V' HasbiBaeTcs MOIIPO-
CTPAHCTBOM, €CJIH

1.0eU
2. Ecmu,velU, tonv+uéecU.

3. EcmreRuveU, ounrvel.

3aMeuanusa
e OTMeTHM, YTO BCAKOE MOIIIPOCTPAHCTBO CAMO SBJISIETCH BEKTOPHBIM IIPOCTPAHCTBOM.

e OGparnre BHUMaHHE, YTO IEPBOE CBOICTBO PABHOCUJIHLHO TOMY, YTO IOJIPOCTpAHCTBO U 00si3aTesbHO He
mycro. /lelicrBureibHO, eciin ecTb 0 BEKTOP, TO HOAIPOCTPAHCTBO He IycTo. Eciu ke U He mycTo, TO TaMm
€CTh KaKOW-TO BEKTOP ¥, TOTJA MbI U MOXKEM YMHOXKATH Ha 4nucio 0 ¥ MOJIyIuM HyJIeBOi BeKTOp BHyTpHu U 110
TPEeTbEMY CBOMCTBY.

IIpumepsr Ilpocrpancrsa:

1. IIycte V = R”™ ¢ OOBIYHBIMU OMEPAIUSAME CJIOYKEHUS U YMHOXKEHUsT Ha CKAJISP.

2. IIycts V' M, n(R) ¢ OOBIYHBIMU OLIEPAIIUAME CJIOYKEHUS M YMHOXKEHUs HA CKAJISP.

3. Hycrs V = {0} = R".

4. Mycre Rlz] = {ap + a1z + ... + apz™ | a; € R, n € N} — MHOXKeCTBO MHOIOWICHOB OT IIEPEMEHHOIN & ¢
BeneCTBeHHBIMU KO3GbDMHUIMEHTAME ¢ OOBITHBIMA OIEPAIUSAMHA CJIOZKEHUSA U YMHOXKEHUS HA TUCIIO.

5. Ilycrs C[0,1] = {f: [0,1] — R | f HeupepbiBHa } — MHOXKECTBO HelpepLIBHLIX (GyHKIMI Ha orpeske [0, 1],
TOIJIA OHO SIBJIIETCS BEKTOPHBIM IIPOCTPAHCTBOM Ha R.

IMopmpocrpancrsa (a 3HAYUT TOXKE HPOCTPAHCTBA):

1. {y € R" | Ay = 0} aya mexkoropoit A € My, ,(R) ¢ OOBIMHBIMEI OIIEPAIUAMU CJIOKEHUSA U YyMHOXKEHUSA HA
CKAJISIP.

2. {X e M,(R) | AXB = 0} must Hekotopeix A € M, ,(R) u B € M,, ;(R) ¢ 06bIYHBIME OTIEPATUSME CIIOKEHUST
U yMHOXKEHUS Ha CKAJIAP.



JIuHelinbie KOMOUHAIINNT

IIycts V' — BekTOpHOE mpocTpanHcTBO Hay R. [UraBHBIE BOIpoc: Kak HaJO HPO Hero jymarb! OTBeT mpocT: 3TO
Kyda U3 3JEMEHTOB W 3TU JIEMEHTHI MOYXKHO CKJIAJbIBATH W yMHOXKATH Ha 9UCIa. 1O €CTh, MbI BCEIJIa MOXKEM
BBITAIIUTH 3JEMEHTHI* Uy, ..., v, € V I Ha9aTh UX CKIAILIBATH ¢ KO3 UIIEHTAMH, HOIYINB HeKHil HOBBII BEKTOD
UL+ ... +rpv, €V, tae r; € R. IlosToMy Bce, 9T0 MOXKHO CKa3aTh PO BEKTOPHOE IIPOCTPAHCTBO, 00sI3aTEIHHO
dopmysnpyeTcs B TeEpMUHAX TaKUX Bbiparkenuii. [losTomy mpesaraercs n3y4ars H0J00HBIE BHIPAXKEHNUS.

IIycts v; € V u r; € R Kak BbIIe, TOT/Ia BBIPAXKEHUE 71V + ... + TpU, HA3BIBACTCS AUHETHOT KOMOUNAUUEL
BEKTOPOB V1, ..., U,. JIuHeiiHas KOMOMHAIIUsI HA3BIBAETCS MPUBUAALLHOU, eciau Bce 1; = 0, B IPOTUBHOM CJIyvae
HempPusuasbHol. BekTopa vy, . . ., U, HA3BIBAIOTCS AUHETHO 3A6UCUMDBLMU, €CITA CYIIIECTBYEeT HETPUBHUAJIbHAS JIMHEH-
Has KOMOMHAIMS TUX BEKTODPOB DaBHAs HYJIIO (HYJIE€BOMY BEKTODPY), T.€. Ug,...,U, — JHUHEHHO 3aBUCHUMbI, €CJIU
CyTIECTBYIOT T'1,...,7, € R Tak, 9T0 X0Tsa ObI OJUH U3 7; HE PaBeH HYJIO U 71V + ... + Tv, = 0. B mporuBHOM
CJIydae BEKTOPa HA3BIBAIOTCHA AUHETUHO HE3GEUCUMBLMU.

ITycrs v; € V' — npousBosibHBI HAGOP BEKTOPOB, TOTJIA HAGOD V1, ..., VU, HA3BIBAETCS IOpPOXKIAIUM V (min
[IPOCTO TIOPOKJIAIOIINM ), eCjin JioO0i BeKTOp u3 V' mpeicraBiisercs B BUJE WX JUHEHHON KOMOUHAIMU, TO €CTh
muist Jioboro v € Vomaiimyresa ducna ri,...,7r, € R (He 06g43aTeIbHO €JIMHCTBEHHBIN) TaKOi, 4T0 v = r1vy + ... +
TpUp. OOpaTure BHUMAHME, YTO €CJIU HAOOD U1,...,U, SBISETCS HOPOXKIAIOMMM Ijst V., To V — MUHUMAaIbHOE
TIOIIIPOCTPAHCTBO BHYTPHU V, cojiepKaliiee Bce 3T BEKTOPHI. JI1060e pyroe moApOCTPAHCTBO XOTs ObI OJIMH U3 HUX
HE COIEpPKUT.

IIpumepsnt

1. Pacemorpum V' = R3 u myern

1 0 0 1 1
v = 0 s Vg = 1 , Uz = 0 s Vg = 1 y Vs = 1 ,
0 0 1 1 0

Torma BekTOpa V1, V2, V3 JIMHEAHO He3aBUCUMBI. BeKkTopa v1, Vs, U4 TOXKE JIMHEHHO He3aBUCHMbI. Ho BOT
BEKTOpa V1, Uz, U3, U4 YKE 3aBUCUMBI, TaK KakK v1 + s + v3 — vy = 0. Takske 3aBUCUMBI BEKTOpa V1, Vs U Vs,
nbo v1 + vg — v5 = 0.

2. Opuu BekTOp v € V JUHETHO 3aBUCHAM TOIJIa W TOJBKO TOIJA, KOTJA OH PABEH HYJIO.

3. /IBa BekTOpa v,u € V JHMHEHHO 3aBUCUMBI TOIJA M TOJHKO TOLA, KOIJIA OHHU IIPOINOPIMOHAJILHBI, T.€. JIMOO
v = A\u Jmbo u = Av.

Bazuc
VYreepxaenne. [Iycmv V — eexmopnoe npocmpancmeo nad R u nyemos v, ..., v, € V. Caedyrowue ymeeparcdernus
SKEUBANCHTIHDL
1. Bexmopa v1, ..., 0, AuRetinO He3aA6UCUMbL U HABOP V1, . . .,V ACAACTCA NOPOHCOGOULUM.
2. Bexmopa v1,...,V, — MAKCUMAAHDIT Aunetino Hesasucumbili nabop, mo ecmv das aobozo u € V. eexmopa
V1. n U, U YHCE AUHETIHO 3A6UCUMDL.
3. Bexmopa vy, . ..,Un — MURHUMGAOHb NoPposciarowuld vabop, mo ecmb 0as 4106020 i nabop {vi, ... v} \ {v;}

Yorce He noporHcoarowul.

[Hokasameavemeo. (1)=-(2). BosbmeM 060t w € V', Torma uw = A\v1 + ... + Aoy, TOrm8 M1+ ... + A\, —u =0
— JIMHEHAS 3aBUCUMOCTH MEXKJIy BEKTODAMHU.

(2)=(1). IIycrp w € V, Torma cyiecTByeT Kakas-To JUHEHHAs 3aBUCUMOCTb \1U1 + ... + Apv, + pu = 0. Ecom
1 = 0, To BeKTOpa v; JUHEHHO 3aBUCAMBI, HO 3TO He TaK. 3HA4nT i # 0. Torma Ha HEro MOXKHO IIOJEJUTH W HOJTY IUM
u:——lvl—...—)‘—”vn.

(1)=(3). Tak KaK BEKTOpA V1, . .., Uy JUHEHHO HE3ABUCUMBI, TO HU OJMH U3 ¥; HE BHIPAXKAETCs Y€Pe3 OCTABIIUECS
(uHave GBI MBI HAIILUIM HETPUBUAJIBHYIO JIMHEHHYO KOMOMHAIMIO). A 3HAYWUT, BEIKMUHYB JIIOOOH U3 U; MBI 00A3aTEIBHO
MOJIyYUM CUCTEMY, JUHeHbIe KOMOMHAIINU KOTOPO He COJEprKAaT v;, TO €CTh He IOPOKIAIONLYI0 CUCTEMY.

4 Ha3bIBa€MbI€ BEKTOpaMu



(3)=(1). Hago nmokasarhb JIMHEHHYIO HE3aBHCHMOCTH BeKTOPOB. Eciam 6bI 5T0 ObUIO He Tak, TO HAIILIACH OB
HeTpUBHAJIbHAS JINHEIHAS KOMOMHAIMS TUX BEKTOPOB M KaK B J0Ka3aresbeTe (2)=-(1) Mbl 6bI MOIIIN BBIPA3UTH
KaKOM-TO v; depe3 ocrapinnecs. Jlasaiire mpeaoso:KuM Jjisi IIPOCTOTHI, 9TO 3TO v,. Ho Torma vy, ..., v,_1 ObLIa 6L
MEHbBIIasl CUCTEMAa ITOPOXKIaomuX. eiicTBuTebHO, J1I000# BEKTOP ¥ PACIIUCHIBACTCS KAK U1+ . .47y _1Un_1+TnUp.
Ho Temepb MBI MOXKEM BLIPA3UTh ¥, IE€PE3 V1, ..., Uy_1. IIOJCTABIAS 9TO BhIPasKEHNe, MOJIYIaeM PA3JIOKEHHUE IS U
qepes U1, ...,Vnp_1. IIOJIyUYEeHO IPOTUBOPEYNE C MUHUMAJIbHOCTBIO CUCTEMBI BEKTOPOB V1, . . ., Uy. SHAYUT OHA OBLIA
JIMHETHO HEe3aBUCHMA. O

Eciu B BekTOpHOM IipocTpancTBe V' CyIIECTBYeT CHUCTEMAa BEKTOPOB U1, ..., U, OOJIAJAIONIAs OJHUM U3 CBOWCTB
BBIIIIE, TO MBI OyJ/IeM HA3bIBATH TaKYyI0 CACTEMY BEKTOPOB 0a3UCOM IIPOCTPAHCTBa, V.

Onucanmve Bcex BEKTOPHBIX IMTPOCTPAHCTB C ba3zucamu

IIycts V' — BekTOpHOE mpocTpancTBo Haxm R u mycTs y Hac ects 6a3uc vy, . ..,v, € V. Torma moboit BekTop u € V
€JIMHCTBEHHBIM 00Pa30M MPEJICTABISETCS B BUJE U = A1U1 + ... + Apv,. Hamo juimb o0bsICHUTE €MHCTBEHHOCTD.
Ecau w = byvy + ... 4+ byvp, 10 (@1 — b1)v1 + ... + (an, — by)v, = 0 — snHeliHas KoMOuHanUs pasHa Hy/0. Ho Tak
KaK v; JIMHEHHO HE3aBUCHUMbI, 9TO MOXKET OBbITH JIUIb TPUBHUAJbHAS JINHEHHAs KOMOWHaIusi, T.e. Bce a; — b; = 0.
Takum obpazoMm mosiydaeM OMEKITHIO MEXKIy MHOXKECTBOM BEKTOPOB V' u mpocTpaHcTBOM CTOJIONOB R™, a mMeHHO

KaXKJIOMy BEKTODPY ¥ COITOCTABUM CTOJIOEI] €10 KOOPAMHAT. 10r1a 00paTHoe 0TOOpaXKeHne AefCTBYeT 0 MPABUITY U =
a1

n
Z’L:l a;V; —r . KpOMe TOTrO O6paTI/ITe, YTO 9TO COIIOCTaBJIEHUE IIEPEBOJIUT CYMMY BEKTOPOB B CYMMY CTOH6HOB,
an
a TaKKe BEKTOD yl\{HO}KeHHBIﬁ Ha YHUCJIO COOTBETCTBYET CTOH6Hy YMHO2KEHHOMY Ha YHCJIO. To ecTb sTa 6I/IeKIlI/IH

COTJIACOBAHA CO CTPYKTYPOi#l BEKTOPHOT'O IpocTpaHcTBa. 11o cyTu 3T0 03HAYMAET, ITO 3TH JIBA IPOCTPAHCTBA, YCTPOEHDI
OMHAKOBO C TOYKH 3PEHUST TEOPUU BEKTOPHBIX IMTPOCTPAHCTB. JI06oe cBoiicTBO V', KOTOpOE MOXKHO BBITAIIUTH Uepe3
«uHTEpdEiic» BEKTOPHOIO MPOCTPAHCTBA OyJET BLITOJHEHO TOTIa W TOJHKO TOLIA, KOTIa TO YK€ CaMOe CBOMCTBO
Oymer BoITTOTHEHO B R”™.

Teneps BaxkHOe 3aMeuanue. basuc cymecrByer Bcerna! ToJIbKO He Bcerja OH COCTOMT M3 KOHEYHOI'O YMCJIa
BeKTOpOB. 7 He X0uy 006CcyXK1aTh OeckoHeuHble 6asuchl. OHAKO, BayKHO MMOHUMATh CJIELYIOIIEe.

YrBepxkaeHue. [lycmv V — sexmoproe npocmparcmeo. Jlobvie dea basuca V. umerom 00uHaK080€ YUCAO INEMEH-
mos.”

Eciun V' — BekTOpHOE IPOCTPAHCTBO, TO UUCJIO JIEMEHTOB B 0a3nce Ha3BIBACTCH PA3MEPHOCMBI0 BEKTOPHOIO
npoctpancTsa V u obosHagaerca dim V. Ecim komewnoro 6asmca HeT, 6yaeM micarsh dim V = 00.5

IIpumepst 1 TPOCTHIX MPOCTPAHCTB PA3MEPHOCTH B TOUHOCTH PaBHA YUCTY KOI(MDPUITUEHTOB, KOTOPbIe HEOO-
XOZMMBI Jist 3a7aHust BeKTopos: dim R = n wiu dim My, , (R) = mn. YyTs mosxe Mbl yBugum, uro jist V = {y €
R™ | Ay = 0}, rie A € My, (R), dim V' pasna auciy cBoboaubix nepemennbix CJIY Ay = 0. To ecth 310 uncsno
XapaKTepu3yeT Ha CKOJBKO MHOTO €CTh PEIIeHUl ¥ CUCTEMBI.

YrBepxkaenue. Ilycmv V — sexmoproe npocmparcmeo u nycmov U C V' — nodnpocmparcmso.

1. dimU < dimV. B wacmmuocmu, ecau V' obaadaem woneuwnwvim 6aszucom, mo u U obsazameavro obaadaem
KOHEUHBIM OA3UCOM.

2. dimU = dim V' mozda u moavko mozda, xozda U =V .

PazmMepHOCTD — 9TO BesinvunHa, TOKA3bIBAIONAs Ha CKOJIBKO BEKTOPHOE IIPOCTPAHCTBO OOJIBIIIOE U XapaKTePU3yeT
«KOJIMYECTBO CTereHeil ¢cBoOObI» B mpocTpancTBe. Kpome Toro, 9To MOHATHE CONVIACOBAHO C HAIEH WHTYWIIAEH:
npamas R! mmeer pazmeprocts 1, miockocts R? — pasmeprocTs 2, a mpocrpanctso R? — pasmepnocts 3.

CwmpblIcis ba3uca

Hanomuio, 9TO «II0-IPOCTOMY» BEKTOPHOE IIPOCTPAHCTBO — 3TO BCE UTO YTOJHO, TJI€ SJIEMEHTHI MOXKHO CKJIaJbIBATD
U yMHOXKaTb Ha 4ncyia. PopMasibHO HAJIO MIPOBEPUTH €Il KAKMe-TO aKCUOMBI, HO BCE, 9TO BO3HUKAET B PEAJIHLHOMN
JKU3HH, 00s3aTeIbHO OYIeT yI0BIeTBOPATh M. [aBuble npuMepbl — R™ u M, , (R).

59TO YTBEP2KAEeHUE BEePHO U JJId KOHEYHbIX U JJIA GECKOHEYHBIX 63.31/ICOB, HO IJ1d pa60T1>1 ¢ 6eCKOHEYHBIMH Oa3ucaMu HaJ0 3HaTh KaK
CpaBHUBATH 6eCKOHEYHbIE MHOYKECTBA.
GHa CaMOM JieJjie, Teopudad MHO2KECTB IIO3BOJIAET pa3jinvdaTh KaKue-TO U3 6EeCKOHEYHBIX MHO>KE€CTB, HO MBI 3TOro aeJjiaTb HE 6y,ZLeM.



IIycts V' — BekTopuOoe npocrpancrso. Hamowmmro, aro 6a3uc — 310 HaAOOp BEKTOPOB V1, . . . , Uy, KOTOPDIN JIMHEIHO
HE3aBUCHUM U Yepe3 HUX Bce BbIpakaeTcs. To ecTh ypaBHeHUE T1V1 + . . . + X, 0, = 0 UMEeT TOJIBKO HYJIEBOE pPeIlleHne
x; = 0 u 6ot BekTop v € V npencrasisiercst (o 6e3bICXOIHOCTH €JIMHCTBEHHBIM 00pa3oM) B BUe U = Ajv1+. ..+

AnUp. CMbICT 6a3uca BOT B U€M: €CJIM BbI €I0 BHIOPAJIH, TO BBl MOXKETE OTOXKICCTBATL V ¢ R™ ciemyronum o6pa3om:
A1

ecan v = A1 + ...+ ApUy, TO €My COOTBETCTBYET €IMHCTBEHHBIN CTOJIOEIT . |. Takum obpaszom, mpo Jiroboe
An

BEKTOPHOE POCTPAHCTBO, KOIJA ITO HEOOXOAMMO, MOXKHO JiyMaTh Kak 1pocto 1npo R™. Ho nago nomuutsb, uro (1)

4acTo HeobA3aTEeIbHO BuIOUpaTh Gasuc u 6e3 BhIGOpa Gazuca 3aja49u MOIYT Ipolle pemarbes u (2) 6a3uc MOXKHO

BBIODATH HE eIMHCTBEHHBIM 00Pa30M, U €CJIH €ro BHIOPATH HO-APYTOMY BBIMHUCJIEHUSI MOT'YT CTATh JUOO MPOIIe OO

ciioKHee (Kak I0Be3er).

CwMmena 0asuca

Ha pucynke Himke m3o0parkeHa IJIOCKOCTh € JIBYMs 6a3mcaMu: KpacHBIH v1,Vy U CUHUAN Ui, us. Ilpu 3TOM BEeKTOp
U MOYKHO Pa3JIOKUTh KaK II0 OJHOMY, TaK U II0 Jpyromy 6Oasucy. B 3aBucumocTn OT 9TOro y Hero OyJyT pasHbIe
KOOD/JIMHATHI.

1.2 4

U2

0.8

0.2
07 \
024 U1

-0.4 T T T T T T T T
-02 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

HaBaiiTe Ternephb MOroBOpuUM, KaK 3TO yCTPOEHO B 00IIeM ciydae. [IycTh y Hac ecTh BEKTOPHOE ITPOCTPAHCTBO V.
Mozkuo cuuraTh, uro V = R™ mus ynobersa. Ilycrs y Bac B V ecTb jBa 6a3uca: €1, ...,en 1 fi,..., fn.' 1 OycThb y
Hac ectb BekTop v € V. Torma on packiiajpiBaeTcs 1Mo 0bonuM basucam:

T n
v=xie1 . ane, = (61 ... ) | u v=yfit...+yfo=(1 - fn)
Ln Yn
Bompoc: a Kak CBA3aHBI KOOPAWHATHI X; U KOOPAMHATHI ;7 BOT Ha 9TOT BOIPOC MBI U MONBITAEMCH OTBETUTH. JIjis
HaJaJIa HaJl0 3HATh, KaK CBsI3aHbl 6a3uckl ¢; u f;. [To onpesesrennio 6asuca s e; KaxK bl BEKTOP f; IPeICTaBIsIeTC s
B BUJE:
Ci;
fi =c1e1 + ...+ cpin = (61 N en)
Cni

Ecau nomoxkurs C' = (¢;5) € M, (R), To npenpraymuii Habop paBeHCTB MOXKHO 3allICaTh KPATKO B BUIE:

C11 ... Cin
(fl fn) = (61 en) = (61 €n>C

Cpnl1 -+ Cpn

"HamoMHIO, 9TO 6a3KChl 06A3aTEIbHO NMEIOT ONUHAKOBLIHA pasMep.



Takast MaTpuIla Ha3bIBaeTCd Mampuyet nepexoda ot e; K f;. Termepnb 3ammiemM HAIIT BEKTOP ¥ TaK

Y1 Y1 T1
v=(fi .. )| i |=(a ... en)C|: uov=_(e1 ... e€)

Yn Yn Tn

Tak kak Pa3JI02KeHne 110 6&31/1(3}7 €; OTHO3HAYIHO (HO OIIpeIeJICHUIO 6&31/103), TO IIOJIy9aeM CBA3b Ha KOOPAMHATHI

Y1 T1

Yn T

3amoMrHATE 9TO IIPABWIIO HAJO TAK: €CJid OT Oa3uca e K 6a3ucy f MbI IEPEIIN ¢ IIOMOIIbI0 YMHOXKEHUS CIIPAaBa HA
marpuity C', TO Ha KOOPJIMHATAX ¥ HAC OTOOparKeHHe B 0OPATHYIO CTOPOHY C HMOMOIIBI0 YMHOXKeHusT Ha MaTpuiyy C
caeBa (TO eCTh TOXKe ¢ APYToif cTOpoHbI). EIlle MOIE3HO epKaTh Mepe/] IIa3aMi BOT 3Ty TaOJIHILy.

. C .
basnc ‘ HOBBIH <— CTapbIit

C-
KOOpAnHaThI ‘ HOBbIE — CTapbIe

Cwmena koopauHat B R”

B ciyuae, korma mbr paboraem B R™ BOT KakK MOYXKHO JyMaTh PO PABEHCTBO

(f1 fn):(el en)C

B sTom ciyvae KaxkApIi BEKTODP f; — 3TO BEKTOD CTOJOEN BBICOTHI 1. [loTOMYy JleBast 9acTh paBeHCTBa (KOTJa Tam
3aIMCaHbl N CTOJOIOB) TIpeJcTaBisieT 3 cebs marpuily n Ha n. To ectsb (fi ... fn) € M, (R). AHaIOrHIHO MOXKHO
JyMaTh, 9To (€1 ...e,) € M,(R). Takum obpasoM MoxKHO HaiiTu Marpuiy nepexoma: C' = (e1...e,) (fi... fn).
TyT ecTh BasKHBIH YACTHBIA CIydail, IPEIIIOJOKIM, YTO €; — CTaHJApTHBIA 6asuc, T.e. e; UMeeT 1 Ha i-OM MecTe
U HYJM B OCTaJIbHBIX MecTaXx. Torga marpuna nepexoga C' = (fy ... f,). To ecrb C cocraBiena usz KoopauHar f; B
CTaHIAPTHOM Oasuce.

JIuueiiable 000J109YKU

IIycTs V' — BeKTOpHOE TPOCTPAHCTBO. JIjIsT IPOCTOTHI MOXKHO JyMaTh, 4To 310 R™. U mycTh y HaC 3a/1aH IPOU3BOJIb-
HbII HAGOP BEKTOPOB V1, ...,V € V.® IloHATHO, YTO KOHEYHBII HAGOP HE 06pa3yeT MOIIIPOCTPAHCTBO, HO MOMKHO
paccMOTpeTh HAUMEHbINIee HOAIIPOCTPAHCTBO, CojieprKaliee JaHHbIe BEKTOPa. DTO IMOJIIPOCTPAHCTBO 0003HATAETCS
(v1,...,Vk) U COCTOUT U3 BCEX JIMHEHHBIX KOMOMHAIMI v;, T.€.

<’U17~-~7’Uk>:{)\1U1+~.-+)\kvk€V|)\i€R}

Bamernm, uro dim(vy, ..., v;) < k ¥ PABEHCTBO JOCTUIAETCS TOLJIA M TOJBKO TOT/a, KOTJIA ¥; JIHHEHHO He3aBHCHMBI.
Kpowme TOro, o OnpeiesieHuto vy, . . . , U ABJISAIOTCS TOPOKIAIOIIAMHY JJTsl JIMHEHHON 0600UKY (U1, . . ., Uk).

ITyctb BeKTOpA W1, ..., V) JIMHEHHO 3aBUCHMBI. BBIIEIMM Cpelu HUX HAHOOJIbINEe JMHEHHO He3aBHCHMOE II0JI-
MHO)kecTBO. Ilociie mepeHyMeparuy BEKTOPOB, MOXKHO CUHTATh, YTO 3TO V1,...,Um, TAe m < k. Torga kaxk-
IBI BEKTOp U; mpu j > m OymeT JHHENHO BLIpaXKaTbCsl Iepe3 IepBble M BeKTOpoB. Ilociernmee o3mataer, <ITO
(v1,...,0k) = (V1,...,VUp), HO TEllEPb BEKTOPA CIIPABA JINHEIHO HE3ABUCHMBL.

Broienenune 6a3uca n3 cucTeMbl BEKTOPOB

Hano Ilycrb vy,..., v, € R” —Bekropa u V = (v1,...,vy,) — UX JuHeliHas 060JI0UKA.
Sagaya Cpeau BEKTOPOB V1, . . ., Uy HAUTH 6a3UC MPOCTPAHCTBA V U PA3JIOKUTL OCTABIIAECA BEKTOPA 110 3TOMY
Gaszwucy.

8BeKTopa MoryT OBITH .TIIO6LI€, MoryT OBITH JIUHEHHO 3aBUCUMBIMU WJIA HE3aBUCUMBIMH, MOT'YyT OBITH XOTH BCE HYJIEBBIMU UJIU IIPOCTO
OAMHAKOBBIMMU.



Asaroputm

1. Banumiem BekTOpA V1, . . ., Uy, 10 croJabHaM B Marpuiy A € M, ,,(R). Hanpumep, npu n =3, m =5
V11 V21 V31 V41 Vsl
A= |vi2 v vs2 vi2 Us2

V13 U23 V33 V43 Us3

2. IlpuBenem marpuily A 3jieMeHTApPHBIME MPeOOPA30BAHUSIME CTPOK K YJIYUIIIEHHOMY CTylleH4YaTomy Buay. Ha-

puMep
1 0 a3zl 0 asy
A/ = O 1 as2 0 as2
0 0 0 1 ass

3. Mycts ki, ..., k- — HOMepa raBHbIX nosurmii B marpure A'. Torma BekTopa vk, .. ., Uk, obpasytor 6asuc V.

Hamnpumep, B npumMepe BbIllle 3TO BEKTOPA U1, Uy U V4.

4. Ilycrb v; — BeKTOp cooTBeTcTByeT HersasHoil nozunuu B A’. Torma B i-om cronbie A’ 3anucanbl KOOpAMHATHI
pasoKeHns v; depe3 HaiAeHHbIH Oasuc Boime. Hampumep, B mpuMepe BBINIE U3 = a31V1 + Q32U U Uy =
a51V1 + a52V2 + A5304.

ITpumep Ilycre

1 1 5 1 -1
vi= 3], v=2]|,v3=(12],0u=[1], 5= 1] eR?
2 1 7 1
Torna
11 5 1 -1 115 1 -1 115 1 -1
321221 1|—=|000 -1 2|—=(000 -1 2]~
21 7 1 0 2 17 1 0 102 0 1
1 020 1 1020 1 1 020 1
—|1 151 —-1]—=[0 131 —2|—=(01 3 0 0
000 1 —2 00 0 1 =2 00 0 1 =2

Torna vy, vo u v4 — 6asuc JUHEHHON 000JI0UKN. V3 = 2U7 + 3vg U V5 = V1 — 204.

HaxoxxaeHne Kakoro-to 6asuca JuUHeEHHON 000JI0YKU

Hano Ilycrb vy,...,v,; € R® — Bektopa u V = (v1,...,0y) — uUX JuHeiiHag o60J109Ka.
3amaya Haiitu kakoit-auOy b 6a3uc mogmpocTpancTsa V.

Asropurm
1. VioxuThb Bee BekKTOpa v; B crpoku Marpunbl A € M, ,(R).
2. DJIeMEHTApHBIMA TIPEOOPA3OBAHUSIMA CTPOK IPUBECTH MATPHILY K CTYIIEHIATOMY BUJLY.

3. HenyuieBble CTPOKH IIOJIy9€HHON MaTPHUIIBI OY/IyT UCKOMBIM OA3MCOM.

lZ[OI'IO.J'IHGHI/IG JINHEMHO HE3aBUCHMOII CHCTEMBI 10 Oasmca Bcero IIPpOCTpaHCTBa CTaH-
AapTHbBIMMA BEKTOpaMu

Hano Ilycrb vy,...,v, € R" — juneiino He3aBucHMas cucreMa BeKTOpOB, V = (v1,...,0,,) — uX JuHelHad
000/I0YKa U €; — CTAaHJAPTHbIE DA3UCHBIE BEKTOPHI, T.€. Ha {-OM MECTe CTOUT 1, a B OCTaJbHBIX 0.

3apaua Haiitu Takue BeKTOpa €k, ..., €L, , ITO CUCTEMA V1, ..., Um, €k -- -, €k, _, sBIseTcs 6azucom R™.



Asaroputm
1. Vioxurs BekTOpa v; B crpoku Marpuisl A € M, ,(R).
2. Ilpusectn MaTpunmy A K CTyIEHYIATOMY BHIY.

3. Ilycrs ki, ..., kn—m — HOMepa HeryIaBHBIX cTosI010B. Torna e1,..., e, _, — NCKOMOE MHOYKECTBO.

IloampocrpancTrBa B R”

MpbI XOTHM TIOHATH KaK YCTPOEHDBI BCe BO3MOXKHBIE TTompocTpancTsa B R™. [Insa Havasia HAI0 MOHATD, a KaK BOOOIIe
3aj1aBaTh nonpocrpancrsa B R™. CyiecrByer jiBa crocobas:

1. C nomomsio obpaszyromux BekTopos: U C R™ 3anano B Buge U = (vy,..., vk ), THe vy, . . ., U € R™ — HEKOTOpPBIE
BekTOpa. B 3TOM cirydae 4acTo ObIBaeT IMOJIE3HO, YTOOBI BEKTOPA U; OBLIN JIMHEHHO HE3ABUCHUMBIMU.

2. C nomompro CJIY: U C R”™ zaznano B Buge U = {y € R" | Ay = 0}, tne A € M,,, ,(R) — HekoTOpas Marpua.
B srom ciaydae yacTo 6bIBAET MOJIE3HO, YTOOBI CTPOKU MATPUILI A ObLIM JTUHEHHO HE3ABUCUMbBIMU.

JI1060oe MpoCTPaHCTBO MOYXKHO 3a/[aTh JIIOOBIM M3 3THX JBYX CHOCOOOB, & 3HAYHUT, €CJAU IIPOCTPAHCTBO 33JIaHO
OJIHUM W3 ITUX CIIOCODOB, €r0 MOXKHO 3aJ[aTh U JIPYTHUM.

dynnameHTasibHas cucreMa pemenunii (PCP)

Tak kax R™ obmagaer konednsim G6asucom, 1o u {y € R” | Ay = 0}, rme A € M, »(R), Toxke obamaer KoHed-
HBIM 0a3MCOM, TPUYIEM KOJUIECTBO OA3UCHLIX JIEMEHTOB HE TMPEBOCXOAUT N. JI1060it 6a3uc Takoro mpocTpaHcTBa
Ha3bIBaeTCs hyndamenmanvroli cucmemoli pewserud. Hama 3a1ada HAyIUTHCS HAXOIUTH €rO.

Hdano Marpuna A € M, ,(R).
Bamaua Haiitu 6asuc npocrpancrea U = {y € R" | Ay = 0}.

Asropurm

1. IlpuBesem maTpuily A K yIyUIIEHHOMY CTyTIeHIATOMY BuAy. llycTh HAIpmMep OHA UMEET BHL

1 ai12 0 a14 0 aie
0 0 1 a24 0 26
0 0 0 0 1 ase

2. Tenepsb dim U pasha KosmduecTBy cBoOOIHBIX mepemeHHbiX. @CP cTpouTtcst Tak: Jjis Kaxk10it CBOOOIHOMN T1epe-
MeHHO# OyJieT cBoit basucHbIl BeKTOp. Takyto CBOOOMHYIO IEpeMeHHYO mojiaraeM 1, a ocrajbHbe CBOOOIHBIE
nepemennbie (. Ilocie dero paccamThiBaeM 3HAUEHUs TVIABHBIX [IEPEMEHHBIX. B mpumepe BbIle, CBOOOIHBIE
[IepeMEeHHbIE Lo, T4 U Lg. Lorma OCP

—aj2 —a1q —a16
1 0 0
oy — 0 o, — | 7024 o — | T026
2 Q 3 4 l 3 6 Q )
0 0 —ase
0 0 1

B BexTOpax BbIle MOAIEPKHYTHI TO3UIANA CBOOOIHBIX TEPEMEHHBIX, KOTOPBIE MbI 33/1aeM CAMHU.



PaHr cucreMbl BEKTOPOB

ITycrs V' — HEKOTOpOE BEKTOPHOE IPOCTPaHCTBO. CHCTEMOl BEKTOPOB HA3BIBAETCSI IOCJIEN0BATEILHOCTD (U1, . . . , Uk)
U3 BEKTOPOB V, B KOTOPOI BEKTOPHI U; MOTYT HOBTOPATHCA.”

ITo onpeeeHnIo PAHIOM CUCTEMBI (U1, . . ., V) HA3BIBAETCI MAKCUMAJIbLHOE KOJUYECTBO JUHEHHO HE3aBUCUMBIX
BEKTOPOB B 9T0il cucreme. Panr takoii cucremsl 6yjer obo3nadarbes rk(vy, ..., k).

Yrepxkaenue. Ecau (vy,...,U,) — HEKOMOPAA CUCTEMA 8EKMOPOS 8 8eKMOpHOM npocmparcmee V , mork(vy, ..., vg) =
dim(vy,. .., vg).

Marpu4dnbiii paHr

ITycts A € M, (R) — HeroTopast matpuria. Celfgac st ONPEIENIO NATH PA3HBIX OIPEeJeHIH paHra MaTpuibl. Bee
9TU PaHTU Me)K,ZLy CO60fI COBIIaJaI0T K HOJIy‘{eHHaH BeJINYUHA 6y,ueT IIPOCTO HA3bIBATHLCA PaHI'OM MaTpPHUIIbI A nu
obosnadarseda rk A.

Ounpenenenne. Ilycrs Aq,..., A, € R™ — croabusl marpuisl A, 1o ectb A = (Aq]|...|A,). Torma cronbuossim
panrom Marpuibl A HasbiBaerca paur cucrembl (Aq, ..., Ay), 10 ecTb kerons A = k(A1 ..., Ap).
Onpegesienne. Ilycrs Ay, ..., A, € R® — crpoku marpunnst A, o ectb A = (A4]...|A,,). Torja cTpOKOBBIM
paHrom marpuibl A HaseiBaercst panr cucteMsl (Aq, ..., Ay,), T0 ecTb rkor, A = 1k(A1, ..., Ap).

Omnpenenenne. PaxTopuabHBIM PAHIOM MATPHUIBI A HA3BIBAETCS CJIELYIONIEE IUCTIO
min{k | A = BC, tne B € M, x(R), C € My, ,,(R)}

TO €CThb 3TO MUHUMAaJIbHOE YmCI0 k Takoe, 94To marpuna A npencrasuMa B Buje npoussejaenus marpun, BC, riae
obrmast pazmepHoCTh it B u C) 110 KOTOPOil OHU [MEPEMHOXKAIOTCS, CTh k.

Onpenesienne. TeH30pHBIM PAHIOM MATPHIIBI A HA3BIBAETCS CJIEJYIONIEE TUCIIO
min{k | A = 1y} + ... + 2y}, THe 2; € R™, y; € R"}

TO eCTh 3TO MHHUMAJLHOE 9IHCJIO0 Kk TaKoe, UTO MATPHUIA A IpeicTaBEMa B BHAE CyMMEI k «TOIMWX» MATDHIL BUIA
zyt, rme x € R™ my € R™.

Eciin s1 B MaTpuiie A Bbljest0 Kakoi-Huby b Habop u3 k CTPOK U OZHOBpPEMEHHO Habop u3 k cTosbLoB, a II0TOM
BO3bMY MATPHILy COCTABJIEHHYIO U3 JIEMEHTOB HA MEPECEYEHUN ITUX CTPOK M CTOJIOIOB, TO S MOJIYIy KBaJIPATHYIO
MaTpuily pasmepa k. Takue MaTpuiibl Mbl OyJeM Ha3bIBATH KBAPATHBIMY [TOJIMATPUIIAMU MATPHUILL A.

Onpenenenne. MUHOPHLIM PaHIOM MaTpUIbl A HasbIBaeTCs pasMep HambOJIbIIEH HEBLIPOXKICHHONH KBaApaTHO

IIOAMATPHUIIBI. 10

I'naBHOe 717151 HAC CJIEIYIONIEE YTBEPKICHUE.
YrBepxkaeuue. s 060t mampuyss A € My, ,(R) sce nams 6udos pamneza cosnadatom u e npesocrodam
min(m,n).
IIpumepsnt

1. B magaje 3amerum, 4T0 MaTpuia umeer panr 0 Torga u TOJBKO Torma, korma A = 0.

2. Panr maTpuinl A paBeH eIuHNLE TOTIA U TOJILKO TOTIA, KOIAA OHA He HyJIeBas U BCe CTOJIOLBI IPOIOPIHOHA b
HBI OIHOMY 001IeMy cTOJIOIY (MM YTO SKBUBAJIEHTHO, BCE CTPOKHU [POIOPIMOHAIBHBI OJHON OOIIeH CTPOKE).
Eciin Bociosib30oBaThes onpejesieHneM (paKTOpUaIbHOTO PaHra, TO Mbl BUJIUM, 9TO TOrja Marpuia A umeer
Bug A = zyt, tne € R™ u y € R — menyJsesble BEKTOPA.

9B mo06HOI CHTYAINH OBTOPSIIOIINECS BEKTOPHI PA3JINYAIOTCS [0 HHAEKCY — <KJH0Uy».

10Ha camonm mesre MOKHO maTh GoJIee CHIILHOE OMpeIe/IeHIe, a IMEHHO, MUHOPHBIH PAHT — 3TO pa3Mep J060# MAKCHMAIbLHON HEBBIPOZK-
JIeHHO# moaMaTpulbl. To ecTb MbI 6epeM KaKy-TO KBaJIPATHYIO MTOAMATPUILY, KOTOpasi HEBBIPOXK/IEHA, & JIF0basi 6OJIbIIas MOAMAaTPUIA
y2ke BbIpoxkieHa. OKa3bIBAeTCs, UTO BCE MAKCUMAJbHBIE HEBBIPOXK/IEHHBIE TIOIMATPUIILI UMEIOT OJMHAKOBBIA pasMep U OH HA3bIBAETCS
MHHOPHBIM DPaHTOM.



CBoiicTBa paHra

Hpe)K,ae BCEro Ha/i0 3allOMHUTH KaK PaHI' CBA3aH C MaTPUYHBIMU OIlepallusdMU.

VYreepxkaenue. IIycmv A, B € M, »(R), mozda
|tk A —rkB| <rk(A+ B) <tkA+1kB

Haso mormmars, 910, Bo-IepBBIX, Bee 3TU 3D@PEKTH MOXKHO YBUAETH HA JUATOHAJBHBIX MATPHUIAX; BO-BTOPHIX,
BCE I'PAHUIBI HEPABEHCTB JIOCTUTAIOTCsI. CMBIC 9TOrO YTBEDPXKIEHUsI BOT B 9€M: €CJIM BBI meBesuTe marpuity A c
[IOMOIIBIO MaTPUIIBl B, TO panr A MoXKeT U3MEHUTbCsI He 60Jjiee 4eM Ha paHr B B j1106yio cTopoHy. Tenepsb HoCMOTpUM

na marpunpsi: A = ($9), B= (%) u C = —A. Torna rk(A+ B) =tk A+1kBurk(A+C) =1k A —rkC.
VYreepxkaenue. ITycmv A € My, ,(R) u B € M,, x(R), mozda
tkA+rk B —n <1k(AB) < min(rk A, rk B)

Kak u B npeiplayieM ciydae, Bce obe IPAHHUIBI HEPABEHCTBA JOCTHIAIOTCS M BCE MOXKHO IPOHAOIIONATH Ha
JmaroHanbHbIx Marpuiax. yere A = (§9) u B = (9). Torna rk(AA) =1k A n rk(AB) =1k A + 1k B — 2.

VYrBepxkaeuune. [Tycmo A € M, (R) — xeadpammnas mampuya. Tozda tk A = n mozada u moavko moeda, xoeda A
Heswvipootcdena, m.e. det A #£ 0.

Takum 06pa3zoM Ha pAHD MOXKHO CMOTDETh KaK Ha CTEleHb HEBBIPOXKjeHHOCTH MaTpuiibl A. CaMmbril BbICOKHUiT
PaHI' Y HEBBIPOXK/ICHHBIX MaTPHUIl, CAMbI MaJI€HbKUH Y HYJIE€BOH, HO €CThb ellle U IIPOMeXKyTOYHbIE COCTOAHUSA.

VYrBepxkaeuune. Ecau mampuua A € My, ,(R) nazodumes e cmynenuwamom sude u umeem k cmynenex, mo ee
pare paser k.

DTO yTBEP)KJEHNE BMECTE CO CJEAYIONIM JA0T 3(DPEeKTUBHBIN CIOCOO CIMTATH PAHT.

YrBepxkaenue. [an w060t mampuuvs A € My, »(R) u aobwx neswvposrcdennvr mampuy C € My, (R) u D €
M,,(R) eepro: tk A = rk(CA) = rk(AD).!

B uwacTHOCTH paHI MaTpHIBI HE MEHSIETCsI P JIEMEHTAPHBIX IPeodpa30BaHUsIX CTOJIOIOB U CTPOK. OOBIYHO
TUM IOJIb3YIOTCs JJId HAXOXKJeHUusl panra. Bojee toro, eciu A € My, ,(R) umeer panr r, To 3JeMEHTAPHBIMU
Ipeo0Pa30BAHUSME CTPOK M CTOJIOIOB OHA IPUBOIUTCS K BUJLY

A (g g) , tne E € M,.(R) — eqununanas Marpuna

C.HGILCTBI/IBM JAHHOI'O 3aMe€YaHud fABJIFACTCH CJIE/IYIOIIee.

Yreepxkaenue. s ao6vix mampuy A € My, ,(R) u B € M (R) umeem

A 0
rk(o B) =rkA+rkB

11B JaCTHOCTHU paHI' HE MEeHAETCHA IIPpU dJIEeMEeHTapHbIX npeo6pa30Ba1—m5{x CTPOK " CTO.H6LIOB.
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Cemunap 3

Sagadmn:
1. aubl BEKTOPBI
1 0 3 1 1
ap=12|,as=|1),a3=|8 ),aa=11],a5=13
3 1 11 3 3

Cpemu 3TuX BEKTOPOB HallTh 6a3uc UxX JUHEHHONH 000JIOYKU U BBIPA3UTH BCE OCTABIIHECS BEKTOPA Uepe3 Oa-
3UCHBIC.

2. Haitnnre 6asuc sekropnoro mpocrpanctsa U = {y € R5 | Ay = 0}, te

21 3 07
A=11 2 0 1 4
01 -1 10
3. OmpemeanTe MOXKHO JI U3 CHCTEMBI BEKTOPOB
—4 0 5 4
-5 1 5 5
v = ) , V2 = 2 , U3 = 3 , Vg = -9
3 1 -2 -3
BoeiOpars PCP 1151 cucTeMbl JIMHEHHBIX YpaBHEHUI
T — T3+ 274 =0
To —2x3+ 314 =0
221 —2x90+22x3—224 =0
4. snsiorcs mu bynxmn 1,sin(z), sin?(z), . .., sin” (z) muneiino sapucnMbivm?

5. Ilycre R[x], — MHOXKECTBO BCEX MHOIOYJIEHOB C BEIIECTBEHHBIMU KOMDMUIMEHTAMI CTENEeHN He GOJIbINE M.
Tlokazarn, 9TO cuCTEMBI

{1,z,2%...,2"}yu {l,x —a,(x —a)?...,(x —a)"}, e a € R

SIBJISTIOTCsL Gasucamu B R(x], u HafiTm MaTpumpl mepexosa OT IepBoro 6asmca KO BTOPOMY U OT BTOPOTO K
IIEPBOMY.

6. HaiiTu panr cieayromieit MaTpHUIlbl TPU PA3TUIHBIX 3HAUECHUIX TapaMeTpa A:

T—A —12 6
10 —-19-2AX 10
12 —24 13-X

7. Ilycte A u B — KBaJIpaTHBIE MATPHUILI OJHOIO pa3Mepa. JJokasarh, 4To

A AB
rk <B B+B2> =rkA+1kB



Cemunap 4

JluneitHble OTOOpaKeHUs

Camu 110 cebe BEKTOPHBIE IIPOCTPAHCTBA HE MHTEPECHBI. HaMm Obl XOTEJ0Ch yMETbh UX CPaBHUBATH MEXKJY COOOI.
JLJ1st 5TOr0 HAM HYKHBI JIMHEHbIe 0TOOpakeHust. KpoMe TOro, MHOrue BOIIPOCHI, BO3HUKAIOIIUE B JIMHEHHOI ajrebpe
dOPMYJIUPYIOTCST IMEHHO B TEPMUHAX JTUHEHHBIX OTOOpayKeHMIA.

Onpenenenune. Ilycrs V u U — BekTopuble ipocTrpancTBa Hall R. Orobpaxkenue ¢: V' — U Ha3bIBaeTCs JINHEIHBIM,
ecsia

1. ¢(v1 4 v2) = ¢(v1) + P(va) st OGBIX V1, v2 € V.
2. ¢(rv) =ré(v) ans mobbix r E Ruv e V.

MuoxkecTBo Beex JmHeitnbix orobpaxkenuit uz V B U obosnavaercs Hom(V,U). Eciu Hazo noguepkayTh Kakue
CKaJIAPbl UMEIOTCs B By, MOxkHO Hanucarb Homg (V, U).

IIpumepsnt

1. Jlo6oe nuueiinoe orobpaxenue ¢: R™ — R™ zanaerca B Buze ¢(x) = Az, rae A € M, ,(R). Takum o6pazom
muozkecTBo Homp (V, U) oroxzecrsisiercst ¢ MHOXKeCTBOM Marpuil M, , (R).

2. JIioboe mumeitnoe orobpaxkenne ¢: M, (R) — M,,(R) 3amaerca equncrBeHHbIM 00pa3oM B Buje ¢(X) =
Sy 2?1:1 a;jiiEij X By, tae E;j — MaTpudHasi €JMHHIA, T.e. MaTPHIA TakKas, 4TO Ha i-0if CTPOKE j-OM
cTosibIEe CTOUT 1, a BCe OCTAJIbHBIE JIEMEHTHI PaBHBI (.

Onpenenenne. Ecium V' — BekTOpHOE IIpocTpaHcTBO U ¢: V. — V — jmHeitHOEe oTOOpazkeHue, TO ¢ Ha3LIBAETCS
AUNETIHOLM ONEPAMOPOM. '

[IpaBwibHO myMaTh PO JIKMHEHHBIE OIEPATOPHI KaK PO «JIuHeltHbIe nedopMaruu npocrpancTsa V». Hanpuwmep,
B R™ MBI MOXKEM JIeJ1aTh PACTIAKEHUS BJIOJIb KOODIUHATHBIX OCeil (Ha CaMOM JIejie PACTAKEHUS BIOJIb JIOOBIX IPIMbBIX
rozsrcst). Vi MozkeM jies1aTh IOBOPOTHI BOKPYT KAKUX-TO IPAMbBIX. MOXKHO «HAKJIOHUTH» OJHY KOODIUHATHYIO OCb,
3epKaJibHasd CUMMETPUA, CHMMETPUs OTHOCUTEIBHO IIPAMOM, INIOCKOCTH, IIPOEKIIAA BEKTOPa Ha IPAMYIO, IIJIOCKOCTh
U ele Kyda JPYyrux IpeoOpa30BaHUil ONUCHIBAETC JUHEHHBIMU OIIEPATOPAMU.

Onpenenenune. Ilycrs V u U — BekTOpHBIE npocTpancTBa u ¢: V' — U — juHeltHOE orobparkeHne. MbI roBopuM,
9TO OHO ABJIsIeTCs ugomopPusmom (a npocrpancrsa V u U ugomopdromu), eciu cymecrsyer ¢: U — V — juneitnoe
orobpazkenne Taxoe, uTo ¢ = Id u ¢ = Id.>

[Tpo u3oMopdHbIE TPOCTPAHCTBA HAJIO JIyMaTh KaK PO OfuHaKOBbIe. Ha MHOXKecTBO V' MOXKHO CMOTPETh KaK Ha
«AMEHA BEKTOPOB», COOTBETCTBEHHO, U — MHOXKECTBO «HOBBIX UMEH», & () — 3TO MEPEHMEHOBAHUE HAIINX BEKTOPOB.
A pa3z 370 Bcero JHINb MepenMeHOBaHne, TO OT HEr0 HUYEro He JIOJIKHO 3aBuceTh. lloromy m3ydars V — 510 BCe
paBHO, UTO U3y4aTh U.

Bazkublii BOIIpoc: a Kak 3ajaBaTh JUHEHHbIe 0TOOpaykeHus 1 oneparopbl? OKa3bIBAETCS I 9TOTO JOCTATOTHO
3HATBH KyJIa OTIPaBJIseTcsd O6a3uc.

YrBepxkaeHue. Ilycmv ey, ..., e, — HEKOMOPHIT 6A3UC BEKMOPHO20 NPOCMPAHCMEA V U U1, . .., Uy — NPOUBOALHBLT
Habop eexmopos dpyeozo npocmparcmea U. Tozda cywecmsyem eduncmeennoe aunetinoe omobpasicenue ¢: V. — U
maxoe, umo P(e;) = u;.

Loxazameavcmeo. JleiicTBUTENBHO, IYCTh ¥V = T1€] + ... + Tpe, — OIPOM3BOJIbHBIL BekTop w3 V. Torma, ecau ¢
CYIIECTBYET, TO OH JIOJI?KEH JIEHCTBOBATH 110 MTPABUITY

() = d(xre1 + ...+ anen) =x10(e1) + ... +xpd(en) = zrur + ...+ Tpuy

C apyroii CTOPOHBI, JIETKO BHJIETh, YTO JAHHOE PABEHCTBO OJHO3HAYHO 33/aeT JIMHEiTHOe 0TOOparKeHue. O

I TexHuecKr TMHEHHDIH OMEPATOP HIYEM He OTIHYAETCS OT JIMHEHHOTO OTOBPasKeHM s, TIPOCTO MBI TpeGyeM ITOGBI MbI e CTBOBAI
Ha OJJHOM IIPOCTPAHCTBe, a He MexKJay aByMsi. OHAKO, 9TO MOPOXKIAET OIPOMHYIO Da3HUILYy B IIOBEIEHUH STHUX OOBEKTOB M YTOOBI HE
IIyTaTb UX MEXKIy COOOM JIIOAU Jaske CIEeNUaJbHO BBEJH JJIs JIMHEHHBIX OTOOparkeHHil Ha OJHOM IIPOCTPAHCTBE OTAEILHOE HA3BAHUE —
«OIEPATOP».

2 [Ipyrumu cioBaMu ¢ 06paTuMoO, rae obpaTHbIl ¢~ = ).



IIpumepsni

e B gacTHOCTH 5TOT KPUTEPUii TO3BOJISIET OTBEYATH HA BOIPOCHI CJIEYIOIIEr0 BUA: CYIIECTBYET JIU OTODparKeHe
¢: R? = R2, co cireyIommM CBORCTBOM

(- () +()-6) +0-0
() o)

v3 = (é) = %(vl + v2)

ITo yTBEpP K IEHMIO, BEKTOPEL U1 1 Vs MOYKHO OTIIPABUTDH KYJa YIOJHO U TOIJIa HafieTcs equHCTBeHHOe ¢ R2 —

R? co croiicTBaMI
1 -1 1 2
o(1)= (1) ()= )

Terepb 0CTAIOCH JIUITL TPOBEPUTD, YAOBJIETBOPSET JIU HAIIE ¢ TocenaneMy cBoiicTBy. C OMHON CTOPOHBI MBI

()-0

C Jipyroit CTOPOHBI, KAK MBI BBISICHIIN VU3 = %(vl + vg). 3HaunT

- acn-3(2)+ ) 1)

He cxonures. 3uaunt, #e cymecrsyet. Eciau ObI COMIIOCH, TO cyIecTBOBa Obl. OTMETHM, UTO HAMBHBIIA [T0JIXO/T
3aKJIF0YaeTCsl B TOM, YTOOBI 3ajaTh oToOpaykeHue ¢ B Buje x — Az, e A = (Lcl g).3 Tornma ycmoBus Ha ¢
MOXKHO IIEPEIUCATh KaK CUCTEMY JIMHEHHBIX ypaBHEHU Ha a, b, ¢, d. Tpu BekTOpA, 10 JiBE KOOPAMHATHI, Oy1eT
Bcero 6 ycyioBuii u 4 HeM3BECTHBIE. DTO HAMHOI'O HEIIPUSITHEE, UeM IIPEJJIOZKEHHBIN BBIIIE METO/I.

B mammoM citygyae BeKTOPBI

SABJISIOTCS 0A3UCOM, a

XOTHUM, ITOOBI

e A UTO ecjiM HAM JIAHBI BEKTOPHI V1, ..., U, B R™ U BEKTOPBI U1, ..., U, B R™ U HAC CHPAITUBAIOT CYNIECTBYET
JHefinoe orobpazkenue ¢: R™ — R™ rtakoe, uro ¢(v;) = u;. Bolie g pacckazas, Kak peniaTh 3alady, eciu
(v1,...,v,) = R™ Ha camom gesne 6bLI M3JI0KEH CIOCOO HOHATH, CYIIECTBYET JIM JIMHEHHOe 0TOOpayKeHue
Y: (v1,...,v) = R™ rmakoe, uro ¥(v;) = u;. Eciu Takoe orobpakeHue He CyIIeCTBYyeT HA HOAIPOCTPAHCTBE
(v1,...,Vk), TO OUEBHUHO, UTO OHO HE CYNIECTBYeT Ha BeeM npocrpaHcTBe R™. To ecTh B HETATMBHOM CJlydae
3asiada pemaercs npoie. OnHako, ecian xke orobpaxkenue : (v, ..., v;) — R™ Haifigercs. To nckomoe ¢ MOK-
HO HOCTPOUTHL Tak. IlycTh vy, ...,vs — 6asuc B (v1,...,v;). Tak Kak 3T0 JIMHEHHO HE3aBUCUMOE MHOYKECTBO
B R" ero moxuo momosauTh 10 6a3uca B R™. To ecTb MBI MOXKEM HAWTH BEKTOPBI Wgi1, ..., W, € R™ Ta-
KHUE, UTO V1, . .., Vs, Wst1, - -, Wy ABIIIOTCA bazucom R™. OTobparkeHue ¢ 0TOOPAKAET V1, . .., Us B UL, . .., Us.
OrnpaBuM BEKTOPBI W1, ..., W, B 0. 9T0 HaM JacT oroOpakeHnme yrKe Ha BCeM IpocTpancTtBe R™, KOTO-
pOe IIPOJIoJIZKAET KejlaeMoe OToOpazkeHne U 00J1aJIaeT CBOMCTBOM, UTO v; WIYT B ;. 1yT HE BaXKHO, BO UTO
OTIpaBUTh W;. Kak MBI BUIUM TaKuX OTOOpazKeHUit Oy1eT MHOTO.

e Jlpyroit pa3yMmHBII TpUMEP KCIIOJIH30BaHUs yTBep:KieHusi. FKcium mpocrpancTBO V' MMeeT pa3sMepHOCTb HE
MEHbIIIe, 9eM MPOoCcTPancTBO U, TO Beerga MOXKHO HAWTHU CIOPbEKTHBHOE JimHElHOe orobpaxkenue ¢: V — U.
JleiicTBUTENBHO, IYCTD €1, . . ., €, —6a3uc V u f1,..., f, —6a3uc U un > m. Torma cymecTByer eJMHCTBEHHOE
JInHEHHOe 0TOOparKeHUe CO CBOMCTBOM €1 > f1,..., em > [, eme1 — 0,.. ., e, — 0. Kak jierko Bujiets Takoe
0TOOpaXKeHUe IMOJIyIaeTCsl CIOPbEKTUBHBIM.

3B cremyiomem paz/ese KaK pa3 MOKa3aHO, UTO BCe JIMHEHHbIe 0ToGpaskeHnst Mexkay R™ u R™ 3a1ai0TCsi yMHOMKEHHEM Ha MATPHILY.



JInneiinbie oTroOpakenusa mexxay R" u R™

B ciyqae V= R" u U = R™ MBI MOXK€EM TOJIHOCTBIO ONKCATH JIMHEHHbIE OTOOpaKEHUsI B TEPMUHAX MAaTPHIIL.
alq

JeficTBuTeIbHO, IIyCTh (B 0003HAUEHUSIX IPEIBIILYIIEro yTBep:KIAeHust) ¢(e;) = u; = . |, rme e; — cranmapTHBIT
ami

6azucubiit BekTop R™. Torma

1 a11 A1n ailr ... Qin x1
¢ 1| =d(zier +...Frpen) = xruL .. F TRUy = 1 +...+x, : =

Tn Am1 Amn Am1 P ¢ ) Tn
[IpucragabHO BIVISIAEBIINCH B TO, YTO MBI TOJBKO UTO CIEJIAIN, MOXKHO MTOJYIUTH CJIETYIOMIEe.

VYrBepxkaeuune. Omobpasicenue My, ,(R) — Hom(R™ R™), xomopoe xaorcdol mampuye A cmasum 6 coomeem-
cmeue aunetinoe omobpasicenue ¢ 4, deticmsyrowee ¢ o(x) = Ax, 20e x € R™, asasemcs uzomopPusmom 6eKmopHuLT
NPOCMPAHCMS, M.€. MO NPABUNO OUEKMUBHO U PA+B = PA + OB U dra = APA.

Bamermm, 9TO mOJ meiicTBIEM OMEKIIUHU M3 YIPAasKHEHN BBIIIE OIIEPAlns KOMIIO3UINHA JUHEHHBIX OTOOpAarKeHMI
COOTBETCTBYET ollepanuu yMHoxKeHust Marpull: eciit A € M,, ,(R) u B € M,, x(R), To onu coorsercrByior ¢ 4: R" —
R™ u ¢p: R* — R”. Torua PADB: RF — R™ coBuagaer ¢ ¢ap. Takum 06pa3oM, Kak TOJBKO B IMMPOCTpPaHcTBax V'
n U BoiGpanbl 6a31UChl, HET Pa3HUILI MEXKJy U3yUeHHEM JIMHEHHBIX OTOOPaXKeHH 1 MATPHIL.

Ynobusrii popmamusm

Marpuria guHeiiHoro orobpakenust Ilycts y Hac ecTh auneiinoe orobpaxkenune ¢: V — U u mycTb €1, ..., €y
— Hekoropbiit 6asuc V u f1, ..., fn — HeKoTOpBIi Gasuc U. Torma kaxzplii BeKTOp ¢(e;) sBJIsSETCS JIUHEHHON KOM-
Gunanueii BeKTOpoB f;, T.e. ¢(e;) = a1if1 + ... + Qmifm. DTO MOXKHO 3a1MCATH B MATPUIHOM BHJE TaK

ai N A1n
(¢(61) s ¢(en)) G (fl f’m)

nJIm enie Kopo4de
¢(€1 en):(fl fm)A

3aecnh @(eq, ..., e,) UMeeTCda B BUIY OKOMIIOHEHTHOE yMHOXKEHUE BEKTOpa M3 €; Ha ¢ cjeBa. DTo oxHa u3 Ghopm
6s09HOrO yMHOXKeHUsT MaTpur,. Marpura A B 5TOM cjydae Ha3bIBaeTCsl MATPUIEH JTUHEHHOTNO OTOOpasKeHus ¢ B
Gazucax e; u f;.

HeiicTBue suHeiiHOrO O0TOOparkeHust B KoopauHarax llycre Temeps v € V' — HEKOTODPBI BEKTOP, KOTOPBIH
PACKJIABIBACTCA 110 6a3ucy v = 1€y + ...+ Tpe, = (€1, ..., ey)x, vae x € R™. Torna

p(v) = gler, ..., en)r = (fi,..., fm) Az

To ecth BeKTOp (V) packiampiBaeTcs mo 6asucy f; ¢ koopauHaramu Ax. 3HAYAT B KOOPJMHATAX, HAIIE JMHEHHOE
oTobpakeHue 3aJ1aercst 1o npasmity x — Az. Ha sror dakT MoxkHO cMOoTpeTh Tak. Kcim ecth orobpazkenue ¢: V —
U, To mocyie BbIOOpa 6asuca B V' ono mpesparaerca B R™, mocie Beibopa 6asuca B U ono mpespamaercsa B R™, a
¢ JTOJI2KEH TIPEBPATUTHCS B OTOOpaXKEHNE YMHOXKEHUS Ha HEKOTOPYIO MATPUILy CjieBa. Tak BOT MATPHIIA JIMHEHHOTO
omepaTopa i ¢ — 3TO B TOYHOCTH Ta CaMas MaTPHUIA, B KOTOPYIO IIPEBPATUIICSI ¢ TOCJIe BbIOOpa Oa3mca.

Cwmena 6a3uca u JUHEHbIE OTOOparKeHUs

Jluneitabie 0oTOOpaXkeHUsT — HTO OTOOPAYKEHUS IIPEK/JIe BCErO W MIOTOMY OHU HUYEro He 3HAKT IIpo BhiOOp Oasuca. C
JIPYTOii CTOPOHBI, TaKue OTOOpAYKEHMsT 3aJIAI0TCs PA3HBIMU MATPUIAMU B pa3HbIX Oasucax. TyT ecTh mapa Bereit
KOTOpbIe HaJl0 moHuMarh: (1) Kak MeHsiercsi MaTpula JimHeHHOro orobparkenust u (2) cMeHa 6azuca IIO3BOJISET
YOPOCTUTH BUJT MATPHUIBIL.

Haunem ¢ mepsoro Bompoca. Tyr ectb gBe curyaruu: ¢: V. — U u ¢: V — V., 1.e. ciy4ail ob1ero JIMHEHHOTO
oTOOpaKeHUs U CJIydail JuHeitHoro omeparopa. [J1aBHast pasHUIA B TOM, YTO B IIEPBOM CJIyYIae MbI MOYKEM MEHSTH
OJIHOBPEMEHHO jBa 0Oa3mca u B 00JIACTH OIpeesiecHus ¢ u B objacTu Kyna ¢ Ober. Bo BTOpoM ciydae, 6a3umch
MEHSIIOTCSI OJTHOBPEMEHHO.



VYreepxkaenue. Ilycmov ey,...,e, u ey, ... e, — dsa 6azuca V, maxoce f1,...,fm w fi,..., [}, — dea 6asuca U.
Ilycmo

(€),...,et)=(e1,...,en)C u (fi, .y fm) = (f1,. - fn)D
2de C € M,(R) u D € M,,(R) — mampuyn nepexoda. Ecau ¢ 3adaemcsa mampuuet A 6 6azucax e; u f;, mo 8
6asucaz e u f! on sadaemea mampuyeii D~1AC.

Jloxaszamenvcmeo. s moKa3aTeIbCcTBa BOCIOIB3YeMCs 3aMeYaHueM W3 TIPEJbIAYINero pasiesia. Ham m3BecTHO,

. / / ! ! !/ ! 2
aro ¢(e1, ..., en) = (f1,. .., fm)A, a HAHO HaliTu Marpuiy A’ takyto, aro ¢(el, ... el) = (f1,..., f1,)A". Jasaiire
[TOCUNTAEM:

pey ... e)=9¢(er ... en)C=(fi ... fm)AC=(ff ... f{n)DflAC

Buaunt A’ = DYAC, uro u Tpe6oBaIOCh. O

CnencrBue. FEcau ¢: 'V — V 6 basuce eq, ..., e, 3anucweaemca mampuueti A, mo 6 basuce e, ..., e, 3adanmom
) ) ) 1 »=n

(e, .. eh) = (e1,...,en)C, ¢ sanucveaemes mampuyeti C~LAC.

CMmena 6a3mca B KOOpJIMHATAX

[Iyctb Temrepp V= R™ u U = R™, Ttakxe eq,...,e, obO3HaYaeT craHmapTHbl Oasuc B R™ u fi,..., f,, — cran-
napTHeIi 6asuc B R™. Ilycrs €), ..., e), — npyroit 6a3uc R™. D10 BEeKTOpP CTOIONBI, U3 KOTOPBIX S MOI'Y COODY/UTH
matpury C € M, (R), mocrasus €, noapsan B xkadectse cTosbnos.* Ananormdwo, ecu f1,. .., f, — apyroit 6asuc m3
R™ g mory cocraButh u3 Hux marpuiy D € M,,(R). O6e marpunst C u D HEeBBIPOKIEHDI.

JIr000it BekTOp v € R™ MOXKHO 3ammcaTh Kak

)
v=x1€1 + ...+ Tpey = | B 9TOM CJIy4Yae MBI TOBOPHUM, 9TO 33JIaJI €r0 B KOOPJIWHATAX T;
In
C Jipyroii CTOPOHBI, MBI MOYKEM 3allMCATH U TaK
Y
v=y1€l+ ... +ype, =C | : B 9TOM CJIy4Yae MbI TOBOPUM, 4TO 3aJaJU €r0 B KOOPJIUHATAX ¥;
Yn
Amnastornano B npocrparcrse R™ 11060t BEKTOP ¢ MOXKET OBITH 3alMCaH B JBYX CHCTEMAaX KOODIUHAT:
wq 21
u=wifi ...t wnfm=| w u=z1f] + ...+ z2mfr, =D
W, Zm
IIycTb Teneps Haime orobpazkenue ¢: R™ — R™ 3ajaHo marpuieii A, To ecTb BEKTOP B KOOPJAWHATAX X; IIepe-
XOJUT B BEKTOP B KOOPJUHATAX W; 10 IIPABUILY
X1 w1 X1
— =Al: WK KPaTKo T — w = Az
T, Wi Ty

MpbI XOTHM IIepenucaTh ¢ B KOOPAUHATaX ¥; U 2;, TO eCTh 3alucaTh orobpazkenue ¢ B suje y — 2z = A’y. s aroro
HAJIO IIPOUTH O CJIEJYIONIEH JuarpaMme

r=Cyr——w = Az = ACy

I

Yz = D lw= DilAC'y

Crapryem ¢ koopgauaar y (1eBblil HuzKHEA yrou). [lo HUM cHaYa a8 PacCINTHIBAEM KOOPJWHATHI T (BBEpX IO JHa-
rpamme). [ToToM meficTByeM 0TOGpaskeHneM ¢ ¢ TIOMOIIBIO MATPHILI A U MoJTydaeM BeKTOp ¢(v) B KOOpAMHATAX W
(BmpaBo mo crpeike). [ToToOM mepecInTEIBaEM KOOPAMHATHI W B KOOPAWHATEL 2 (BHU3 1O quarpamme). B pesymbrare
noaydaem, 4to y — z = DTYACY, re. A’ = D7YAC.

4B sTOM Cirywae MBI Takyke HMeeM (el,...,en) = (e1,...,en)C. D10 ML APYrOil COCOG OMUCATH Ty K€ KOHCTPYKIMIO, YTO M B
npezplyieM myHkre. B cronbrax Marpunst C' CTOST KOOPAMHATH BEKTOPOB e; OTHOCHTEJIBHO CTaHIAPTHOro ba3uca e;.



O6pa3 u aapo oTobparkeHus

Eciu ¢: V — U — smneitHoe oroGpaxkenue (kak u Boime V = R™ u U = R™), 10 ¢ HUM MOXKHO CBfI3aTh JiBa
nojinpocrpanctia. llepsoe u3 HUX — Adpo ¢, a umenno: ker¢ = {v € V | ¢(v) = 0}.° Bropoe — obpas ¢: Im ¢ =
@(V) C U, 1o ecThb BCe, 9TO MOKHO IIOJIyYUThb U3 V| IPUMEHUB K HEMY o.

Caasb co CJIY Ilycre ¢ 3amaercs marpuneit A € M, ,(R), To ectb Hame orobpakenne umeer Buz ¢: R™ — R™
o mpaBuwity x — y = Az, 31ech x € R" u y € R™.

e npo — 910 HPOCTPAHCTBO pelleHuii OIMHOPOIHOl cucTeMbl JuHeiHbIX ypasuenuit {y € R™ | Ay = 0}.

e OGpa3. Beesem cremytormne o6o3HadeHns s cTononos marpunsl A: A = (A44]...|A,). Torma no onpesede-
HUIO B oGpa3e ¢ JleXKaT BCe BO3MOXKHbIE BeKTOpbI Buja Ax. lapaiiTe pacumiieMm 3TO Tak:

Imgp={Az |2 eR"} ={z1 A1 +... + 2,4, |z, R} = (A1,..., A,)

To ectb 06pa3 — 3ro JuHelHas 060/10uKa cTosI6IoB MaTpuil A. Eciu eq, ..., e, — 9T0 cranmapTHbIi 6a3uc
R™, TO ecTh BCe KOOP/IMHATHI €; KPOME i-Oif pABHBI HYJIIO, & i-51 PABHA €IUHUIIE, TOTA i-bIil CTOJIOEI] MATPUIIHI
A — 3710 00pa3 BEKTOPA €;.

e ITpoo6Gpas BekTop. Ilycrs MBI 3acdukcupoBaan BekTop b € R™ 1 xoTuM HaiiTu Bce BeKTOphl & € R™ Takue,
9TO OHM HepexoadaT B b noj seiictBuem ¢. Torna 3To o3Havaer, 4TO HAM HAJIO PEIIUTH ypaBHenue Ax = b, To
€CTh peIlieHre HEeOTHOPOIHON CHUCTEeMBI O3HAYAET, ITO MbI HIMIEM IPOOOPa3 K HEKOTOPOMY BEKTODY.

e Caasb mexay OCJIY u CJIV. Ilycts x¢ — npoussosbHoe pemenne 1yist Az = buker ¢ = {y € R" | Az = 0}
— pelenust oJHOPOAHOH cucteMbl. Torma Bece pemeHnsi cucreMbl Az = b uMeroT BuJ xg + z, The 2z € ker .
To ecTb mpoobpas Jboro BeKTOpa b siBjsieTcs cABUroM siapa orobpaxkenust ¢. OaHAKO, 0OpaTuTe BHUMAHUE,
poobpas3 BeKTopa b MOKeT ObITH IIYCT, & sAPO BCErJa He IyCTO, B HeM KaK MUHUMYM BCET/ia HalIeTCs HyJIeBOi
BeKkTOp. TakuM 06pa3OM SJIPO OTBEYAET 3a €JIMHCTBEHHOCTD PEIIEHUS, €CIH OHO €CTh.

Tosie3no moHUMATH, 4TO JId JO6Oro b Haiijercs poobpas OTHOCUTENLHO ¢, eciau B cucreme Ax = 0 (win
Az = b) KOJIMYIECTBO IVIABHBIX [EPEMEHHBIX PABHO KOJMYECTBY CTPOK Marpuilbl A, To ectb m. B Tepmunax
panra 310 o3Hadaer, uro rk A = m.

CBoiicBa gapa n obpasa

YrBepxkaerue. [lycmov V u U — sexmopnoie npocmparncmsa u @: V. — U — aunetinoe omobpasicenue. Tozda
1. ¢ cropsexmueno mozda u moavko moeda, xozda Imp = U.
2. ¢ unBeKmMu6Ho Mozda U Mosbko moada, koeda ker ¢ = 0.
3. dimker ¢ +dimIm ¢ = dim V.

Joxazamenvcmeo. (1) Dro npocro nepedOpMyIMpOBKa CIOPHEKTUBHOCTH HA JPYTOM A3BIKE.

(2) Tak xak ker ¢ = ¢~ 1(0) u mpoobpas Beerya comepxut 0, TO U3 WHHLEKTUBHOCTH BbITeKaeT, 9To ker ¢ = 0.
HaoGopor, mycts ¢(v) = ¢(v'), Trorma ¢(v) — ¢(v’) = 0. A smaquTt, p(v —v') = 0. To ecrb v — v’ nexur B aape, a
3HaunT pased 0, 9TO 1 TPEGOBAIOCH.

(3) DTOT IYHKT s MOSACHATH He Oy/1y.

O

Eme monesno monmmarh, 9To ecqm B npoctpancreax V u U 3agarh napy mognpocrpancts V/ CV u U C U
rakyio, 9yro dim V' + dim U’ = dim V, o maiinerca (u me ommo) suneitnoe orobpaxkenue ¢: V. — U rtakoe, 410
ker¢g=V' alm¢ =U".

Haiitn nuneiinoe oTobpakeHne C 3a/IaHHBIMU SJIPOM U 0Opa3om

Hano IIpocrpancrsa U C R™ u W C R™ rtakue, uro dimU + dim W = n.

3agaua Haiitu marpuny smneitnoro orobpaxkenust ¢: R™ — R™ rakoro, uro U = kerp u W = Im ¢.

5B AHIVIOA3BIYHON TEXHUYECKON JuTepaType AApo €lle Ha3bIBaloT nullspace, YTO MO2KHO II€peBeCTHU KaK HyJIeBOﬁ IIPOCTPAaHCTBO.



Asaroputm

1. Bagars mognpocrpanctBo W ¢ momornipio 6asuca. Ilycts by, ...,b, — 6aszuc W. Onpegenum marpuiy B =
(b1]...|bk)-

2. Bazmare moampoctpancetso U cucremotii ¢ smaeliHO HesaBucnmbivu crpokavu U = {y € R™ | Ay = 0}.

3. B cuity yenoust dim U +dim W = n marpunia A 6yJieT IMeTh CTOJIBKO YK€ CTPOK, CKOJIBKO CTOJIOIOB B MATPHIIE
B. B sToMm ciiydae ucKoMoe JIMHeHOe oToOpaykeHue 3aaercst Marpurieir BA.

JInHeiiHbIe omepaTopbI

Hanomunanue B sToM paszjene s HAaKOHEI-TO BaM HadHy PaCCKa3bIBATh O CAMBIX BaXKHBIX OOBEKTaX B JIMHEf-
HOft anrebpe — MUHEHHLIX omeparopax. IlycTh V' — BEKTOPHOE MPOCTPAHCTBO, TOTJA JUHEHHBIM ONepaTopoM Ha V
Ha3bIBACTCs JIMHEHHOe oTobpakenue ¢: V. — V| 1o ectb Takoe orobpaxkenne, 910 ¢(vy + v2) = ¢(v1) + ¢(v2) u
©(Av) = Ap(v). Tak KaK JUHEHHBIA OIEPATOP — ITO YACTHBIA CIIydail JMHEHHOro OTOOPAYKEHUs, TO JJisi HErO IIPH-
MEHUMO BCE€, O YeM MBI YK€ MOBOPHJIM B Cjiydae oroOpakenuii. [Ipo JmMHEHHBIA onepaTop HaJo JyMaTh Kak PO
JHelnyo nedopManuo npocrpaicrsa V.

IIpumepsnt
1. Id: V = V, v +— v. ToxKaecTBeHHBII JIMHEWHBIN OII€PATOD, HUYIETro He J1edOopMUpyer.
2. 0: V=V, v+ 0. Hynesoit muneiiublii onepaTop, KOTOPBII BCE OTHPABJIAET B HOJMb.
3. Pacrszkenus: Bnoab oceit: D: R™ — R”, 3agannbiit mo npasuwry x — Dx, rie

dy
D=
d,

Torma orobpazkenne D pacTsaruBaer i-10 Koopjaunaty B d; pa3. Ecau d; > 1, To a3T0 pactsxkenne, eciau 0 <
d; < 1, To aro cxkarue, eciiu —1 < d; < 0, TO 3TO CxKaTWe U OTParKeHue BJOJIb ocd, ecyu d; < —1, TO 3TO
paCTsI2KEHUE M OTPAXKEHUE BJOJIb OCH.

4. TIoBOPOT Ha IUIOCKOCTH: po: R? — R2, The BeKTOp 2 IOBOPAMHBAETCA HA YIOJ (¢ IPOTUB UACOBOII CTPEIKIL
Taxoe oToOpaXKeHne B MATPUIHOM BIIE 33JaeTCH TaK®

r1\ _ [cosa —sino T
Pa zo)  \sina cosa To
5. Ilosopor B npoctpamctse BoKpyr ocu OX: p1 : R? — R3, riie BexkTop = nosopaunsaercst Bokpyr ocun OX Ha

YTOJI (v TPOTHB YaCOBOM CTPEJIKH, €CJI CMOTPETh €O CTOpoHbI BekTopa e1 = (1,0,0)! na mauasno xoopaunar. B
MaTPUYHOM BHUJIE 9T, IITYKA UMEET BUJL

T 1 0 0 T
Plal@2| =10 cosaa —sina To
T3 0 sina cosa T3

Teneps faBaiiTe 00bICHUM HEKOTOPYIO CIEUMUKY.

6Crporo rosopst 51 erne He paccKasbIBaJI PO TO, UTO TAKOE JBHUYKEHHE, HO ITOT M CJIELYIONIN MPUMEP MOXKHO TOHSATH U 6e3 obieit
HayKH, KOTOpas OyAeT 4yThb IO3Ke.



Martpuna suneiiHoro omneparopa Ilycts B BekTOpHOM mpocTpancrse V 3aaH HEKOTODbBIl 0asuc eq,..., e,
u nyctb ¢: V. — V — juneinslii oneparop. Tak Kak y omeparopa IIPOCTPAHCTBO M3 KOTOPOro OH ObeT WM TO B
KOTOpOE OH OheT COBIAJAIOT, TO Mbl (PUKCUPYEM BCETO JIUIIb OAUH 6a3uc (IPOCTPAHCTBO-TO ¥ HAc ozHO). Torma no
OIIpEJIeJIEHNIO MATPHITA JIMHEHHOTO onepaTopa ¢ — 910 Takas Marpura A, € M, (R), aro Bemosneno pe = eA,, rie
e=(e1,...,€n).

ITycrs Temeps y Hac 3aman apyroit 6asuc e, ..., e, B mpocrpanctse V ¢ marpurneii mepexona C' € M, (R), To
ectb (e1,...,e,) = (e1,...,e,)C. Ilycrb Tak xe ¢’ = (e},..., e, ). Torna marpuna ¢ B 6asuce €’ mycrs Gyner A,
TO ecTh pe’ = ¢ A;}. B sToMm cirydae cBsI3b MKy MATPHUIIAMH CJIEIYIOIIAs A:D = C'A,C. To ects Marpuna A,
conpsizkena Marpune Al.7

3amMmevaHusa

e OrmMmeTnM, UTO MATPUIA JUHEHHOIO OepaTopa 00A3aTeIbHO KBaIpaTHAs. 1aKuM 00pa30M, n3ydeHne JInHeH-
HOTO OTOOPAYKEHUS — 9TO M3y IE€HUE IPAMOYTOIBHON MATPHUIILI, & N3y YeHNe JIMHEIHOTO OIIepaTopa — ITO BCEra
n3ydyeHue TOJIbKO KBaIPaTHON MaTPHIIBL.

e Ecin nmueitnoe orobpaxkenue 1: V. — U ObeT MeXIy AByMsi PA3HBIMU IIPOCTPAHCTBAMHU OIMHAKOBON pa3-
MEPHOCTH, TO €My TOXKE€ COOTBETCTBYET KBaJIpaTHas MaTpuria. Ho HpuHIMIUAIbHAS PA3HUIA C JIMHEHHBIM
OIIEPaTOPOM 3aKJIFOYAETCsSI B TOM, 9TO JIJIsl JIMHEHOrO 0TOOparKeHUsI Mbl MOYKEM HEe3aBHUCHUMO MEHSTh Oa3WUChI
B V u U, uto coorsercriyer 3amene A/, = C~'A,D, a jisa junefiHOro oneparopa, Tak Kak HPOCTPAHCTBO
OJIHO U TO 2Ke, 0a3UChI MEHSIOTCS OJITHOBPEMEHHO, UTO COOTBETCTBYET Afp =C714,C.

e Tak Kak JIMHEHHBIE OIEPATOPBI — ITO JINHEHHBIE OTOOPAYKEHNS, TO 33/IaBaTh UX MOYKHO TaK K€ KaK U JINHeH-
Hble 0TOOPasKeHUsl, HAIPUMEDP: JIM0OO ¢ MOMOIIbI0 00pa3a GA3MUCHBIX BEKTOPOB, JUOO € MOMOINBIO MATPUILI B
dukcupoBaHHOM Haswuce.

Hamnpumep, moxxkHO (buKCHPOBATH BEKTODHI €1, . ..,€, € V, KOTOpbIe ABIAIOTCH 0a3ucOM U 3adUKCHPOBATH
J1000it HAbOP BEKTOPOB Uj, ..., U, € V, TOr/a CyIIeCTByeT €IMHCTBEHHBIH JUHEiHbI omepaTop ¢: V — V
TaKoil, 4To ¢(e;) = u;. 1o camblil mpocToit u 3HeKTUBHBIL C10CcO6 CTPOUTH HOBBIE JINHEHHBIE OlIEPATOPHI Ha,
npocrpancrse. Ho MoxkeT ObITh He Beerja, camblil yI0OHBIN, YTOOBI IIOTOM C TAKMME OIlepaTopaMu padoTaTh.

XapaKTepuCTUKN ONepaTopoB

Caen oneparopa Ilycrs A € M, (R) — kBagparnas marpuna. Torga caed mampuyse A — 910 cymma ee auaro-
HAJIBHBIX 9JIEMEHTOB, T.e. tr A = a11 + ... + Gpp = Y1, Qj;. 3aMeTUM BazKHOe CBOMCTBO ciena: tr(AB) = tr(BA)
(3T0 HemocpeicTBeRHAs TIPoBepKa B106). B wactroctn tr(C~1AC) = tr(A) aua mobex A, C € M, (R) ¢ yciosuenm,
aro C' obparumMa.

IIyctb Temeps ¢: V. — V — Hekoropslil JjmHeiiHblil onepaTop. Torga B HEeKoTopoMm Oasmce eq,...,€, OH 3a-
nmaercs Marpuneir A. Onpemenum caed aunetinozo onepamopa ¢ Kak caen 3Toil marpunbl A. DTo onpemenenue
He 3aBHCAT OT 6Gasmca. JeHfCTBHTENLHO, B APYyToM basmce omeparop ¢ 3amaercs marpumeit A = C~1AC, Torma
tr(A’) = tr(C~1AC) = tr(A). Cnen onepatopa ¢ Takzxe obo3HavaeTcss depe3 tr ¢. BaxKHo MOHUMATD, ITO CJIe]] —
3TO XapaKTepPHUCTUKA JIMHEHHOro OllepaTopa, a He ero MaTPHIbI, T.e. 3Ta MTyKa He 3aBUCUT OT MATPHUILLI, KOTOPOIl
zagaerca oneparop. OmHAKO, MbI HE MOXKEM OIPEIE/IUThH ITY XapaKTEePUCTUKY He MOJIb3yaAch GasucoMm. Bosee Toro,
B IIPUHIMIIE HEBO3MOXKHO OLPEIEIUTL ciel 6e3 Gaszuca!

Onpenenuresns oneparopa lIlycts ¢: V' — V — smmeitnbiit oneparop. Torna B HeKOTOpOM Ha3mce OH 331a€TCS
marpuneit A. ITomoxxum det ¢ = det A. Hao juinb 1poBepuTh, 9TO 3TO OIPEIe/IEHNE HE 3aBUCUAT OT BbIOOpa bGasuca.
JleficTBuTeibHO, B ApyToM Gazuce ¢ samaerca C T AC, a snaunt det(C~1AC) = det A. Bemuuna det ¢ naswpBaercs
onpedeaumenem aunetinozo onepamopa. Kax u B ciydae ciiefia, OlnpeiesInTelb JHHEHHOTO OIIepaATOpa HE 3aBUCUT OT
6a3mca, HO ero HeJib3s OLPEJIEIUTh He M0JIb3YsCh 0A3UCOM.

MHuorousniensl ot onieparopoB llycrs ¢: V' — V — nuneitnsrit oneparop. Torma onpesesen TUHEHHBIN onepaTop
A mast mo6oro A € R. Yrounum Ha Beskuii ciaydaii, aro (Ag)(v) = A¢(v) no oupenesenunio. Bosiee Toro, onpenesnennt
BCe HATypaJbHbIE CTEIEHU OllepaTopa ¢, Kak KoMmnosuus, T.e. ¢"(v) = ¢(...(v)...) — rme Komuosunus Gepercs

"Hamomuio, 9TO KBaJpaTHbIe MAaTpunbl B u [ HA3LIBAIOTCS COMPSYKEHHBIMH, €CIM Haiimercss obparumas marpuia C Takas, 9TO

D =C"1BC.



n pas, manpmmep, ¢°(v) = ¢(p(4(v))).* Kpome Toro, mumeitnbe omepaTopbl MOXKHO CKJIaIBIBATh. HaIOMHIO, 9TO

(¢ + ) (v) = ¢(v) + 1 (v) Mo onpeneneHnIO.

I3 BBIIIE CKA3aHHOTO CJEIyeT, YTO MOMKHO COCTABIATH BBIPasKeHHs Buja /T¢ — 2¢% m ux pesynbrar Gymer
nuHeHHEIH onepaTop Ha V. Bosee Toro, MoxKHO ompeneauTh ¢ Kak TOXKIeCTBEHHEIH omeparop Id, T.e. Id(v) = v.?
Torna MOXKHO MHCaTh BbIpaskenust Bpojie 2/3 + ¢2, rie umeerca B Buy 2/3 I1d +¢2.

Takum obpazom st joboro muorowiena p(t) = ag + a1t + ... + a,t™, roe a; € R, u soboro JsmHeiinoro
oneparopa ¢: V — V oupezenen smneiinsiii oneparop p(¢): V — V. Korga Mbl nepeiiiem K 6a3ucam, oneparop ¢
Gyner coorsercTBOBaTh Marpuiie A. B atom ciydae p(¢) coorserctyer matpure p(A).10

OcHOBHOIT OOHYC OT IIOJCTAHOBKY MATPWIL W JIMHEHHBIX OIEPATOPOB B MHOI'OYJIEHBI COCTOUT BOT B 4eMm. [lycTb
MHOrowiIeH p(t) packiajpiBaercst B mpoussenenne (t — A1) ... (t — A,). Torma onmeparop p(¢) packiajpBaeTcst B
kommo3unuio oreparopos (¢ — Ay Id) ... (¢ — A, Id). Ckopo (oyennb o4eHb cKOpo) GyJET BUIHO 3a4€M BCE ITO HyKHO.

XapakTepucruiueckuii MmaHorowien Ilycrs ¢p: V — V — mekoropslit juHeinblil oneparop. OusTh ke s yi100-
CTBa, MOXKHO CUUTATh, YTO mocye Bbibopa Gaszuca V' = R™ u ¢ coorBercrByer Hekoropoii marpure A € M, (R).
Torna eipazkenne det(AId —¢) = det(AE — A) siBisiercst MHOIOWIEHOM OT A creneHu n. JleficTBUTENBHO, yKa3aH-
HBII OIIpeesIuTe b ¢ TOYHOCTRIO 10 (—1)™ Gyuer paBen

ail — A a12 ce A1n
a1 ago — A Aan
det(A — A\E) = det
an1 an?2 oo Qpp — A

C ycunueM BCIIOMUHASI sIBHYTO (DOPMYILY [IJIsl OIIPEJICJIATEIIsI Yepe3 MePECTAaHOBKH, MOHNMAEM, ITO MOJIYIaeTCs MHO-
rousieH ot A. Eme 9yTh BHUMAaTeIbHEE TPUCMOTPEBIINACH K HEMY, MOYKHO 3aMETUTH, ITO

det(A — AE) =det(A) + ...+ (1) Ltr A" 4 (—=1)" A"

nJI

det(A\E — A) = A" —tr(A)A" 1 4+ .. 4 (=1)"det(A)

JanHbIit MHOrOWIeH 0003HAUNM depe3 X4 (A) mrn X A(A) u OymeM HA3BIBATE TAPUKMEPUCTNUECKUM MHOLOUAEHOM
olepaTopa ¢ WM COOTBETCTBYIOMeH MaTputibl A (B 3aBUCUMOCTH OT TOTO, O YeM HJIeT peds ).t

VYreepxkaenue (Teopema ammibrona-Kamu). ITycmo ¢: V. — V' — aunednwd onepamop u x(t) — ezo xapaxme-
pucmuneckuti mmozouaen. Tozda x(¢) = 0.12

MunumanbHbiit MHOTOWIEH Eciu ¢: V' — V' — jmHeiiHbIi ommepaTop Ha M MEPHOM IIPOCTPAHCTBE, TO KaK MbI
BUJIEIM BBIIIE, OH 3aHYJISIETCS CBOUM XaPaKTEPUCTHYECKUM MHOTOYIEHOM, T.e. CYIIECTBYIOT MHOrOWIeHbl p(t) Ta-
kue, 4yro p(¢) = 0. Ha camom gesie, dpaxT cyiecTBOBaHHs TAKUX MHOTOYJIEHOB JOKA3bIBAETCS IIPOIIE, YeM TeopeMa
Ilamunsrona-Kamr. Ham ¢ coorsercrsyer marpune A. Ho rorna E, A, A2, ..., A" e MOI'YT OBITH JIMHEHO He3a-
BUCHMBL. A 3HATHT ag+ a1 A+ ... +apn2 A" =0, T0 ecTb A 3aHYJISETCS MHOTOUJICHOM p(t) =ap+art+...+ay .
CyTb Teopembl lamunbrona-Ksim B ToM, 94TOGB HOHU3UTE CTENEHbL MHOTOY/IEHA C 12 10 N.

MBbI cKazkeM, ITO HeHyJIeBOi MHOTOUIeH P(t) sIBJIsAeTCS MUHUMAJIBHBIM [ ¢, ecin p(¢) = 0 u crerieHb MHOrO4JIe-
Ha P ABJISETCS MUHUMAJIBHO BO3MOXKHONW. MUHIMAJIBHBII MHOTOYJIEH JEIUT JI000# MHOTOYJIEH 3aHYIAIOMUN ¢, TaK
KaK OCTATOK TOXKE JOJI?KEH 3aHYJISITh ¢ U CTelleHn MeHbIre. [[loToMy, ecjin y MUHUMAJIbHBI MHOTOYJIEH HOPMUPOBATH
Tak, 9TO0BI €ro crapiuii KoadduimeHT ObLUT eUHUIEH, TO OH OIPEeJeIeH OIHO3HAYHO.

YrBepxkaenue. [lycmo ¢: V — V — aunetinoid onepamop. Tozda

8Ha camoM mejle yMHBIE JIOAYM BOOOIIE HE IHIIYT CKOOKH, H60 OHM TOJBKO 3arPOMOXKIAIOT 06O3HadeHus. Bems Kyma mpusiTHEe
cMoTpeTh Ha ¢pdpv BMecto ¢(p(p(v))). Ho eme mpusTHee cMoTpeTh Ha ¢3v.

9B mo6om 6asnce TOMKIECTBEHHDIN OEPATOP COOTBETCTBYET €IMHUTHON MATPHUIIE.

10TIpeparaio BaM CaMHM BOCCTAHOBHTH JETAJIH TOIO, YTO TAKOE HOCTABHTH MATPUILy B MHOIOYIEH 110 AHAJIOIUE C OIEPATOPAMH.

' Hano oTMeTHTD, 9TO YaCTO XapAKTEPUCTHYECKUM MHOrOWIeHOM HasbibaioT det(A — AFE), moToMy 4To Tak ymo6Hee CYUTaTh PyKaMH
Ha Oymakke. Hamr MuHorowien or sroro oriaudaercs Ha (—1)™. JIjisi MHOIEX BOIIPOCOB 9TO He NPUHIMINAJIBLHO.

2Ecre apa moxasarenscrsa sroro daxra: (1) KycTapHOe, METOmaMu JTHHEHHOH anreGpbl u (2) KOHIENTyaJ bHOE METOAAMN KOMMYTa-
TUBHOMH asire6pbl. [lepBoe 10Ka3aTeIbCTBO UCIOAL3yeT TeopeMy o 2KopJaHoBol HOpMaiabHON (opme (0 CyTH KIacCUDUKAIMIO BCEX
JINHEHHBIX ONEPATOPOB) M OYEHb IeMOppoitHoe. Bropoe oka3aTesbcTBO B OfiHy CTPOUKy — (opMmysbl Kpamepa miis Mogyseil HaL KOM-
MyTaTHBHBIMU KOJblaMu. Ero Gema B TOM, 9TO HaJO OOBSCHUTH BCE JypallKHhe CJIOBa B JOKA3aTeJ]bCTBE. DTO HE CJIOXKHO, HO Tpebyer
Ky4y BPEMEHU U yCUJIuil, 4TOOBI UX OCO3HATD.



1. Munumanrvhoil muozouser p(t) das ¢ co emapuwum xospduyuenmom onpedener 00HO3HAUHO.
2. Mnozounaen p(t) deaum 410600 mno2ouner 3aHYAMOUULT O.

3. Cywecmeyem makoe “Uca0 M, WO TAPAKMEPUCTIUMECKUT MHO20wAEH X ¢(t) deaum p™(t).

CobGcTBEeHHBIE 3HAYEHUSI U BEKTOPA olleparopa

IIycts ¢: V — V — nuneiinsiit oneparop Ha npoctpancTse V. Byaem rosoputh, 4To BeKTOp v € V sBisiercs
cobemesenmoim, ecan gv = Av.'? To ecTb Ha COOGCTBEHHBIH BEKTOp OIEpaTOp ¢ JeilcTBYeT pacTsiKeHueM. Eciu
¢ov = Av st v # 0, 9uCI0 A Ha3bIBAETCS cobOCmMEeeHHbIM 3HaveHuem oneparopa ¢. [Ipu durcuposannom A € R
MHOXKECTBO BCEX COOCTBEHHBIX BEKTOPOB ¢ COOCTBEHHBIM 3HaueHueM A, T.e. {v € V | ¢pv = v}, Gyuem oboznagarnh
gepes V. Bee Vi, obszarenpro 6ymyT moampocTpaHCTBaMM. '

Ecsin Mmb1 BBIOEpem 6a3uc B mpocrpamctse V', To oHo npesparurcs B R™. Hamn oneparop ¢ Oymer 3amaBarbest
marpuneit A € M, (R). B atom ciyuae, cobecTBeHHBIN BeKTOP 3amaercs ypasHenuneM Ax = Az, tie © € R™. Bena B
TOM, YTO MBI TIOKa 3apaHee He 3HaeM, KaKhe A HaM IOIXOsT. UTOObI 9TO BBISICHUTH HYKHO II€PENncaTh ypaBHEHHe
rak: (A — AE)x = 0. OHO umeeT pelieHue TOrJIa U TOJIBKO Torja, Korna A — AE — BbIpOXKJIEHHAS MATPULa. JTO, B
CBOIO 0Yepe/ib, MPOUCXOJUT TOTJA U TOJIbKO Torda, Korya det(A — AE) = 0. HanomuuM, 910 XapakTepucTudecKuit
MHOro4jIeH ¢ (OH ke Xapakrepucrudeckuit jyist A) aro x(A) = det(AE — A), T.e. noiydaeM cielyroiiee.

YrBepxkaeuune. I[Tycmo ¢: V. — V — nexomopodi aunetnvt onepamop ¢ mampuuetd A € M, (R) 6 nexomopom
basuce. Toeda

1. Bce cobemeennvie 3HAMEHUA ONEPATNOPA ¢ — MO 6 MOYHOCTNU KOPHU TAPAKMEPUCTNUHECKO2O MHOZOUAEHA
X(A\) =det(AE — A).

2. Ecau A — HE xopenv xapaxmepucmuueckozo mHoz2ouserna, mo Vy = 0.

8. Ecau A — Kopenv Tapaxmepucmuseckozo mHozouaena, mo Vy — nenyaesoe nodnpocmparcmeso V. Kpome mozo,
dim Vi ne npesocrodum xpammocmu KopHa X Y TGPAKMEPUCTIUNECKO20 MH0204AeNa. D

HpI/IBeT OT KOMIIJIEKCHbBIX YnceJl

3amernm, 9TO COOCTBEHHbBIE 3HAYUEHUS SBJISIOTCS KOPHSMU MHOrOUjIeHa. C [eiiCTBUTE/IbHBIMU JUC/IAMU €CTh Oefa:
MHOTOWIEHBI MOTYT BOODINE He MMeTh Kopueil. Hampumep: mycts A = ((1J Bl), toraa xa(\) = A2 + 1. ¥V storo
MHOTOYJIEHA HET BENECTBEHHBIX KOpHeil. [loroMy HeT cOOCTBEHHBIX 3HAYEHUH, a 3HAYUT U HEHYJIEBBIX COOCTBEHHBIX
BekTOpOB. Ha camom jeste, fj1st JTI0O0r0 MHOTOUIEHA MOYKHO ITOJ00pATh MATPHUILY TaK, 9TO OH OyJIeT ee XapaKTepu-
CTUYECKUM MHOTOYJIeHOM. Tak 9To 9TO He cjydaiiHoe sIBJIEHUE.

Tak Kak cOOCTBEHHBIE 3HAYEHUS U BEKTOPA XOTEJIOCh OBl UMETh, TO HaM IPHUIETCS B 3TOM BOIIPOCE TIEPEXOIUTH
K KOMILJIEKCHBIM 9mcJIaM. © BMecTo mpoctpancTBa R™ paccmarpuBars C". Torma Haj KOMILUIEKCHBIME YUCIAMA
KaXKJIblil MHOIOYIEH MMeeT POBHO CTOJILKO KOpPHEll (C y9eToM KpPaTHOCTH), KAKOBA €ro CTelleHb. JTO IePBOE MECTO
B JIMHEHHOW ajrebpe, TJie MOSIBIISIETCs] PA3HUIA B TOM, KaKue KOd(DMOUIMEHTHI HCIOJIb30BATD.

Krto Takme KoMmJjieKCHbBIE YHCJIA

ITo mpocToMy, MBI XOTUM MTOCTPOUTH MHOXKECTBO «UCEJI», KOTOPBIE ObI COJIEPKAJIH BEIIECTBEHHBIE YUC/IA U HA HUX
OBLIM OIpesle/IeHbl BCe HYXKHbBIE OIEPAIliU: CJIOXKEHUsl, BBIYATAHUS, YMHOXKEHUsI U JeJIeHUsl Ha JII000e HEeHYJIeBOe
qncao. EcTh HeCKOTbKO KOHCTPYKIHH, ST pAaCCMOTPIO JIBE.

Kiaccuueckast KoHCTpyKiusi  PaccMoTpruM MHOXKeCTBO KapTUHOK Buia a—+bi, rime a,b € R, a ¢ — mpocTo cuMBo.I.
Kak muoxkecrBo C = {a + bi | a,b € R}. Teneps na C onpejennm cieyoniye onepalum:

1. Cnoxenne: (a +bi) + (c+di) = (a+¢)+ (b+ d)i

13Hynesoit BexkTOp siBMIsSIETCH COBCTBEHHBIM sts mo6oro A € R. O6paruTe BHEMAaHME, UTO B HEKOTODBIX yUeGHUKAX COGCTBEHHBIE
BEKTOPa 00SI3aTeIbHO CYUTAIOTCS HEHYJIEBBIMHU, HO 9TO HIEHHO He NMPaBHJIBHO.

M3amernm, uro Vy = ker(¢ — A1d).

15 s muorownena p(t) 4UCIO A ABAAETCA KOPHEM TOTJa U TOJBKO Torma, korma p(t) = (¢t — A)q(t). Ecmu \ xopenb s q(t), mbr
MOYKEM eIlle Pa3 BLIHECTH MHOXKHTETIb t — \ U Tak gatee. B urore, moxno samucats p(t) = (t — A)Fh(t), tme h()\) # 0. Takoe wucso k
Ha3BIBAETCSI KPATHOCTBIO KOPHS .



2. Bprunranue: (a 4 bi) — (c+di) = (a — ¢) + (b — d)i
3. Ymuoxenue: (a + bi)(c+ di) = (ac — bd) + (ad + be)i.
4. Comnpsikenue: a + bi = a — bi.

B srom cayuae myszem 6yaer uumciao supa 0 4 0i, emumumeit 1 4 0i. Ecin 2z = a + bi, To 4ncio 2z = a? + b2
ABJISIETCA HEOTPUIATETHHBIM BEIECTBEHHBIM THCI0OM. MOJIy/Th KOMILIEKCHOTO 9ncia 2 — 910 |z| = v/zZ. O6paTnbrit
K YHUCJLy Z UMEET BU/L %

Yucna Buga a + 07 MOXKHO OTOXKIECTBUATEH C BemecTBeHHBIMEU unciaamu a € R. Takum obpasom R C C. Bomee
TOr0, OIlepallui OIpeJeseHbl TaK, YTO 9TO BJIOXKEHHE C HMMH corjiacoBaHo. OOparyM BHUMAHME HA HOBOE YHCJIO
i = 0+ 1i. ITo onpenenennto i2 = —1. Ha camoM seJie BEPHO CJIeLyIOIiee.

VYrBepxkaenue. [is 4106020 mrozouaena p(t) = ag+ait+...+ Ayt + t", ede a; € C cywecmeyem pogno n

KOMNAEKCHDLT ’EOPH@L'Z C YHemom Kpamtocmu.

MarpuvyHasi KOHCTPYKIIUsSI PaccMOTpUM MaTpPHITHI BUJIA,

= )

3aMeTuM, 9TO eC/Id CJIOXKUTH WJIM IEePEMHOXKUTH JIIoOble JBe MATpHILl u3 1, To mojayanMm marpuity u3 1. Bosee
TOrO, BCe MaTpuilbl u3 1’ Kpome HyseBoit obpatumMbl. MuOXKecTBO T MOXKHO 0TOXK1ecTBUTH ¢ C, MOCTPOEHHBIM BBIIIIE,
caemyomum obpazom: a + bi — (‘g ;b ) To ectb T' u C — 510 0s1HO U TOKke. OBpATHM BHUMAHUE, YTO HA ITOM S3BIKE
CONPSIZKEHHe — 9TO TPAHCIOHNPOBAHHUE, a OIPEIEJHTeIb PABEH KBaJIPATy MOJY/IA KOMILIEKCHOTO ducia. '’

CobcTBeHHbIN 6a3uc

YrBepxkgaenue. Ilycmo ¢: V — V — aunetinud onepamop u nycmv Aq, ..., A\ — €20 padhvie cOOCMBEHMHBIE 3HAYE-
nus (mym ne 6asicno ud R uau C) w vy, ..., vp €V — coomsememeyrowsue um HERYALEBLE COBCMEEHHBIE BEKMOPA.
Toz0a vy,. ..,V AUHETHO HE3ABUCUMDBL.

Jloxasamenvcmeo. 1lpeanonoKuM mTpoTUBHOE, 9TO G1V1 + . .. apvr = 0. Mbl MOXKeM cUUTATh, UYTO BCE G; HE PABHBI
HYJII0. DTO MOXKHO 3aITICATH TaK

arvy +...apvp = (a1v1 ... apog) [ 1] =0

[Ipumennm K 9T0it JIMHEHHON KOMOMHAIIMK (), MTOJIyYUM HOBYIO JIMHEHHYO KOMOMHAITUIIO

A1
1AV + .. AR AU = (alvl ... akvk) -1 =0
Ak
IIpomomkuM npuMeHaTh ¢ cymMmapHo k — 1 pa3. B pesynbrare mmeem
k—1
1 A 0N
D VRN
(o1 ... apoe) | i =0 ... 0)
k-1
1 A oo A
Ho omnpenenuresib MATPUIIBI BBIIIE €CTh ONPEJIEIUTENb BAHIEPMOHIA. 3HAYNAT, MATPUIA OOpaTuMa U Ha Hee MOXK-
HO IOJEINThb. 3HAUYMT, Bce BeKTopa a;v; = 0. Tak Kak mo mnpesmosiokenuto v; # 0 310 o3Hadaer, 4ro a; = 0,
IIPOTUBOPEINE. O

16]TepBasi KOHCTPYKIMsI OGBIYHO PACCKA3BIBAETCS B ILIKOJE U IOTOMY Gojiee HpHBBIYHAs. BTopasl XOpolla TeM, Y4TO HaM HE HaJo
IIPOBEPSATH, YTO OIlE€paIiU BeLyT cebsl XOpOIO, BCE CJeJyeT U3 3HaHWM O Marpuuax. [IIioc 9To JaeT HEKHHl MOCTHK B IPABUJILHYIO
JIMHEHHYIO ajredpy HaJl BEIeCTBEHHBIMY YHCJIAMU.
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VYrBepxkaeuune. [ITycmo ¢: V — V — onepamop na n-meprom npocmpancmee (He 8asicHO KOMNAEKCHOM UAYU Ge-
WECMBEHHOM), NPU TNOM €20 TAPAKMEPUCTNUYECKUT MHOL0UAEH UMEEM N DAZAUMHBE KOPHET A1, ..., A\n. Toeda
COOMBEMCMEYIOULUE HEHYAEGDIE COOCTNBEHHBIE GEKMOPA V1, . . . , Uy 06pasytom 6asuc V. u 6 amom 6asuce mampuuya
¢ QUAROHANDHAA C HUCAAMU N HA OUALZOHAAU.

Lloxazameavcmeo. [leiicTBUTENBHO, JIJIsT KAXKJIOTO TAKOTO \; 00si3aTe/IbHO HaiijeTcss HEeHyJIeBOil COOCTBEHHBIN BeK-

Top. VI3 mpeapayInero yTBepKIeHus Bce TaKue COOCTBEHHBIE BEKTOPA JIMHEHHO HE3aBUCUMBI, & 3HAYUT 00Pa3yIoT
Al ... O

6azuc. [lo onpenesnennio B arom Gasuce ¢v; = Av;, T.e. d(v1,...,v,) = (v1,...,0) | ¢+ <. . O
0 X,

Ha 510 yTBEp:K/E€HHE MOXKHO CMOTPETh TaK: €ciau ecThb KBajparHas Marpuna A € M, (R) (wm A € M, (C))
rakas, 4To det(A — AE) uMeer n pa3jMIHbIX KOPHEi, TO CyIecTByeT Takas HeBbipoxkaeHHas Marpuna C' € M, (R)
(coorsercriento uz M, (C)), uro C~1AC sBnsercs muaroHajbHON M Ha JMArOHAJTU CTOAT KODHH MHOTOYJIEHA
det(A — A\E). KomiuiekcHbIil ciIydaii XOPOIIl JIMIIb TeM, 9T0 KOPHH 00s3aTeJIbHO CYIIECTBYIOT Y MHOTOYJIEHA, HAJ0
JIAIIB 9TOOBI OHU OBLIM Pa3/IMIHBIMUA. B BeIeCcTBEHHOM CJIyuae CyIecTBOBAHNE KOPHEH He rapaHTHPOBAHO.

Baxkno moHuMaTh, YTO €CIM MATPHIL B3sLIACh «U3 YKU3HU» WA U3 <«HEIPEPBIBHLIX CIyYailHBIX JAHHBIX», TO C
BEPOSTHOCTHIO OJIMH, XapPaKTEePUCTUIECKUI MHOIOUJIEH TAKOil MATPUIIBI OYyIeT UMETh 7 PA3JUYHBIX KOMILIEKCHBIX
kopHeil. To ecTh Ha/ I KOMIJIEKCHBIME IUCIaMU JII06ast CIydaifHas MATPHUIA ¢ BEPOSTHOCTBIO OJIMH MTPEBPAINAETCH B
JIMArOHAJIBHYIO B HEKOTOPOM 6asuce.

ITonck coOCTBEHHBIX 3HAYEHUII 1 BEKTOPOB

Creyoomunii aJropuTM TOAUTCA KaK JIIs KOMIIJIEKCHBIX TaK U JIJIsi BEIIECTBEHHBIX MATPUIl. PasHUIA JIMIIb B TOM,
YTO B BENIECTBEHHOM CJIydae y Hac BooOIe ToBopsi OyJieT MeHbIle COOCTBEHHBIX 3HadeHuit. st ompeneneHHoCTH
aJITOPUTM PACCKA3BIBACTCS JIJIsT KOMILICKCHBIX MaTPHIL.

Hdano Marpuna A € M, (C).
Bagavya Haiitu Bce cobcrBennble 3Hadennst \; it A U jIst KasKI0ro \; Haiftu 6a3uc mpocrpancTsa V.

Asroputm
1. Tocunrars xapakrepucrundeckuit MEOrOWIeH (—1)"x 4(A) = det(A — AE).
2. Haiitu xopuu muorowiena x(A). Kopuu {1, ..., A} OyayT cobcrBennbiv 3nadenusaymu A.
3. s xaxgoro \; Haiitn PCP cucremsr (A — N\, E)z = 0. Torga ©CP 6yner 6asucom Vy,.

OrmeTnM, 910 00ITIee KOTMIECTBO COOCTBEHHBIX BEKTOPOB JIJTsi BCEX COOCTBEHHBIX 3HAYEHUN \; HE IPEBOCXOIUT 1
— Pa3MEePHOCTH MATPHIBI, TaK Kak dim V), He IpeBOCXOJUT KPATHOCTH KOPHS A;, & CyMMa KPaTHOCTeil BCeX KOPHeit
B TOYHOCTH PaBHA CTEIIeHH MHOrowieHa X (A), Koropas ecTb n — pa3Mep MaTpuibl A.

Eciin Komm4ecTBO COOCTBEHHBIX BEKTOPOB OKA3aJIOCh PAaBHO 7, TO Marpuiia A NPUBOIUTCS B JUArOHAJIBHBIN

Bua. Ilycrb vi1,..., 0, — COOCTBEHHBIE BEKTOPA C COOCTBEHHBIM 3HAUEHHEM A;, IIPU 3TOM n; OyJeT KPATHOCTH
cobcrBennoro suadenus ;. Ilycts C' — MaTpuIa cocTaBiIeHHas U3 BEKTOPOB v;;. Ilycrs D — quaronaibHas MaTPHUIA
¢ aroHaTbIo (A1, ... A1, A2y .oy Aoy ey Aky ooy Ag), TJIE KazKji0e \; oBTOpsiercs n; pas. Torma C~1AC = D.

IIpoBepka Ha AUaroHaJaIN3yeMoCTb

T'eoMeTpuyeckasi MpoBepKa Ha MArOHAJIN3YyMOCTD
Hdano Marpuna A € M, (R), samaromas smHelHbI onepatop ¢: R™ — R™.

3amava BeisgcHuth cymiecTByeT i 6a3uc, B KOTOPOM ( 3aJIa€TCsl IMATOHAJILHON MATPUIEl M eCJIH 33/1aeTCsl, TO
Kakoit mMerHo. Ha MaTpudHOM s3bIKe: CyMecTByeT Ji HeBbIpoxkiennas marpuna C € M, (R) taxas, ato C~1AC
ABJIAETCA QUATOHAJIBHOM M HAUTH 3Ty AUATOHAIBLHYIO MATPHILY.
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Asaroputm
1. Haiimem xapakrepuctuieckuii MHOrowiIeH X (t) mus ¢, on xe giusa A no dopmyre (—1)"x(t) = det(A — tE).

2. IIposepum, packiajpiBaercs Jiu X (t) Ha JuHEHbIE MHOXKHUTE/IH, TO €CTh IIPEJICTABIIAETC Jiu OH B Buje X (t) =
(t— A% .. (t — M\p)%. Ecim me npencrapisiercs, To ¢ (M 4To TO 3Ke camoe A) He JIUArOHATM3UPYETCs

3. Ecmm x(t) = (t — A\1)% ... (t — A\p)%. Haitgem ayis xaxoro \; 6asuc Vy, kax ®CP cucremsr (A — \;E)z = 0.
Ecmu s xorst 6861 omuoro ¢ kosmmaectso daemeHToB B PCP MeHbIie cooTBeTCTBYOME KPATHOCTH KOPHS d;,
TO (0 He JTUATOHAJU3UPYETCS.

4. Ecmu g kaxkaoro ¢ Mbl nosxy4auin, uro pasmep @CP coBnagaer ¢ KpaTHOCTBIO KOPHH, TO ecTb dim V), = d;.
To ¢ nuaromanmsupyercs u auaronaabnas mMarpua C'~'AC Ha IHArOHAIM CONEPIKUT YUCTIA \; B KOJUUECTBE
d; MTyK.

BamernmM, 9TO ecsin 3ajada U3HAYAIBHO JaHa s KoMilekcHoit marpuil A € M, (C), koropas 3aiaer B 9TOM
caydae omeparop ¢: C" — C™, 1o mepBblil mar ajropuTMa BBIIOJHEH aBTOMATUYECKHU, & UMEHHO, HaJl KOMILIEKC-
HBIMH YHCJIAMU JIIOOOH MHOTOYJIEH pa3Jjiaraercs Ha JIMHeHHble MHOXKUTe. [[oTOMY HaJ| KOMILIEKCHBIMU YUCIAMUA
BOIIPOC O JUArOHAJIA3UPYEMOCTH — 3TO JIUIIb IIPOBepKa Bcex paBeHcTB dim Vy, = d;.

O6parure Buumanue, 410 ecsiu A € M, (R) — Mmarpuna auaronaimnsyemMoro omneparopa, 1o rk A paBeH KOJIUIECTBY
HEHYJIEBBIX JIMATOHAJIBHBIX JIEMEHTOB B €€ JHArOHAJBHOM Bujie. TO €CTh KOJIMYECTBY HEHYJIEBBIX COOCTBEHHBIX
3HAYEHUN C yIETOM MX KPATHOCTU B XapPaKTEPUCTHIECKOM MHOI'OUJIEHE.

Anrebpamyeckasi MpoBepPKa Ha AUATOHAJIN3YMOCTD
Hano Marpuna A € M, (R), samaromas smHelHbI onepatop ¢: R™ — R™.

3amaya BersicHuTs cyiecTByeT i 6a3uc, B KOTOPOM @ 3aJ1a€TCsl IUaroHabHOM MaTpureit. Ha marpuanoM si3bike:
cymectByer s HepbIpoxKaennass marpuna C € M, (R) taxkas, aro C~1AC sBnsercs nuaroHaabHONM W HANTH 3Ty
JIMarOHAJBLHYI0 MATPHILY.

Aaropurm

1. Haiizem xapakrepucruieckuit MEOrouaes x(t) mis ¢, on xe jius A no dopmyse (—1)"x(t) = det(4A — tE).

2. Ilposepum, packiajpiBaercs Jiu X (1) Ha JuHEHbIE MHOXKHUTEIH, TO €CTh IIPEJICTABIAeTC Ji OH B Bue X (f) =
(t—A)% .. (t — M\g)%. Ecm me npencrasisiercs, To ¢ (mmm 4To TO e camoe A) He JMATOHAMBUPYETCs.

X
(X">x

3. NzbaBumMcst OT KpaTHBIX KOPHEH B Xap MHOIOYJIEHE II0 IpaBUiIy h =
Xap MHOTOYWIEHA U [TPOU3BOJHOM.

j» TJ€ B 3HAMEHATE]IC CTOMT HO/I,

4. Tposepum 3amyssier i h oneparop, To ecrb BoiosHeHo ju h(A) = 0. Ecu BbiosHeHO, TO 0Oleparop auaro-
HAJIN3YEM, €CJIH HET, TO He JUATOHAJIU3YEM.

ITpuszHak guaronaamsyeMocTu KcTb oueHb yJ00HBIM IPU3HAK JUATNOHAIN3YEMOCTH, KOTOPBIA 9acTO IIOMOIaer.
Ecnn y Bac ects smHeitnble oneparop ¢: V. — V| 1o 00bIMHO B Havdaje (DUKCUPYETCS KAKOW-TO OA3UC U MIOCJIE STOTO
V npespamaercs B R™, a oneparop ¢ B omeparop yMHOXKeHUsI Ha Mmarpuily ¢: R™ — R™ zaman z — Az, rie
A € M, (R). B urore HaMm HaJ0 HOHATH, MOYKHO JIU BBIOpATH JAPYroii 6a3uc s ¢, 9Tobbl MaTpully A 3aMeHUTH Ha
JMArOHAJIBHYIO.

VYreepxkaenue. [Tyemv A € M,(R) u g € R[x] — sanyaarowud muozousen das A, mo ecmo g(A) = 0. Ecau
o packaadvisaemcs na aunetdnve mruoocumenu g(x) = (x — A1) ... (x — A\g) u 6ce \; pagaunmnsl, Mo cywecmeyem
obpamumasn mampuya C € M, (R) maxaa, wmo C~rAC 6ydem duazonarvroti u na duazonasu 6yoym “ucaa u3
mnooicecmsa {1, ..., A} (Ho mooicem Gbims He 6Ce U3 HUT U YACTID MOHCEM, NOGMOPATNGCA,).

ObparuTe BHUMaHUe, YTO 3/1€Ch OYEHb BayKHO, 4TOOBI KOPHU A; ObLian paziuunbiMu!l Eciin 310 ycjioBue He BbI-
[IOJIHEHO, TO yTBepK/ieHue He BepHo. Hanpumep, BosbMeM Marpuiyy Jy,(A). Y Hee MUHUMAJIBHBIN MHOrOWIEH GyieT
(z — A\)™, HO PO Hee MOXKHO JIOKA3aTh, YTO HEJIb3sl COIPSKEHUEM €€ CIEeJIATH IUArOHAIBHOM.

Kpowme Toro, B cury Teopembr I'amuiibrona-Kamm, Bam m0CTATOYHO TPOBEPUTH, YTO XaPAKTEPUCTUIECKUIA WU
MUHUMAJIbHBI MHOTOWIEHBI PACKJIAJIBIBAIOTCS HA JIMHEHHbIE MHOKHUTEN U HE UMEIOT KPATHBIX KOPHEH.
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KsazparHbie KOpHU U3 €AUHUIBI  DTO COOOpaKeHre TOJIE3HO, €CJIA Bbl XOTUTE PEIIATh PA3INIHbIE MATPUIHbIE
ypasHenns. HarpumMep, mycTh MBI XOTHM HaiiTu Bce BozMozkable A € M, (R) Takue, uto A? = E, To ecTh XOTHM
HaiiTH Bce KBaJIpaTHbIe KOPHH U3 eJUHUIbI B MaTpunax. Toria 31o o3Havaet, uro g(x) = 12 — 1 3any/ser MaTpuIy
A. Tlpu stom g(z) = (z — 1)(z + 1). Do 3HAUMT, uTO HaiineTca obpaTumas matpuna C Takag, uro C~1AC Gyner
auaroHaabnoit ¢ umcaamu 1 m —1 ma gmaromamu. Kpome toro, eciim y amaroHajabHOi MaTpurbl 1 m —1 He mayTt
MIO/IPSIJT, TO MBI €€ MOXKEM COIPSYIb HEKOTOPOU Marpureit Tak, uro 1 u —1 moiiayt nmoapsia. To ecth MBI mOKa3asu,
4ro ecim A sBiserca pemenuem ypasaenus A2 = F, To Haiinercs Takas HeBBIPOKenHas Marpuna C, 94To

E

IO 0 _~(E 0 -1
CAC = (0 —E> , creposaresibio A = C ( —E) C

0
3/1ech OIpa3yMeBaeTCsl, 9T0 OJOKHU ¢ eJIUHUYIHON U MUHYC €JUHUYHON MAaTpUNeil MOryT ObITh MyCTHIMU (TO €CTh
TOJIBKO OJIHU €JIMHUIIbI I MUHYC €IUHUAIBI JOILYCTUMBI).

C apyroii croponbl. JIerko BUI€TH, 9TO MATPHIIBI TIOJYIEHHOTO BHJIA SBJISIOTCS PEIIEHUSIMU JIAHHOTO yPABHEHWS

2
A2=C (Jg _0E> c-ic (Jg _OE> cl=c (g _OE> Cl=CEC = E

2Kopnanosa Hopmanbaas dopma (2KHD)

CaMblif rJIaBHBII BOIIPOC O JIMHEHHBIX OllepaTopax: Ha CKOJIBKO XOPOIIIM MOXKHO BBIOPATH 6a31C, YTOOBI MAKCHMATb-
HO YIIPOCTHUTH MATPHUILY Olleparopa B 3ToM Oasuce? B ciiydae «0DIIEro mojozKeHus > KaK B IPeIblIyIeM naparpade
MBI MOYKEM JIMArOHAJM3UPOBATh MATPHILy. V 9TO caMblil IOMYJISIPHBI B IPUIOXKeHUsX ciydail. Ho ects u mioxue
MaTPHUIIbI, KOTOPhIE HEJIb3sl JIUarOHAJIM3UPOBATh. B 00IeM ciiyuae OTBET OYIeT 9yTh-4yTh CJIOXKHEE.

st Havyasa HEeCKOJIbKO onpezenenuii. 2Kopdanosa xaemxa J,(A) pasmepa n ¢ guciom A € C — o marpuna

Buma'’

A1 .00
Lo=12" " ema
STy ol
0 0 ... A

Bynem roeopurs, uro marpuna A € M, (C) umeer 2Kopdarnosy nopmasvhyo Gopmy, €Cau OHA UMEeT CJIe Ly Ouil
OJIOYHBIN BUT,

A 0 ... 0 JoN) 0 ... 0

0 Ay ... 0 0 Ju\) ... 0
A=| . . ) riae A; € My, (R) umeer Buj

0 0 ... A 0 0 . J(N)

Citeryromiasi TeopemMa — 9TO MOJIHAS KJIaCCU(PUKAIUS JUHEHHBIX OII€PATOPOB Ha BEKTOPHOM IIPOCTPAHCTBE.

Yrepxkaenue (Teopema o ZKopanosoit HopmansHol dopme). ITyems V. — Komnaekchoe 8eKmMopHoe npocmpar-

cmeo u ¢: V. — V — npoussoavrwiti auretinud onepamop. Iyemov Aq, ..., A\, — KopHU €20 Tapaxmepucmuweckozo
MHO20AENE C KPATMHOCTIAMU N1, . . . , Ny T020a, cywecmeyem basuc V' maxod, wmo mampuya ¢ umeem caedyrouuts
6uo:
A 0 ... 0
0 A4 ... 0
A=
0 0 ... A
20e A; € My, (C) (pasmep pasen xpammuocmu cobemeeniozo anavernus). A xaocdas A; umeem ud
Irin (Ni) 0 e 0
0 Tris(Ni) oo 0
0 0 v e, (N)

1"Moskuo onpeaenuts MKopAaHOBY KIETKy ¥ [Jist JefCTBUTETLHBIX THCET U /I PAIAOHATLHBIX ¥ BOODIIE KAKHX YTOAHO, HO s Gymy
TyT 0OCY2K/IaTh TOJIBKO KOMIIJIEKCHBIN CJIy4dail.
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2de \; — coomsememeyiousee cobemeennoe snavenue. IIpu smom wucaa 11, ..., Tis, onpedenerv, 00HO3HAUHO U MO-
2YM OMAUNAMBCA MOABKO NopaAdkom. S

Sameuanns Ilycrs A € M, (C), Torga ona obsasaresnsno npusogurcs B 2KH®. Eciu A — 310 cobeTBeHHOE 3HAUCHNE
JUIst A, TOTJIa OHO SIBJISIETCSL KOPHEM XapaKTePHCTHYECKOTO MHOIOYJIEHA U IyCTh €ero KpaTHocThb Oyjer d. '

1. Yucso d — 310 cymMMapHbIii pasMep KOpPAaHOBbIX KJieTokK B 2KH® jyist A ¢ ynciioMm \ Ha JIMaroHAJIN.

2. Yucyo dim V), — 310 KommuecTBO »Kop1aHoBbiX KjaeToK B 2KH® st A ¢ yuciom A Ha JuaroHaJu.

18 CymiecTBy 0T arOPUTMBI HAXOK/IEHUs 6a3uca, B KOTOPOM MaTpHIia uMeer 2KOpaaHOBy HOPMAIBHYIO (hOpMY, HO MBI X U3y4YaTb He

OyneM.
19Ha camoM sesie MOYKHO JATh TIOJTHBIHA CITUCOK YHCIOBBIX HHBAPHAHTOB, KOTOpLie XapakTepusyior YKH® mis A, Ho 3T0 BEIXOAUT 32

paMKHu Hallero O6Cy}K,ILeHI/IH .
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CemuHap 4 AOTIOJHUTEIBHO

PekypeHTHBbIE COOTHOIIIEHUS

Bl\/IeCTO TOTO, LITO6I)I TYT pa3BUBaTb CYIIED 06myIO TEeOopuro, s BCE IIPOUJIJIIOCTPUPYIO Ha KOHKPETHOM IIpUMEpe —
nocsenoBareabHocTh Pubonaudn. Uro 910 Takoe? DTO HOCIEAOBATEILHOCT YHCET 4, € R, rue n € Zx( yaosie-
TBOPSIONIAs CJIEAYIONIAM YCIOBUSIM

Gp = Qp—1 + Qp—2

a0=:1

a1::1

Ecisin MBI 3aX0TUM 110 3TUM OPABUJIAM HOCYUTATH 7-blii WIEH [OCJeI0BaTeILHOCTH, TO HaM noHaaoburcs O(n) ome-
pamuii, TO eCTh IOCJIEI0BATEILHO IIOCUUTATD BCE 1 YWIEHOB IIOCJIEI0BATEILHOCTH, YTOOBI 00OpaThCs 110 a,. OmHaKO,
MOXKHO HECKOJIbKO CXUTPHTH U cresarb 910 6pictpee 3a O(logn) ¢ momompio MarpudHbiX onepanuii. s sToro
BBEJIEM BEKTOP

a 1
Ty = "™ | upwm aTOM MBI 3HAEM, UTO T =
Ap—1 1

3aMeTHuM, 9TO T, BBIPAXKAETCS YEPe3 T,_1 CIACIYIONINM 0Opa3oM
]

an \ (1 1\ (an1 B (11
<an_1> = (1 0) (%—2) TO €CTb T, = Ax,_1 THe A = <1 ())

Ho rtorma z, = Axn_q1 = A%z, 0 = ... = A" lz;. A 3Hauur Jurd HAXOXK/EHUS I, HAM JIHIIb HAJIO BO3BECTH
Marpuity A B crerenb n. JIjist 9TOro mOIXOAUT XOPOIIO M3BECTHBIN aJIrOPUTM OBICTPOrO BO3BEIEHMS B CTEIEHD JIJIsl
9rces1, KOTOPHIit CJI0BO B cI0Bo paboraet myis marpun.! Jlasaiite 3aBesiem aBe KBaapaTHbe MaTpuisl X, Y € Ma(R)
u 4uciao m € Zxo. B camom nagase nmosmoxum X = E, Y = A u m = n. ByneMm nomiepKuBarh CleLyonuit
uaBapuadT XY™ = A". Ajropurm ocraHoBuMm Ttorzga, korma m = 0, torma X Oymer mammuMm orBeroM. Lllarm
ajroput™ma ciaeayiomue. Ecaun m gerHo, to X y2m' = X (Yz)m/ nmojesIuM m Ha 2, a Y BO3BeJeM B KBajapar. Ecim
M HEYETHO, TO Xy2zm'+1 = (XY)YQm/ YMEHBIIUM 11/ Ha eIUHUIYY U yMHOXKUM X Ha Y.
Ha camomM Jeste, MOXKHO ImpoBepuTh, uro A = CDC™!, rne

1+v5 0 2 2 1 5—5
- 2 — [ v5-1 VE+1 -1 V5 10
D 0 1-v5 | ¢ ( 1 1 ) uC _ 1 545
2 V5 10
st mpocToThl 0603HAYeHM, OyaeM cunrarb D = (6‘ 2), TOTJIA

A" = (CDC™H =cDreT =C (% W)

To ecTb, 3HAsI KaK MOJYIUTh U3 MATPUIBI A Cymep KpyToe pa3JiosKeHUe, Mbl MOXKEM eIlle CHJIbHee YIPOCTUTH BbI-
YHCJIEHUs CTEeIIeHN MaTPUIIbl U CBECTU €ro K BBIUMCJICHUIO CTelleHelt Ynces U IPOU3BeJIeHUs TPeX MaTPHIL.

1To ecth OT crenenu y mac GymeT jorapudMUUecKas CIOXKHOCTh, HO KOHCTAHTa Oy[eT BKIIIOUATEH B CeOsl CJIOKHOCTD II€PEMHOMKEHIS
MAaTpPHIL, KOTOPasl 3aBUCUT OT Pa3Mepa MaTPHUIlbl, PABHOMY JIJIMHE PEKYDEHTHI B HAIlEM CJIydYae.



Cemunap 4

Obmias nadopmanus:
e Kgamparusie matpunpt A, B € M, (R) HA3BIBAIOTCS CONPSIZKEHHBIME, €CJIM HANIETCS HEBBIPOK IEHHAsT MATPUIIA

C € M,,(R) Takas, aro B = C~1AC.

Sagaum:

1. KaKI/Ie u3 cnegy}omnx ManI/II_I COHpH)KeHbI? ECJII/I OHN COHpH)KeHbI, TO yKa}KI/ITe C HOMOH_H)IO KaKOI7I ManI/II_[LII
L(10 0 0\, (31 3 -1\ (2 1 2 1
o 0o/"\o 1)%\1 2)" 2 1 )%\1 1)/ "\o 1)

2. B mpocrpancTee R3 3a1aHbI ClIeayIONIIe BEKTOPHI

1 1 2 1 0 0
v = 0 , U2 = 1 , U3 = 0 , Ul = 0 , Ug = 1 , Uz = 0
2 -1 3 1 1 2

Haiigure marpuiy A jureiinoro omeparopa ¢: R? — R3 mo mpasmiy x — Az, Takoro, uro Av; = u; JJIsT BCEX

1<i<3.
3. IIyctb ¢: R?* — R? — jmmeiinoe oTo6paskenne, 3ajaHHOe B CTaHJApPTHOM 6asuce Marpuieil A = (_11 2 8)
IIycTs
1 1 1 1 1
fi=11],fo=1(1], fs=12]| Bekropas R, ¢ = , go = BekTOopa B R2
1 2 3 2 1

Haiitu marpuiyy orobpakenust ¢ B 6a3ucax fi, fo, f3 u g1, go.

4. Haiftu cobcTBEeHHBIE 3HAYEHNS U COOCTBEHHBIE BEKTOPDI IMHEHHBIX OIIEPATOPOB, 3aJaHHBIX B HEKOTOPOM ba3uce

0 1 0 4 -5 2
marpunamu: (a) | =4 4 0], (b) |5 —7 3 |.MoxKHO Ji1 5TH MATPUIIEI IUATOHAIN30BATH B KAKOM-HUOY/Ib
-2 1 2 6 -9 4

basuce?

5. Ilycrs R[x] <, — DIPOCTPAHCTBO MHOTOYJIEHOB CTEIEHN HE BhIIIE n. PaccMoTpuM Ha HeM JmHeliHOe oToOpaskeHne

-
no npasuny f — (z+1)f'(x)—2f(x)+L [ f(t) dt. Haitgure maTputy sToro mmeitnoro orobpazkenns B 6asuce
0



CemuHap 5

Bununeitabie dopMbl

[Iycts V' — BeKTOpHOE MPOCTPAHCTBO, MOXKHO JyMaTh Jjijist TpocToThl, uTo V = R™. Torma 6uaunetinas gopma na V

— 310 oTobpaxkenue B3: V x V — R Takoe,' uro

1. B(vy + ve,u) = B(v1,u) + B(ve,u) mist Beex vy, v, u € V.

A, u) = AB(v,u) gost Beex v,u €V u A € R.

JymMaTh po 3Ty mporieaypy HAJIO TaK: y HAC JAHBI IBA BEKTOPA U U U4 U3 V, MBI UX «II€PEMHOXKAEM» U TIOJIYIaeM
qucyao [ (v, u) € R. Camblit BaxKHBIIT puMep OUIUHEITHONH (OPMBI — CTAHIAPTHOE CKAJISIDHOE ITPOM3BEIEHNE: TyCTh
JaHBI IBa BeKTOpa =,y € R™, sagamum torpa B(z,y) = 'y = > | 2.

OcHOBHOIT TIJ7IAH B3aUMOIeHCTBUs ¢ OumnHelHbMu hopmamu Takoit. Cpenn Bcex OUIMHERHBIX (DOPM MbI BBIJEIAM
«XOPOIIHEe» W HA30BEM UX CKAJSPHBIMU IIPOM3BEIEHUSIMIA. DTU TOBAPUIIU OYyT UMETHh XOPOIIHl TeOMETPHUIECKUIT
CMBICJI, C TIOMOIIBI0 KOTOPOI'O MbI OIIPEIENM J8UINHCEHUSA B BEKTOPHBIX IIPOCTpaHcTBaX. Ho Halleil KOHeYHOI 1eJIbIo
OyJeT m3ydeHne caMux JIBUKEHUI C MTOMOIIBIO CKAJISIPHBIX [TPOM3BEICHMA.

Kak 3amaBaTrh OusinHeliHbIe (POPMBI

[Iyctb V' — BeKTOpHOE IIPOCTPAHCTBO € HA3KUCOM €1, . . ., e, U [ — buiuHelinas (dopma Ha V. Torma ompegesnm yucia
bi; = B(ei, ej) — mpoussenenns GasUCHLIX BEKTOPOB, U cocTaBuM u3 Hux Marpuny B € M, (R). Torga g mobbx
BEeKTOPOB UV = T1€1 + ...+ Tp€p B U = Y1€1 + ...+ Yn€y UMEEM

%0
Blo,u) = zyiBlese;) = (x1 ... z,)B
Y Yn

B wactrocTH, ecit V = R™ u 2,y € R", a e; — crangaprublit 6azuc. To nonyuaem B(z,y) = 2t By.

Takum obOpazoMm m JIMHEHHbIE OMEpaTOPhl W OmmHeliHble HOPMBI 3a7a0Tcst Marpunamu. OCHOBHAaS pPa3HUIA
MeK/ly HAMH — KaK 3Ta caMasl MaTPHIA MeHseTcd npu 3ameHe Oaszmca. st onepaTropoB OTBETHI MBI 3HAEM, [IJIst
OMIMHEHHBIX (DOPM MBI cefaac 3aiiMeMcsT JJAHHBIM BOTIPOCOM.

CwmeHna 0azuca

ITycrs B BekTOpHOM HpOcTpancTBe V' 3azanbl aABa 6asuca ei,...,e, 1 f1,..., f, ¢ marpuiei nepexona C € M, (R),
re. (fi,..., fn) = (e1,...,€,)C. Ilycrb HaM nansl gBa BekTOpa v 1 u B V. Torna nx MOKHO Pa3JIoKUTh 0 OA3UCHBIM
BEKTOpaM CJIeLyOIM 00paszoM

T Y1
U:xlel—l—...—l—xnen:(el 6n) s u:ylel—f—...—i—ynen:(el en)

Ln Yn

g Y1
vz:z:’lf1—|—...+x;Lfn=(f1 fn) I u:y’lf1+...+y;fn:(f1 fn)

, Yn

Buaromapst marpure nepexoma C, MBI 3Ha€M, 9TO
T T} W Y
x = =C =Ca'ny= =C =y

1 Ha camom gmeste MoykHO paccMaTpuBaTh oTobpaskenus 3: V xU — R, To eCTh MOYKHO MEPEMHOYKATH BEKTOPA U3 PA3HBIX TIPOCTPAHCTS,
HO MBI 9TOr'O JejIaTh He OymeM.



Torya B Gasuce e; dopma 3anucsBaercs B suje B(v,u) = x'By, a B 6azuce f; B suge [(v,u) = (2')!B'y’. Ho
9TO OJIHO U TO K€ YHCJIO MOCYUTAHHOE B Pa3HBIX 0asucax. SHAUUT

(I:C/)tB/y/ — xtBy — (C’x')tBCy/ — (x/)tCTch/

s Beex o,y € R™. Bnaunt B' = C*BC.?

CI/IMMeTpI/I‘-IHOCTb n KOCOCUMMETPUYIHOCTDb

Dopma B: V x V — R nazwbiBaercs cummempuynot, ecau S(v,u) = f(u,v) mig Beex v,u € V. Ona HasbiBaeTcst
Kococummempuynot, eciau B(v,u) = —f(u,v).

Eciu B xoopmunarax ((z,y) = x'By, to B(y,z) = y'Bz. Tak kak Bbipaxenue y'Bx apjsercsa 4ucjiom, To
OHO He MEeHsIeTCsl P TPaHCIoHUpoBaHuu, To ecth y'Bx = (y'Bx)! = z!B'y. 3nauuT cuMMeTpuyHOCTH O3HAYAET
!By = z'B'y mna seex x,y € R™. A 310 paBHOCWILHO TOMy, uto B = B!. Takaa marpuna B HasbiBaerca
cummempuunoti. Anagormano, bopMa KOCOCHMMETPHYHA, TOTAa U TOJILKO Torma, Korga B! = —B. B sToM ciaygae
Marpuna B Ha3bIBAETCS KOCOCUMMEMPUUHOU.

XapaKTepuUcTuku OuJINHENHbIX hPopM

Kak u Bpime 3: V x V — R — 6unnneiinast popma. U myeTsh B HeKoTopoM 6asuce oHa 3ajana B suje 3(z,y) = 2t By
st Hekoropoit marpunpl B € M, (R). ITocmoTpuM Kakue XapakTepUCTUKU MATPUIBI B HE 3aBUCAT OT BBIGODA
6azuca.

1. Panr matpunpt B ne menstercst npu 3amene B — C'BC, rae C € M, (R) — HeBbIpOK/IeHHAs MATPUIIA.

2. 3nax onpesenuress B ne mensiercs npu samere B — C'BC, tne C € M, (R) — HeBbIpOXKAeHHas MaTpuna. Ho
cam omnpeiesuress Merserca Ha det(C)2. [ToroMy MOYKHO JIMIITH TOBOPUTH O CUTYAIMH OTIPE/IeTNTEh MEHBIITe
HyJIst, OOJIbIIE HyJIS WX PABEH HyJIIO.

3. O6paTuM BHEMaHUE, YTO HEBBIPOXK IEHHOCTh MaTpullbl B He Mensiercs 1pu 3amene B — C*BC, rjae C € M, (R)
— HEBBIPOXKJIEHHAsT MATPUIIA.

4. Cnen marpunsl B BoobIme roBops MOXKET CTaTh KaKuM yrogmo mnpu 3amere B — C'BC. IloToMy oH He HeceT
HUKaKOI MHMOPMAITAH.

5. CUMMeTPUYHOCTDH ¥ KOCOCUMMETPUYHOCTh MaTpULbl B He 3aBucaT oT 3ameHbl B — CtBC.

dnpa u oproroHajgbHbIe JONOJIHEHUS

Kax n sbime 3: V x V — R — Gununeitnas dbopma. Muoxecrsa ~V = {v € V | B(v,V) =0} n Vi = {v € V|
B(V,v) = 0} Ha3BIBAIOTCS Ae6bM U NPaGuiM A0pamu GOPMBL 3. DTH IIOJMHOKECTBA SIBJISIFOTCS TIO/IIPOCTPAHCTBAMUA
B V. Ecm B xoopimuatax dopma samana ((z,y) = !By, To TR® = {z € R" | 2!'B = 0} u (R")*+ = {y €
R™ | By = 0}. B yacrHOCTH OTCIO@ BUJHO, YTO $/Ipa UMEIOT OJMHAKOBYIO pa3MepHOCThb paBuyio n — rk B. Eciu
dopMa cuMMeTpIYIHAS U KOCOCUMMETPUIHAS, TO HET PA3HUIILI MEXKIy IIPABLIME U JIEBBIMU AapaMu. Zapa — 3To
HEMHTEPECHAs 9aCTh IIPOCTPAHCTBA, KOTOPas «OPTOrOHAJbHA» BCEMY OTHOCHTEJIHLHO 3TOH (POPMEI.

Boutee obmie, nycrs U C V' — nognpocrpancteo B V. Torma ero aegvim opmozorasvHoim JOMOAHEHUEM SIBJISETCSI
nommpoctpancteo ~U = {v € V | B(v,U) = 0}. Ananormwano, npacoe opmozonanvroe donoanenue sro UL = {v €
V | B(U,v) = 0}. Eciu B koopjunarax dbopma 3agana B(z,y) = x'By u U = (uy,...,ux). lycrs D — marpuna
cocTapyienHas m3 croybnos u;. Torma U = {x € R" | 2'BD = 0} u U+ = {y € R* | D!'By = 0}. O6br4mo
OPTOrOHAJILHBIE JIOIOJHEHNS U fIpa HHTEPECHBI B CJIy4ae CUMMETPUYCCKHUX HJIM KOCOCUMMETPHIECKHX (HOpM, TaK
KaK B 9TOM CJIydae JIeBble W IIPaBble OPTOrOHAJbHBIE JOMOJHEHUS PABHBI MKy CODOI.

JIBOCTBEHHOCTH JIJIsI TIOJITPOCTPAHCTB

Hamnomuro, urto jyist gByx noxnpocrparcts U, W C V' onpenenenst ux cymma U + W = {u+w | u € U,w € W}
u nepecedenne U N W. Cymma — 370 HauMeEHBIIEE MOIIPOCTPAHCTBO, KoTopoe comepkut U u W omHOBpeMeHHO

2HanomumM, uto MaTpuna A jmuHeiiHoro omepartopa ¢: V — V mensiercs o npasuty A’ = C~1AC.



(obbenunenne He sBJIETCs HOAIPOCTPAHCTBOM BOOOIIE roBops). A Iepecedenue — 310 HAUOOJIbIIEe MOAIPOCTPAH-
CTBO, KOTOpPOE JIEXKUT M B TOM W B TOM. IIpo HuX Hajo aymarh, Kak Obl Kak nmpo HOK u HOJI mommnpocTpaHcTs,
COOTBETCTBEHHO.

B obmiem ciaydae Her XOporedl CBA3M MKy IOJIIPOCTPAHCTBOM M €r0 OPTOrOHAJIBHBIM (JIEBBIM KJIU IIPABBIM )
nononnenneM. Hanpumep, ecsin Guinneiinas dbopma mysesas, 1o ectb §: V x V' — R Bce nepeBomur B HOJIBL (310
COOTBETCTBYET HyJIEBOI MaTpuile B Ji060M 6asuce), TO Jr00ble JBa HOAIPOCTPAHCTBA OPTOrOHAJIBHBI, U OPTOMOHAJIb-
HBIM JIOMOJIHEHUEM K YeMy YTrofHo Oyjer Bce mpocTpaHcTBO V. OHAKO JIJIsi XOPOIIUX OMJIMHEHHBIX (OPM MOXKHO
JIOKa3aTh TEOPEMY O JBONCTBEHHOCTH Ha, IOIIPOCTPAHCTBAX.

Yreepxkaeuue. [Tycms 3: V XV — R — nesuwposcdennasn busunetinan gopma (Mo ecmo ee Mampuua e evuporc-
dena). Tozda:

1. Jlas mobozo nodnpocmpancmea W C V' evimoarero

dmW+ +dimW = dimV

2. Jlaa mo60z0 nodnpocmpancmea W C 'V ewmoaneno (W) = W.

3. JTaa mobvx noonpocmparcme W C E CV eepro, wmo W+ D E+. IIpuvem W = E mozda u moavko mozda,
ko2da W+ = E+.

4. aa aobwvix noonpocmpancme W, E C V' evinoaneno pasercmeo

(W+E) =Ww+nE*

5. Jlaa mobwx noonpocmparncme W, E C V' swnoaneno pasencmeso

(WNE):=w*+E*+

Ananoeunno svimoanens, ece ceoticmaa das nodnpocmpanems W C U u ux 4661 0PMO20HANGHHLEL JONOAHEHUT

tw.

Taxum 06pa3omM, MbI KaK Obl IIEPEBOPAYUUBAEM IMOAIIPOCTPAHCTBA BBEPX HOTAMU IO, AEHCTBAEM ONEPAIUU B3s-
THsI OPTOrOHAJIBHOTO JjronostHeHns. Onepanyuy B3sITHsI JIEBOTO U IPABOTO0 OPTOTOHAJIBHOTO JIOMOJHEHUsT CTAHOBSATCS
B3auMHOOOpaTHBIMU. [Ipu 3TOM 3TH OIepariuu OOIbINNE TOAIPOCTPAHCTBA TIEPEBOIAT B MaJIeHLKUE, OOPAIIAIOT BJIO-
xenus u MeHsitor HOK u HO/I monmpocTpancTs MmectaMu.

CumMmmMmerpuutbie hpOpPMBI

Vreepxkaeaue. [lycmos : R xR™ — R — cummempuueckan buisunelinas gopma sadamnas $(z,y) = vt By. Toeda
cywecmseyem maxoll 6azuc, ¥mo mampuya B duazonarvras u na duazonaiy cmosm aubo 1, aubo —1, aubo 0, m.e.

E
6a0uro umeem eud B' = ( —FE ) Hpu IMOM KOAUYECE0o e&unuu U MUHYC e&unuu Hna QuazZoHaAU He 3a6UCUM
0

om ba3uca.

Ha 3710 yrBep:kieHue eie MOXKHO cMOTpeTh Tak. st moboil cummerpuyeckoii marpunst B € M, (R) moxHO
HaiiTh Takyio HebIpoxiennyio Marpuiy C' € M, (R), uro marpuna C? BC umeer omucaHHblil UATOHAILHBIH BUJI.

CyMMapHO KOJIUMYECTBO €JUHUIl U MUHYC EJUHUIL IaeT PAHT MaTPUILl B, To ecTh panr 6uymHeiHo# dopmbl. Tor
dakT, 9TO KOJTUIECTBO €INHULL U MUHYC €JIUHUIL SBJISIETCS NHBAPUAHTOM (DOPMBI HAJIO IIOHUMATD TaK: Y HAC PAHT KaK
OBl CKJIA/IBIBAETCS U3 TIOJIOXKUATEIHHON U OTPUIATEIBHON JaCTH U Pa3MeEPhl 9TUX YaCTel OIpPeIeIeHbI OHO3ZHATHO.

KomuuecTBo emunuiy #1 B TakOM BHUJI€ HA3BIBAETCS MOJIO2KUTEIBHBIM WHJIEKCOM HHePHuH (POPMBI, KOJUIECTBO
MUHYC €IUHUI, # — 1 — OTPHUIATESbHBIM HHIEKCOM, a KOJn4decTBO HyJell #0 — HyneBbIM uHIekcoM. Bmecte HabOp
uncen (#1,# — 1,#0) nasbBaercst curHaTypoii hbopmbl.

Onpenenenue curHatypbl POpPMbI

JLJ1si onpeiesieHnsi CUTHATY Pl OMJIMHEIHON (DOPMBI MOZKHO BOCIIOJIb30BAThCsI pas3HbiMu MeTomamu. CaMblil pocToit
— Cummerpuunstit [ayce. Mbl quaronannsyeMm hopMy U CIMTAEM KOJUYIECTBO MOJOKUTEIBHBIX, OTPUIATE/IBHBIX 1
HYJIEBBIX 9JIEMEHTOB HA JUATOHAJN. DTOT METOM, pabOTaeT BCErsa.



Cummerpudeckuii I'aycc Temepnb, Korma Mbl 3HAEM, UTO CHMMETpUYIECKUe OMIMHEHAHbIe (DOPMBI IMATOHATII3Y-
FOTCSL B KAKOM-TO 6a3uce, XOpoIo ObUI0 Obl UMETh KaKoH-HUOY b (Hy XOTs OBl IUIOXOHBKUIA) aJITOPUTM, TTPUBOISIIIIH
dopMy K JIuaroHaJbHOMY BHJLY, €CJIU OHA 3aJlaHa B KaKOM-TO ciydaiiHom Gasuce. IlycTb, ckaxkeMm, HaM 3ajaHa
6unnneitnas dopma 3: F™ x F* — F no npasuny (x,y) — 2tBy, tie B € M, (F) — HekoTOpas cuMMeTpUYHAast
matpuia. Torya B HoBoM Gaszuce marpuiia Gyger umers ug CPBC, tie C € M, (F) — HekoTopasi HEeBLIPOK,IeHHAS
Mmatpua.® Jlrobas HeBLIpoK JenHasg MaTpuia C pacKIaIbBaeTca B IPOU3BeIeHne dIeMeHTapHEX MaTpuil. C mpyroit
croponsl, ecin C' — MaTPHUIA 3JeMEHTApHOro IIpeobpazosanus, To B — C*BC — 3T0 BBLIIOIHEHHE OJHOTO U TOTO YK
peo0pa30BaHys U HAJ| CTPOKAMHU U HAJ, CTONONAMU (He BaXKHO B KAKOM IIOPsijIKe, TaK KaK IIPOM3BeJIeHIe MATPUIL
accoruaTuBHO). To €CTh y HAC €CTh CJISMYIOMUI 3a1ac Olepalluii:

e IIpubasiisieM i-10 CTPOKY YMHOYKEHHYIO Ha A K j-Oif CTPOKE, IIOTOM IIPUOABJISieM i-bIli CTOJIOEI yMHOKEHHBIMH
Ha A\ K j-OMY CTOJIOILY.

e MeHnsieM MecTaMu ¢ ¥ j CTPOKH, [IOCJIE YETO MEHSIEM MECTAMU § W j CTOJIOIHI.
e YMHOXKAEM Ha HEHYJIEBOE A\ i-}0 CTPOKY, IOTOM yMHOXKAeM Ha A i-bIif CTOJIOEII.

Takum 06pa3oM IPEIbLIIyIIAas TEOPEMa, TJIACHT, YTO BBIOJIHSAS IIOI00HbIE CUMMETPUIHBIE 3JIEMEHTAPHBIE TIPe0Opas30-
BaHHUS HAJ CAMMETPIYIECKON MaTpHUIe, MBI 00g3aTeILHO IPUBEIEM €€ K TUArOHAJILHOMY BUAy. Ecau mpn aToM Hamo
BoccranoBuTh Marpuny C, 1o paccmarpusaeM (B|E) u mesiaeM cuMMeTpUYHbIE JIEMEHTAPHBIE IIPEOOPA3OBAHMS HAJL
Heil B TOM CMBICJIe, YTO IIPeobpa3oBaHusl HaJl CTPOKAMHU BBIIOJIHSAIOTCA HaJl Beeil MaTpulleil, a npeodpa3oBaHus HaJ
cTOJIGIAMHI TOJIBKO HaJl 9acThb, rje jexkut B. Torma marpuna npuseercs K suiy (B/|C?).

Meton Axobu Takke Jjisi OIpeiesieHnsi CUTHATYPBI (POPMBI UCIIOJIb3yeTCst MeTo, Jkobu. DTor Meros paboraer
[MOYTHU BCErJa U s MOSICHIO, YTO 9TO 3HAYUT U 9TO JIeJIaTh, KOT1a OH He pabortaer. Ho mpexk e Bcero s xouy obparuThb
BHUMAHWE, IYTO ¥ HETO eCTh OIPDAHMYEHMs HA BXOJHBbIE maHHble. MaTpuna B 00s13aTe/IbHO JT0/I2KHA ObITh HEBBIPOXK-
JieHa. DTO B YACTHOCTU O3HAYAET, ITO METOJ, paboTaeT TOIHKO it (JOPM y KOTOPBIX B CUTHATYPE TOJBKO €THHUILBI
U MUHYC €IMHUIIBI I COBCEM HET HyJeil.

[Tycts B € M, (R) — cummerpuunas HesbIpoxkjienHas mMarpuna u 3(z,y) = z'By. Beigenmum B marpune B

BEpXHHE JIEBbIE OJIOKN’:

By,

To ectb By — HOAMATPHIA COCTOSAMIASA U3 HEePBLIX k cTPOK u crojbros. Tenepsb onpegennm uuciaa Ay = det(By),
KOTODBIE HA3bIBAIOTCS YIVIOBHIMI MHHOpPAMA. ECIM Tak MOIydHiaochk, 910 Bee unciaa A, HE pasmbl mymo?, To MbI
CTPOUM IIOCJIEIOBATETHHOCTD

Ay Az A,

A AT AL

TOI‘,IL& TOJIOYKUATETHHBIHT NHACKC MHEPIIUU IJIA B PaBE€H KOJHUYIECCTBY IIOJIO?KUTE/IbHBIX YHCEJI B 3TON IIOCJIEJOBATEJIb-
HOCTH, & OTpI/IIJ;aTEJII)HI)Iﬁ NHIAEKC MHEPIIUU PaBEH KOJHUYIECTBY OTPHUIIATE/IbHBIX YHCEJI B 3TOH II0CJIEJOBATEJILHOCTH.

Al)

Oprauusarnust Beraucjaennii B Meroae fJAkobu Cumrars B Marpuiie B cpa3y Bce yIyIoBble MUHODBI — HAKJIAIHAS
3aj1ada. OKa3bIBaeTCs 9TO MOXKHO CJejIaTh 3a OJUH IIPOXOoJ raycca. JlasaiiTe mpuMeHsiTh K MaTpulle B ajiemeHTap-
Hble IIpeobpaszoBanust | Tuma, Korma npubasiisieM ¢ KoaduimerToMm 60jiee BBICOKHE CTPOKU K OoJiee Hu3KuM. Takne

3Ha camom gere C' — MaTpHIla Mepexoa u3 CTaporo B HOBLIH Gaswuc.

4Marpuiy B ¢ TaKHM yCIOBHEM MOYKHO PasouThb B Buge B = LU, roe L — HmkHerpeyrobHas MaTpuna, U — BepXHETPEyroIbHAs
Marpuna ¢ 1 Ha guaroHasn. Dto HasbBaercs LU pazmoxkenuem. st aroro Hamo npumenuts laycca k B Bbraurast u3 6ojiee BEPXHUX
crpouek 6osiee Huskue. Torga mbl npuBeneM B K BepxHeTpeyrosbHoMy BuLy. OTciona MoxkHO BeiTauTh LU passiokeHne cTaHIapTHBIM
PpacCy>KJIeHHEM.



Ipeobpa30BaHUsI HE MEHSIOT 3HAYEHUs] YIVIOBBIX MUHOPOB. 3HAYUT, €CJIM MBI CMOTJIA IIPUBECTH MATPHILY K BepXHE-
TPEYyrOoJIbHOMY BH/LY

di  * ... * *

do ... * *

dn,1 *

dy,
To Torma omnpenesnrens Ay Marpuiibl B OyjieT coBIajarh ¢ yrJIOBBIM OlpeeuTeieM k Ha k 1I0JIyYeHHOU MaTPHUIIBI,
1O ectb A = di...dg. A 3HaunMT curHarypa OUIMHEHHONW (POPMBI COBIAJIAET CO 3HAKAMHU IOCJIEIOBATEIHLHOCTH
JMATOHAJIBHBIX JIEMEHTOB d1, . . . , d,,. YTO HAM MOXKET MOMEIATh IPUBECTH MATPUILY K BEPXHETPEYTOJIHHOMY BULY !

Emuncreennas mpobsieMa — MbI BCTPETHJIM HOJIb Ha JAATOHAINA W IO HUM €CTh HE HYJIU, TO €CTh BCTPETU/IACH
CUTYyallusl BUJIa

* * O % ¥
* X X X ¥
EEE R S

Ho 310 03nauaer, uro yriuosoit Munop (Ha npumepe 3 Ha 3) BoIpozkeH (10 ectb Az = 0), & 3HAYUT HE BHIIOJHAIOTCS
YCJIOBHS JJIsi TpUMeHeHust MeToa Ikobu. Takum o6pa3oM MbI MO0 HAXOIUM, 9TO KAKOH-TO A; paBeH HYJIIO, JTUOO
MPUBOJINM MATPUILy B K BEpXHETPEYOJIHLHOMY BUJIY U OIpEeJisieM CUIHATYPY MAaTPHUILl 5.

Yro penath, ecam BCTPETUJINCHh HYyJaHU [lo-xoporemy HaI0 MOIb30BaThCs cuMMeTpudHbIM [ayccom. Ho econ
BCe TaKW XOYeTCs BOCIIOJIb30BaThCsl IMEHHO MeTOJIOM fIKOOU, TO HAJ0 4yTh-4yTh IIOMIEBEJINTh MaTPUIly B IpaBujib-
HBIM 00pa3oM. MbI MOXkeM creHepupoBaTh ciydaitayio marpuily C. OHa ¢ BEpOSITHOCTBIO OJIUH OyJIeT HEBBIPOXK JIEH-
noit. I[ToToM namo pacemorpers marpuny B’ = C'BC u npumennTs Meton SIkobu x marpune B’ Bmecto B. Cuemnaio
OJIHO 3aMeYaHWe 110 OPraHu3aluy BhIYUCIeHnil. B sTom merome Hamo remepuposath ciaydaitnyio marpuiny C u HE
[IPOBEPATH €€ Ha HEeBLIPOXKEHHOCTL. BMeCTO 3Toro, HaJI0 cpasy IPUMEHUTL MeTon SIkobu Kk Marpune B’. Eciu Bee
A} OKa3aJUCh He HyJIeBble, TO HaM II0BE3JI0 M MeToJ U Tak cpaboras (mMarpuiia C' B 9TOM Ciydae aBTOMaTHIeCKN
OKAKETCS HEBBIPOXKIEHHOM). A ecjiM He TI0BE3JI0, TO HaM BCe PABHO HaJI0 OyJeT reHepupoBaTh HOBYIO MaTpuiyy C' u
HE BaXXHO KaKOil OHa ObLIA.

IIpoasunyTeiii MmeTon onpeneneHusi curHarypbr  Ilycrs B € M, (R) — cummerpuunas marpuna u S(z,y) =
2! By. Toryma HaiiieM CHEKTp MaTpHILI B ¢ KPATHOCTAME. B CIydae CHMMETPHIECKOH MATPHITEI OKAXKeTCs, TITO
CHeKTp OyZeT 00s3aTeIbHO BEIECTBEHHBIM. 10r/1a KOJINYECTBO MOJIOKUTEIBHBIX YUCEJ B CIIEKTPE C YIETOM KPATHO-
CTU PaBHO IOJIOXKUTEJILHOMY MHIEKCY UHEPIIUU, KOJIMIECTBO OTPULIATEILHBIX YUCE/I B CIIEKTPE C KPATHOCTBIO PABHO
OTPUIIATEILHOMY WHJEKCY WHEPIIUHU, 8 KOJMYECTBO HyJieil — HyJIeBOMY WHJeKCy. Hajio moHuMAaTh, 9TO CaM CIEKTD
HE {BJISIETCsI KOPPEKTHO OMpPEEICHHON BeJIMINHON JJTst OMIMHENHONH (DOPMBI, OH MOXKET U3MEHUTbCST KapINHAJIBHON
pu cMeHe b6a3uca, HO 3HAKU COOCTBEHHBIX 3HAYECHUIT, OKA3BIBACTCS, HE U3MEHSITCS.

Ilociieiree cBOMCTBO f1aeT CIOCOO OIEHUTH KOJIMYECTBO COOCTBEHHBIX 3HAYEHUT y MaTpPHUIbI Ha oTpe3ke. Ha-
npumep y marpuiiel A — AE crnektp cocrout mu3 A\; — A, rje A; — coberBennble 3uHadenus A. Torma kosmmaecTBo
[TOJIOYKUTEJIbHBIX COOCTBEHHBIX 3HAUeHUT y A — A\FE MOXKHO OIpPeIe/INTh CHMMETPUIHBIM ['ayccoM, 1 OHO COBITAIAeT
C KOJIMYECTBOM COOCTBEHHBLIX 3HadeHuii A crporo 6onbmux . Ilogbupas A u cunTas KOJIMYIECTBO MIOJIOKUTEILHBIX
WA OTPUIATEIHLHBIX KOPHEIl, MBI MOXKEM OIIPEJIEIATH KOJTUIECTBO COOCTBEHHBIX 3HAYEHUN HA 33IaHHOM OTPE3KE.

LU paznoxenue Ilycts mam mama marpuria B u Mbl XOTUM IIPEICTABUTL ee B Buae B = LU, rune L — nmxne-
TPeyroJibHAsl MATPUIlA C eIUHUIIAMA Ha JuaroHasu, a U — BepxHeTpeyrosbHasd Mmarpuria. /lasaiite Jjisg mpoCcTOTHI
OyzmeMm cumTaTh, uTo MaTpuria U, a 3HaunT m marpuna B He BbipoxkIaennas. [lycts By — yrmoas mommarpuiia B
pasmepa k Ha k. To ecTh momMaTpuIila CTOsINAsT Ha MEPBBIX k CTpoKax M cTojiOnax. AHagorudHo ompeaeaum Ly u
Ui. B cumy Toro, uro maTpuna L HIKHETpeyroabHad, a U BepXHeTpeyoabHas MOMKHO 3aMeTHTL, 9T0 By = LiUy.°

[Ipenmonoxxum, B HEBBIPDOXKIEHHAS MATPUIA U JIJIsI Hee CyIecTByeT pasjoxkenne LU, rae L HuzKHETPEYTOJIbHAS
C eIMHUIIAMU Ha JTuaroHasu, a U BepxHeTpeyrosbHas. Torma B actHocTu U TOXKe He BBIPOXKIEHA U BCE €€ JTHaro-
HaJIbHbIE KO3(PUIMEeHTHI He paBHbI Hy 0. B yacrHocTn Marpuipl Ly u Uy HEBBIPOXKIEHBI. A 3HAYUT U MATPUIA

5Hanpumep npuMennTe GI09HBIE (POPMYIIBL.



By, = LU, Toxxe 1e BoIpoKaeHa. 10 ecTh cymectBoBanue LU pa3imoxKeHnus BJIEYET, 9TO BCE YIVIOBBIE TOIMATPHUITHI
Bj, HEBBIPDOXKIEHBI.

Haob6oport, eciiu Bce MaTpuiibl By HEBBIPDOXKJIEHBI, TO Mbl MOxKeM Haiitu LU pa3jiodKeHue CjieyonuM 00pa3oM.
JlaBaiiTe OymemM TpuMeHSTb K Marpuiie B 3jeMeHTapHBIE peoOpazoBanusi [ Tuma, rie Mbl OyjeM MTPUOABJISTH
boJtee BBICOKME CTPOKHU K O0jiee HU3KUM C KaKUM-TO Kodddurmenrom. Torga npuMeneHne TaKux mpeodpa3oBaHmil
PaBHOCHJILHO YMHOXKeHUIO Ha MaTpuily C', KoTopast OyaeT HUKHETPEYToIbHON ¢ eIMHUIIAME Ha, JUaroHa . Ecan B
pe3yabTaTe TaKuX JAefiCTBHUil, MBI CMOXKEM TPUBECTH MATpuily B K BepxHeTpeyosbHOoMY By U, TO 9TO O3HATAET,
yro CB = U. A 3naunr B = C~'U. Ho Torna marpuna L = C~! Toxke HMXKHeTpEyToJIbHAS C €IUHUIAME Ha
JMArOHAJIN U pa3JjIoXKeHne 1MojrydeHo. [loroMy Ham JIMIb HAJI0 MTOKA3aTh, YTO B MPUBOAUTCS K BEPXHETPEYOJILHOMY
BUY YKa3aHHBIMU NMPeOOPA30BAHUSAME U MOXKHO TIOJIb30BATHCS, UTO BCe MarTpuilbl By He Bbhipoxkmenbl. Obparture
BHUMAaHIE 4TO IpubaBiieHne Oojiee BEpXHEW CTPOKM K OoJiee HIKHeH He MeHsieT ompexesmresn marpur; By. Tax
9TO TIOCJIE YKA3aHHBIX MPeodPa30BaHnil yIIOBbIE MMOAMATPUITHI OYIYT OCTABATHCS HEBBIPOXKAEHHBIE. Temeph OyaeM
UJITU 110 MaTpuile B cBepxy BHU3 U 3aHYJIATH 60JI€€ HUKHUU JIEMEHTBI C TIOMOIIBIO JUATOHAJBHBIX 37eMeHTOB. MbI
XOTHM PeajIn30BaTh CJIEAYIOILYIO TOC/IeI0BATEIbHOCTD JIeCTBUIA:

EE
* X X X
EE CHEE O
* X ¥ X
S OO ¥
* X X KX
* X X X
* X ¥ X
o O O ¥
S O % ¥
* X X KX
L S
SO O ¥
S O * ¥
O % % ¥
EE

Korma y mac moxkeT BO3HUKHYTH mpobsrema? Kcau MBI BCTpETHM CHTYAITMIO TaKyio

* *
*

* * O % ¥
* X X X ¥
EE SR R S

Korma quaronaabHbII 971eMEHT HOJIb, a IO, HUIM €CTh HEeHYyJIeBble 3jieMeHThI. Ho B 9TOM ciiydae yryioBast MOAMATPUIIA
(B mamHOM ciryvyae noaMarpuna 3 Ha 3) OyJeT BEPXHETPEYIOJbHONU M BBIPOXKIEHHO, YTO IPOTHUBOPEUUT TOMY, UTO
BCE YIVIOBBIE IOJIMATPUIIGI OCTAIOTCS] HEBBIPOXKJICHHBIMU. 3HAYNT TAKOW CUTYAIMd BCTPETUTHCS HE MOXKET U MBI
BCErjia MOYKEM MPUBECTU MATPUILy B K BEepXHETPEYTOJHHOMY BHUJLY.

KBanparuunbie popmbl

Ecin nam nana xakas-to 6mwmmneiinas dopma 8: V x V — R, to orobpaxkenune Q: V — R Buma Q(z) = S(z, x)
Ha3bIBaeTCd KBaapaTndnoit dopmoii. Ecian BekTopraoe npoctpancrso V = R"™, To bununeitnas dopma npeBpaaercs
B B(x,y) = x'By, a coorBercrByiomas Kpajparnunasa dbopma B Q(z) = x'Bz. Eciu pactmcarh siBHO HoCe/Hee
BBIPAYKEHHE, TO MbI HOJIyIUM

ij i<j

O6paruTe BHUMAaHNE, YTO B OTJIMYME OT OMIMHEHHON (hOpMBI, KBagpaTndHas (opMa He OJHO3HAYHO 33[A€TCsT MAT-
punieit B. JleiicTBuTEBHO,

o= =) (5 0) (7) =t @) (3 o) () = = (1 0) (02) ~2mum

3a cuer atoro addekra, nNpu mepexoje K KBaIPATHIHBIM (GhopMaM OT OUIHHEHHBIX, Mbl TepsieM YacThb WH(MOPMAa-
nun. OHaKko, KBaJparudnas GopMa OJHO3HATHO 3aJ[a€TCs CHMMETPUIeCKOil Marpurieit B, To ects Marpurieit B ¢
yciosuem B! = B. B npumepe BbIIe — 9TO HOCJICIHII CIydaii.

JIJist TIOJTHOTHI KAPTUHBI JI00ABJIIO, YTO B CJIydae CHMMETPUYHON MaTPUIlbl B mjix 9TO TO YKe caMoe CUMMeTPUIHOM
OumHEHON (POPMBI 3, MBI MOYXKEM BEPHYTHCS OT KB IPATUIHON (DOPMBI K OMJIMHEHHOI ¢ TIOMOIIBIO TaK HA3BIBAEMO
MIOJITPU3AINOHHON (DOPMYJIBI, & UMEHHO

Qz +y) — Q(z) — Qy)
2

Blx,y) =

W neitno 3o 03HAYAET, 9TO M3yIaTh CHMMETPUIHBIE OMInHEHHBIE (DOPMBI — 3TO TO K€ CAMO€, YTO U3ydaTh KBaIpa-
Tuanble popmbl. Ho v KBagpaTuaHbix (popM €CTh KPaCUBBIH reoMeTpuvIecKnii cMbIcj. Ero Mbl m 0bcymnM maee.



I'padbuku KBajipaTudHbIX (popm
IIycts V = R2. Tora xBajaparuuanas dopma Q(x,y) 3a1aeT GyHKIHNIO OT JBYX HePeMeHHBIX, a UMeHHO 2 = Q(1,y).

JlaBaiiTe Hapucyem ee TpadUKi B HEKOTOPBIX YACTHBIX CJLYUYasIX.

t
1
1. z = 22 + y%. Hauano KoopiuHaT — ToYKa MUHEMyMa. Marpuanas sammch 2 = Q(z,y) = (Zj) (0 (1)> (fj)

t
-1
2. z = —x%—y?. Hauaso Koop/IuHaT — TOUKa MakcuMyMma. Marpudanas zamich z = Q(z,y) = (Z) ( 0 _01> (Z)

0.0

t
3. z = x%. Munumym jocturaercs Ha npsvoit = 0. Marpuunas 3anuch 2 = Q(z,y) = (;j) ((1] 8) (;)

0.8

0.6
0.4
0.2

0.5 -
1.0 ~10

t
4. z = —z2. MakcuMyM focturaercs Ha npsmoit = 0. Marpuanas zammuch 2 = Q(z,y) = <3y6) <_01 8) (;



ObparuTe BHUMaHUE, 9TO MIOBeleHNe IpadrKa 3aBUCUT OT 3HAKOB YKCEJI Ha JIMAarOHAJIM MaTPUIlB JBa Ha J1Ba. B
o0ITieM ciiydae IoBejieHrne IpadrKa 3aBUCUT OT CUTHATYPBI (POPMBI.

Kunaccudukariust 6uamHelHbIX 1 KBaApPaTUIHBIX popm Humke s Bce ompemenenns OTpa3ua B €IUHON Tab-
guake. B meit moppazymeBaercs, uTo ounmHelinas dhopma 3a7aHa HA TPOCTPAHCTBE PA3MEPHOCTH MN.

TepMmun O6o3HavyeHus YciaoBue WNnpekcol
ITonoxkurenbrass | >0 mwm Q > 0 Ve #0=Q(z) >0 #1=n
Orpunarenpaag | B <0 mm Q <0 Ve #0=Q(z) <0 #—-1=n

Heorpunarenpras | S >0 wm Q > 0 V= Q(z) =20 #—-1=0
Henonoxnurenbnasg | 8 <0 mm Q <0 Ve = Q(z) <0 #1=0
Heompeenennast Jz,y=Q(z)>0uQ(y) <0 | #1 >0u#—-1>0

CxkansgipHble IpOU3BeIeHUS

Bummnettnas dopma 5: V X V — R HasbBaercs ckasaphovLm npoudsedenuem, eCam OHa
1. cummerpuuna B(v,u) = B(u,v).
2. noaosrcumenvro onpedeseta, T.e. JJisl JIOOOTO HEHYJIEBOrO BeKTopa v € V umeem S(v,v) > 0.

B sTom ciydae mummyT (v,u) BMecTO f3 (v,u). CaMbIil BaXXHBII IPpUMEP — CTAHJIAPTHOE CKAJISPHOE IPOU3BEIE-
nue: (z,y) = xly, tne 2,y € R™. BexTopHoe IPOCTPAHCTBO, B KOTOPOM 3a(bUKCUPOBAHO KaKOe-nbo CKaJsipHOe
MIPOM3BeAeHNe HA3BIBACTCA FeKAU08vM NPOCTPAHCMGOM.

Ilo ompenenennio CKAJIIPHOTO MPOU3BEICHUS y HETO B CUTHATYPE MPUCYTCTBYIOT TOJBKO E€IWHUIIBI, 8 MUHYC
eINHUIL U HyJel HeT. B 9acTHOCTH 9TO O3HAYAET, UYTO MATPHUIIA CKAJJSIPHOTO MPOU3BEICHUs BCET/Ia HEBBLIPOXKICHA.
Kpome Toro 3to eme o3HavaeT, 4To sl JIIOOOI0 CKAJISIPHOTO IIPOM3BEEHNs CYIIIECTBYET TaKOil Oa3uc, YTo B HEM
MaTpuia B CTaHOBUTCA B,HI/IHI/I‘IHOI;'I I\lanHHeﬁ. HO—,IprI‘OMy, Ha 9TOT q)aKT MOZKHO CMOTPETHh TaK: KaKI/Ie—6bI ABa
€BKJINJIOBBIX IPOCTPAHCTBA OJUHAKOBON DA3MEPHOCTH Bbl HU B3 Obl, OHU OKA3BIBAIOTC OJUHAKOBBIME (hop-
MaJsbHO u3oMopdubME). Y HA060POT, €ciim BBl XOTUTE 3aJaTh CKAJSIPHOE [IPOM3BE/EHUE, TO JOCTATOYHO B3sTh



KaKO#-TO 0a3uc u 00DbIBUTH €r0 OPTOHOPMHUPOBAHHBIM. 1Or/Ia CyIIECTBYeT €INHCTBEHHOE CKAJIAPHOE [IPOM3BEICHIE
C TAKUM CBOICTBOM, JefICTBUTEIHHO, IOTOMY YTO 3TO O3HAYAET, YTO B ITOM OA3MCE BBl BBIOPAJIN B KAUECTBE MATPHUITHI
oununeitnoit hopmbl Mmatpuny B = F.

DK30THUIECKHUE CKaJIddpHBbI€ IIpomn3BeJeHusda

Pa,HI/I nHrepeca BOT JBa IIpUMepa JIHOOOIIBITHBLIX CKaJIAPHBIX HpOH3BeILeHHI>'I B HEOXKNJTAHHBIX CUTYyAITUAX.

1. Iycrb B KadecTBe BEKTOPHOIO IIPOCTPAHCTBA y HAC Oy1eT npocTpaHcTso Marpul V = M,, ,,(R) He obsi3aTebHO
kBagparubix. [lycte A, B € M,,,(R), 3amaaum ckajsiproe npoussejenue cieiyiomum obpasom (A, B) =
tr(A!B).° Moxkno pykamu 1poseputh, uto (A, B) = (B,A) u uro (4,A) = ij afj > 0, ectru A # 0.
A moTomy 3Ta IITyKa YJ0BIETBOPSET CBOWCTBAM CKAJSIPHOIO MIPOU3BEEHMsI. SHAYUT MOYKHO B IIPOCTPAHCTBE
MATPUIL MEPUTH JIJINHBI MATPUIL M YTJIBI MeXK Ly HuMU. JIiHa MATPUIB! B 3T0oM ciydae 6ymer |A|p = (/tr(AtA)

" Ha3bIBaeTcsd «HOpMOit DpobeHnycay mMarTpuilbl A.

2. IlycTb Temephb B KadecTBe BEKTOPHOIO IPOCTPAHCTBA y HAC OyIeT MHOMXKECTBO BCEX HElPepLIBHBIX (DYHKIIUI
Ha orpeske [0, 1], To ectb V = C[0,1] = {f: [0,1] — R | f menpepsisaa}. Torya mis asyx dyuknuit f,g €
C'[0, 1] onpemesnum ckaJIsipHOE TPOU3BEIEHNE Ciaeayromum obpasom (f, g) = fol f(z)g(x) dz. Tomyuaercst, aro
Tenepb MOXKHO MEPUTbL JTMHBI (PyHKIUH U YTkl Mexxay dyaknusvu. Hampumep, qamHa dyaknuu f 6ymeT

fol f(x)? du.

Yriabl u PaCCTOAHMA

ITycrs V' — eBkimzoBo npocrpancrso. Torpa dauna BekTopa v 310 |v| = 4/ (v, v). Ecim v, u € V — aBa Bexropa, T0
OLPEJETIAM Y204 iy p, MEZKILY STHMH BEKTODAMH U3 PABEHCTBA COS Qly .y = \(;JHZ)\ .

JlBa BEKTOpa ¥ W 4 HA3BIBAIOTCS OPMO20HaAbHbMU, ecian (v,u) = 0, T.e. yroa mexzy BekTopamu 90°. Basuc
€1,...,€, HA3BIBACTCI OPMO2OHAALNLIM, CCIIH JI0bas mapa BEKTOPOB U3 6a3uca OproroHajbHa, T.e. (e;,e;) = 0
npu i # j. Basuc masepIBaE€TCA OPMOHOPMUPOBANHHDIM, €CIIM OH OPTOTOHAJEH M BCE BEKTOPAa MMEIOT JIMHY 1, T.e.
(ei,e;) = 0mpu i # j u (e;,e;) = 1. Ilo onpenenennto marpurs! 6uauneiinoi dopMol b;; = (e;,€;), a 3HAYUT B
OPTOHOPMUPOBAHHOM 6a3uce CKaJgpHOe TpousBesienne umeetT B (x,y) = zty.

Jlyist mo6oro MHOXKecTBa BEKTOPOB S C R™ MBI MOXKEM OIPEJIE/INTH OPTOrOHABHOE JOIIOJIHEHUE

St ={veV|(v,s) =0 mna moboro s € S}

To ecth 5TO BCce BO3MOXKHBIE BEKTOPA, KOTOPBIE OPTOIOHAJBHBI BCceM BekTopaM mu3 S. Obparure BHUMaHUE, 9TO S
MOZKeT GBITH JIIOGBIM MHOXKECTBOM, HAIIPUMED, MOJKET COCTOSTDH U3 OHOTO BEKTOPa, HO mpu 3ToM S+ Bcerma 6ymer
BEKTOPHBIM TOIIPOCTPAHCTBOM B R"™.

PaccrostHnemM MexX Iy IByMsI BEKTOpaMM v U u TpocTpaHcTBa R™ HaseiBaetcs p(v,u) = |v — u|. Ecam Mbr xoTum
HafiTU paccTosiHUuEe MEXKy JIBYMs IOJAMHOXKecTBaMu, Harpumep, X, Y C V| To 10 oIpejie/leHUI0 PACCTOSTHIE MEXK LY
HUMU — 9TO HAaUMEHBIIIee PACCTOSTHIE MEeXKJIy BCEMU IMapaMy TOYEK U3 HUX, TO eCTh

p(X,Y) = inf p(z,y)
yey

B gyacTHOCTH MOXKHO TOBOPUTH O PACCTOSIHIM OT BEKTOPa 0 moanpoctpancrsa. Hamomuio, uro eciim U C R™ — Heko-
TOpPOe TIO/IIPOCTPAHCTBO 1 U — ero opToroHaJbHOE JIONOHEHHE, TO JTH000il BEKTOP OJHO3HAYHO PACKJIA [BIBACTCS
B cymMy BekTopa 3 U u BekTopa u3 UL, 10 ecth m060it v € V umeer Bug v = v+ w, e w € U u w € UL, Torga
BEKTOP U HA3bIBAETCSI OPTOTOHAJILHOU mpoekIineit v Ha U, a BEeKTOP w HA3bIBAETCsl OPTOTOHAJIBHON COCTaBJISIONIEH
v oTHOCHTEHHO U.

YrBepxkaenue. [Iycmov V =R" - esxaudoso npocmparncmeo, U C V' — nodnpocmparcmeo, v € V. — nexomopowiti

sexmop. Tozda paccmosnue om v do U pasro daune opmozonarvholi cocmagasowets v omuocumenvro U.

Orproronammsanus I'pama-IlImuara

Jdaso MuoxecTBO BEKTOPOB vy, ..., v € R™.

606parure BanManue, uro marpuna A'B Gyner kBaapaTHOI pasMepa T Ha 1, a HOTOMY JJIsi HE€ KOPPEKTHO OIPEIENICHO HOHSITHE
ciena.



Sagaya Haiitu MHOXKeCTBO U1, . . ., Us TAKOE, YTO U; HOIAPHO OPTOIOHAJBHBL U (U1, ..., V) = (U1, ..., Us).

Aaropurm

1. Bepewm mepseriit HEeHy1€BOI BeKTOp cpemu v;. IlycTs 910 Oyzmer v1. Torma momaraem u; = vy.

(v2,u1)
(u1,u1)
U TIEpEHyMepyeM BEKTOpa TaK, UTO V3 Telephb OyIeT BEKTOPOM vz. IloBTOpsieM 3TOT miar j0 Tex Iop, MOKa, He

Haﬁﬂel\/l Uo WJIN TIOKa HE 3aKOHYaATCA BEKTOPa v;.

2. PaccmoTtpum vy — u1. Ecaum 310T BEKTOp HE HOJIb, TO ODO3HAYUM €T0 3a Us. EC/In HOJb, TO BEIKUHEM Us

3. P _ (vau1)  (v3,u2) E G "
- Pacemorpuy vz — s (us11y) U2+ By on me 1outh, To 0bosHatmm ero 3a ug. Mnatde Kax u B Ipe/plIymem

IIYHKTE IIepexXO/JIUM K CJCAYIOIIEMY BEKTOPY U IIOBTOPsEM 9TOT IIarl.

_ (viyur) N (v ui—1)
(urur) 1 7 o (wi—1,ui-1)
IIYHKTY, €CJIX 9TOT BEKTOD HE HOJIb, TO 93TO U;. EC.HI/I HOJIb, TO pacCMaTpUBacM CﬂeﬂyIOH_U/HU/I V;4+1 BMECTO HETro

1 IIOBTOPAEM 9TOT IIar.

4. JIjmst oucka u; HaJ0 pacCMOTPETh BEKTOP v; Uj_1. AHAJIOITYIHO HIPEILILYILEMY

IIpumep Ilycth y Hac 3aaHbl BEKTOPDI

1 3 2 2
1 3 2 0
V] = E Vg = NE v3 = 1 U vy = 1 eR*
1 1 1 -1
IIepBolit BEKTOp HE HOJb, 3HAYUT %1 = V1. lemepb pacCMOTPUM
3 1 1
(v2, u1) 3] 3+3+1+111 1
Vg — ——— Uy = - =
(u1,u1) 1 1+14+1+11|1 -1
1 1 -1

3HauuT Uy = vy — 2up. Tenepb paccMoTpuM

2 1 1
(v3, u1) (v3,uz) ol 2+42+141 1| 242-1-1]1
U3 — uy — Ug = I S =0
(u1,uq) (ugz,uz) 1 1+1+14+1 |1 1+1+141|-1
1 1 -1
3Ha‘II/IT 3a6bIBaeM IIPO V3 U IIepexoJuM K cJIe yromemy BeKTOpy.
2 1 1 1
(vg,u1) (v4,uz) 0 24+1-1 |1 2-1+1 1 —1
Vg4 — Uy — Ug = _ _— =
(u1,uy) (ug2,usg) 1 1+14+1+11|1 1+1+1+4+1|-1 1
-1 1 -1 -1
Takum obpa3om oTBET
1 1 1
U1 = 1 Uo = 1 Uu -1
1 — 1 b 2 — _1 u 3 — 1
1 -1 —1

OpTOI‘OHaJ’IbHLIe MaTpHUlbl

VYreepxkaeuue. Jas mampuyvnt A € M, (R) caedyrowue yeaosus sK6usareHmmoL:

1. AtA=EFE.
2. AA* = E.
3. At = A1,

Matpuria obsamaoniasi OJHAM U3 ITUX IKBUBAJEHTHBIX YCJIOBHII HA3BIBAETCS 0PMO20HAAbHAA. TakuM 00pazoM
B OPTOHOPMUPOBAHHOM 0a3mce JIBUKEHHE 33/IaeTCA OPTONOHAIBHON MaTpHUIIEH.
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QR-paznoxenune Ilycrs y mac gam nabop BEKTOPOB V1, ...,V € R™ u 3a/1aH0 CTAaHZAPTHOE CKAJISIPHOE IIPOU3Be-
nenne (x,y) = x'y. Jlasafite j1s Hada a JJIs TPOCTOTHI GYJIeM CYUTATH, YTO BCE BEKTOPHI JUHEHHO HE3aBHCUMBI.
ITposenem mas Hux mporece oprorouauusanyuu I'pama-ITIMuara U DOMyYUM BEKTOPLL V1, . . ., U),. Eciu B dopmyax
mis 'pama-ITImuara mepeHecTn Bce crapble BEKTODHI BJIEBO, a HOBBIE BIIPABO, TO IOJYYUTCS CJIEIYIOITNIT HaOOD
pPaBEHCTB:

1 (v2,01)  (v3,07) (vk,v7)
Giof)  @o) T @)
1 (vs,v5) (vi,v3)
, , (vyv5) 77 (vg,v3)
(vl vk):(vl vk) 1
1
IIpu sTOM BeKTOpBI v’l, e w;c SABJISIIOTCS OPTOTOHAJILHBIMEU. B CHJTy TPEINOIOXKEHHON JIMHEHHOW He3aBUCUMOCTH

HNCXOZHBIX BEKTOPOB HOBbIE BEKTOPbI TOXKe 6yﬂyT JINHETHO HE3aBUCUMbIMU, a B JaCTHOCTHU HE HYJIEBHBIMU. Ecimu
Tenepb 1IoAeJINTh Ka}K‘HBIIU/I U3 HUX Ha ero JJInHY, TO IIOJIYyIUTCA

t4 (U27lvi) (Usvlvi) o (Uk,/vll)
1 [v1l [v1l vy ,
/ (vs,vg (vk,v5)
|v3] ; . ;
2 [vs] [v
v} VY, 2 2
(o1 ... Uk):( } 5") v |
[v1l v, ] 3
/
|vg|
! 'Ul 'U/
— _ — 1 k
ITycrs renepb A = (v1] ... |vg) € My, ;(R) — MmaTpura cocraBieHHast 13 HCXOIHBIX BEKTOPOB, a (' = (Iv’l\ [...] oA ),

a R’ € Mg(R) — marpuna u3 koadbduiuenTos cupasa B BepxHeM paseHcTBe. Toria BepxHee PABEHCTBO 3allUChIBA-
erca Tak A = Q'R .MpI MoKeM 106aBUTH CTOJIOIBI B MATpUIly Q' B KOHIIE TaK, 9TOOBI MOy YHJIACh OPTOrOHAIbHAS
marpuna @, rorna A = Q(R’'|0). Takum o6paszom A mpecrasieHa B BUJE TPOU3BEIEHNs] OPTOTOHAIBHON MATPUIIHI
Q) u BepxHerpeyrosbHoi Marpurpl R = (R’|0). Takoe pasioxkeHue HasbiBaercst QR pasiioxkeHuem.

Ecmu ke y mcxomnoi Marpuiibl A ¢TosIOIbl OKa3a uCh JUHEHHO 3aBUCHMBIMUA, TO B PE3YJIBTATE HAINETO aJIro-
putMa, () MOXKET comepsKaTh HyJEBbIE CTOJOIbI, HO BCe OHHM OYyIyT OPTOrOHAJBHBI. B 3TOM Cilydae IMOCTYyHAIOT TaK.
JIyis KaxKJI0r0 HyJIEBOTO CToJI0ma Q' 3aHyJIAI0T COOTBETCTBYIONLYIO CTPOKy B Marpune R’'. Ilocie 3Toro BCe paBHO,
YTO CTOUT B COOTBETCTBYIOIEM cTosIOne '. B 3TOM cilydae B MECTO HYJIEBBIX CTOJONOB BCTABJIAIOT HEIOCTAIONINE
BEKTOPBI 10 OPTOHOPMUPOBAaHHOIO Hasuca. A mociemnuii mar nepexoga ot Q' u R k Q u R abcomoTHO TaKoi Ke.

Matpuna I'pama

JaBaiiTe MOroBOpuM 0 €I11e OJHOM 00bEKTE, KOTOPBIl BOSHUKAET B CBS3M C KOHEYHOM CHCTEMOI BeKTOpOB B EBKIN10-
BOM TIpocTpaHcTBe. TakuMm 06beKTOM siByisiercss maTpuria ['pama. OHa B YaCTHOCTH MCIIOJIB3YETCsI [IJIs OIPEIeICHIS
00'bEMOB.

Ounpenesenne. Ilycrs V' — eBKIMIOBO IPOCTPAHCTBO U U1, ...,V € V — npousBosbHblil Hab0p BekTopos (k HE
00s13aTeIbHO PABHO Pa3MEPHOCTHU [IPOCTPAHCTBA). Toraa Marpuma

(v1,v1) ... (v1,vk)

G(vl,...,vk): GMk(R)
(vk,v1) .. (g, v)
Ha3bIBaeTCs Marpuieil ['paMa CHCTEMbI BEKTOPOB U1, . . . , Uj.
Ecou ey, ...,e, — HeKOTOpBIi Gasuc npocrpancrsa V, to B = G(ey,...,e,) — MATPUNA CKAJISPHOIO IIPOU3-
BeJleHMs 3aJlaHHasi B Oasuce ey, ...,e,. lakum obpazom marpura ['pama — 3T0 HEKOTOpOe 0OOOIIEHNe MaTPUIlhI

ObunHeitHON POPMBI.
Temepb BcmoMHUM, 9TO y 10001 OmnHEHOM (POPMBI €CTh OmepaTopHas 3amnuch. JlaBaiiTe BBeIEM CJeLyIOIIee
obo3HaueHue: it IPOU3BOJIBHBIX BEKTOPOB w, 4 € V nosoxum w - u = (w,u). Torma gyia nabopa v = (vy,. .., vk)

7"O6paTuTe BHUMAHUE, TYT BayKEH MOPAIOK BeKTOpoB. To ecTh dhopmanbio Marpuria I'pama sasucut ot Habopa (vi,...,vg) € vk,
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BBIIIOJIHEHO

U1
G(vr,...,op) = | ¢ ~(v1 vk):vtm
Uk
IMycrs reneps C' € My - (R) — mekoropas marpuna. Torna uz nabopa (v1, . . ., vg) MOXKHO HOCTPOUTH HOBBIH HAGOD
(u1,...,ur) = (v1,...,0,)C wm xkparko u = vC'. Torma

G(u) = G(v0) = (vO)! - vC = C™' - vC = C'G(v)C
To ectb G((vy,...,v5)C) = C'G(vy,...,v)C.
VYrBepxkaeuue. Ilycmv vyi,...,vx €V — npoudsosvhuili nabop 6exkmopos 6 eskaudosom npocmparcmeae. Tozda
1. Tyemwv a, ..., ar € R, seedem obosnauenue o = (aq, ..., ax)t. Tozda ciredyrouue Yeao6us SKEUCAACHIIHDL:

(a) a1v1 + ...+ agvr = 0.
(b) G(vy,...,vx)a=0.
(c) a'G(vy,...,v5)a = 0.

2. 1k G(vy,...,v,) = dim{vy, ..., vg).

3. det G(v1,...,vg) = 0. IIpu amom pasercmeo docmuzaemces moeda U MOALKO Mo20a, K020a 6EKMOPbL AUHETHO
3a6UCUMDL.

4. Ecau C € Mg (R) sasasemes mampuyed saemenmaphozo npeobpasosarus I uau I muna, mo

det G(vy,...,v;) = det G((v1,...,v)C)

SamMeTnM, 9TO U3 TPETHErO IMYHKTA CJIEAyeT BOT Kakoe HaOsmomenwe. Ecau vy, ..., v, — JUHEHHO HE3ABUCUMBIHI
HaOOp BEKTOPOB, M3 KOTOPOTO mporieccoM oprtoronaau3amnun I 'pama-IlIvmuara Mer momyanam #Habop uq,. .., Uk, TO

det G(uq,...,ur) =det G(vy,...,vg).

O061beMbl

Teneps camoe BpeMsi TPUKOCHYThC K obbeMam. Hajo ckazarh, 9TO CyIecTByeT o0Iasi TeOpusi BBIYUCIEHUsT 00b-
€MOB B eBKJIMJIOBOM TpocTpancTBe V. OHa MO3BOJIFET MOCUUTATH «0ObeM» Jroboro mogamuoxkecrsa B V. Jlammas
KOHCTPYKIIMS BeIET K MOHATHUIO Mepbl Jlebera u manee K murerpasty Jlebera. Mbl, KoHedHO 2Ke, He OymeM pa3Bu-
BaTh MOJOOHYIO TEOPUIO B TaKOW OOIIHOCTH, & BCEro JIUINb OIPAHUYIUMCS BBIYUCIEHHEM OOBEMOB JJISI MPOCTHIX U
€CTEeCTBEHHBIX C TOYKHU 3PEHUs JIUHEHHON aJirebpbl (pUryp — MHOIMOMEDHBIX [TapaJle/IeuIIe 0B,

Onpenenenue. Ilycts V' — eBKIMIOBO IPOCTPAHCTBO U V1, . ..,V € V — HAOOpP BEKTOPOB, TOTIA k-MEDHBIM IIapaJi-
JIEJIETIATIEJIOM HATSHYTHIM Ha U7, . . . , U, HA3BIBAETCS CJIEYIONEe MHOXKECTBO

k
H(Ul,...,vk) = {Z:plvl ‘ 0< T; < ]_}
=1

VIP npumep ¢ xouy pasobpars oxun BazkHbIt npuMep. IIyers V = R? — MIIOCKOCTD CO CTAHIAPTHBIM CKaJISPHBIM
npoussesienneM (x,y) = zly u vi,vs € V — 1Ba OPTOrOHAJNLHBIX BeKTOpa. Ecim st 3aMeHI0 vy Ha vy + Avp, TO
reOMETPUYECKH si HAKJIOHIO MOH MapaJuie/ienune]] BJ0JIb HallpaBjIeHns v KaK Ha PUCYHKe HUXKe:

Ha pucynke Mbl BUiUM, 9TO HapaJlIesIeNINIe]] CIIPaBa OTINYIAETCS OT HapaJljleslelnIle/ia CJIeBa IIePeCTAHOBKOM Tpe-
YIOJIBHUKA OTMEYEHHOI'O IIyHKTUPOM. A 3HAYUT UX IJIOMIA/ M OjuHaKoBble. /laBaiiTe mocMoTpuM Ha MaTpuilsl I'pama
JBYX HAOOPOB BEKTOPOB:

10 1A .
G(vy,v3 + vp) = ()\ 1) G(v1,v2) (0 1) npu atom  G(v1,v2) = (v(1)| |v§|>

12



To ectb det G(vy,ve + Avy) = det G(vy1,v9) = |v1]2|va]? = S%I(Ul v3)" To ectb ompenesnrens Marpuilbl ['pamMma gaer
HaM KBaJpaT ILIOIAIU apaJlieJorpaMMa, HATSHyTOrO Ha BEKTOPBI U1, Vg. DTOT IPUMep MOJCKa3biBaeT, KaK Halo
ollpeieNsATh 00beMbl B 0DIIeM cilydae.

Onpenenenune. Ilycrs vy,...,vy € V — mpous3BOJIbHBIN HAOOP BEKTOPOB B €BKJIMIOBOM IIPOCTpaHCTBe. Torma
onpeesnm k-mepHbiii 06beM mapaiuienenunena (v, ..., v) 1o ciaenyromeit popmyie:

Vol (IL(v1, . .., vx)) = /det G(v1, . .., vp)

JlaBaiite Termephb MOKaxkeM, 9TO 00beM k-MEPHOIrO HapaJiIeJIeNuIlea MOXKHO CIATAaTh Yepe3 mwomaas (k — 1-
MepHbBIl 00beM) OCHOBAHUS Ha BBLICOTY.

YrBepxkaeHue. Ilycmov vi,...,v0, € V — npousdsosvnuili Habop 6eKmopos 6 eskaudogom npocmparcmee. Tozda
Vol (TI(v1, ..., vg)) = Volg—1 (I(v1, . .., vk—1)) p(Vk, (V1, - - -, Vk—1))

[Mocnenusisi popmysia O3BOJISIET HAM BBIUYHMCJATH PACCTOSHUE OT BEKTOpa JI0 IOIIPOCTPAHCTBA C IIOMOIIBIO
o6bemMoB. A umenno, eciiu v € V u L C V — nojanpocTpascTBo ¢ 6a3mucom ey, . . ., €, TO

det G(eq, ..., ex,v)
detG(el,...,ek)

p(v,L) =

IIpumep lasaiiTe paccCMOTPUM BEKTOPHOE IIPOCTPAHCTBO R™ CO CTAHIAPTHBIM CKAJIAPHBIM IIPOU3BeAeHueM (X, y) =
zty. Y nycTh JaHbl BEKTODHI U1, . . ., v, € R™. Cjoxkum 311 BeKTOpbl B Marpuity A = (vq]. .. |v,). Toraa

Vol,, (IT(vy, . ..,v,)) = \/det(A*A) = | det A]

Takum O6p3301\1 B OPTOHOPMHPOBaHHOM basuce Teopud HEOPUEHTUPOBAHHOI'O obbema IIpeBpaliaeTCcd B TEOPUIO BbI-
YUCJICHUA MOIYJIA OIIPEICTUTEIIA.

YrBepxkaeHue. Ilycmo V - eskaudoso npocmpancmeo pasmeprocmu n, vi,...,Un, € V - nekomopwili nabop
sexmopos u w: V. — V — aunetinoiti onepamop. Tozda

Vol,, (p(Il(v1, . . . ,v,))) = | det | Vol,,(T1(v1, ..., v,))

VYrBepxkaenue. ITycmo vi,...,vx € V — nabop sexmopos 6 esxaudosom npocmparcemee u C € Mg (R) — npous-
goavHas mampuya. Tozda
Vol II((v1, . ..,v,)C) = | det C| Vol I(vy, . . ., vg)

Taxum 06pa3oM, pu JIMHEHHO 3aMeHe 00Pa3YIOMKX MAPAJIIEIEIIIIIE A MbI IOy IaeM APYToil mapaJuIeennnes,
00'beM KOTOPOTO MEHSIETCsI Ha MOJLYJIb OIIPEJIETUTEI s MATPUIIBI 3aMeHbl. Mbl XOTUM U30aBUTHCS OT MOJYJIsI B 9TO
dopmyite, ITOOBI 06bEM MOT OBITH MTOJOKUTEIBHBIM U OTPHUIATETHHBIM.

OpueHTUpOBaHHBIII 00 bEM

KoHCTpyKIIUsl OPUEHTUPOBAHHOTO obbeMa Ilycth V' — eBKINIOBO IPOCTPAHCTBO Pa3MEpHOCTH 7. PaccMoT-
pUM BCe BO3MOXKHBIE HADOpPBI m3 71 BeKTOpoB — V™. MuoxkectBo V" pasbuBaercs Ha ABe YacTU: KOTJa HAOOD
(v1,...,v,) JUHEHHO 3aBUCUM U KOIJA OH JiMHEHHO He3aBucuM. B mepsBom ciydae Vol, II(vi,...,v,) = 0, a Bo
sBropom Vol, II(vy,...,v,) # 0. Mbl X0TUM 1H07€IUTH BCe JIMHEHHO He3aBUCUMble HAOOPHI (TO ecThb 6a3uchl) HA JBa
KJlacca: JIJIsl OJJHOTO KJjacca 06beMbl OyAyT II0JI0KUTeNbHbIE, a JIJIs APYroro — OTpUIaTe/bHbIE.

Onpegenenne. Ilycts (vy,...,v,) u (ug,...,u,) — ABa 6asuca npocrpanctsa V. Torga cyniecTByeT e MHCTBEHHASL
marpuna C € M, (R) raxas, aro (vi,...,v,) = (ug,...,u,)C.5 Bygem rosopurs, ato (vq,...,v,) SKBHBAJIEHTHO
(u1,...,up) u mucarsb (v1,...,0,) ~ (U1,...,uy,), ecau det C' > 0.

VYrBepxkaenue. I[Tycmv V — eskaudoso npocmparcmeo pasmeprocmu n. Tozda

1. Ommnowenue, ssedernoe Ha 6A3UCAT, ABAACMCA OMHOULEHUEM IKEUBAAEHMHOCTIU HG MHONCECTNBE BCEXT YNO-
pAdoueHHLT ba3ucos

Gn(V) =A{(v1,...,0n) | v; €V, v; aunetino nesasucumos }

8HOTOMy 9TO JII0OO0I BEKTOD OJJHO3HAYHO pacCKJIaJAblBaeTCHd IIO 6&3HCy.
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2. Mmnoorcecmeo ynopsdouennox 6asucos G, (V) pasbusaemes na 06a KAaCCa IKEUBANEHIMHOCTU.

Takum ob6pazom Bce 6a3MCh y HAC TOIEIIINCDH Ha IB€ TPYHIbl. KaKyio-TO U3 9TUX TPy HAM HAI0 Ha3BaTh IOJIO-
KUTEIBHOM, IpyTryio oTpuiiareabuoii. Kakyio BeiOpaTs — 310 Harna cBoboma. Ilocse momobHoro Beibopa Bce HAOOPDHI
B V" nensrest Ha Tpu rpynubl: (1) JmHeiHO 3aBuCHMBIE, Y HUX 00beM HOJIb, (2) IOJOXKUTENbHBIE, HATSHYTHIE HA
HUX HapaJiIeJIeIUIe bl UMEIOT TOJIOKUTEIbHbIH 00beM, (3) oTpulaTe bHble, HATAHYThIE HA HUX HAPAJLIC/ICIIUIIC bl
UMEIOT OTPUIATEbHBIN 00beM. [lookuTeibabIe Oa3UCHI OyIeM elle Ha3bIBATh MOJI0KUATEIHHO OPUEHTUPOBAHHBIMU,
a OTPHUIATE/IbHbIE — OTPHUIATEHHO OPUEHTUPOBAHHBIME. ey 3adhuKCHpPOBAHDBI TTOJIOKUATEIBHBIE U OTPUIATEILHBIE
6as3uchbl, OyIeM TOBOPUTH, YTO Ha V 3adUKCHPOBAHA OPUEHTAIIHSI.

Omnpenenenne. Ilycts V' — eBKINI0BO MPOCTPAHCTBO ¢ (PUKCHPOBAHHON opreHTarueir. Torma onpegeuM OpueH-

TUPOBAHHBIN N-MePHBIH 06beM caremyomumM obpasom. Ilyers (v1,...,v,) € V, Torma
0, wvi,...,v, JUHEHHO 3aBUCUMBI
Vol (v, ..., vn) = Vol,, IT(v1,...,vs), (v1,...,0,) HOJOXKHUTEIHHO OPHEHTHPOBAH
—Vol,, II(vq, ..., v, V1, ...,V,) OTPUIIATEIBHO OPUEHTIPOBAH
K K 9, k) K
YrBepxkaeuue. [lycmv V — esrkaudoso npocmparcmeo pasmeprocmu n ¢ gukcuposannot opuenmayued, (v, .. .,v,) €

V™ u C € M,(R). Toeda
Vol?" T((vy, ..., v,)C) = det C Volo TI(vy, ..., v,)

IMpumep Ilycts V = R™ co cTanjapTHBIM CKaJIsIpHBIM TipousseienueM (,y) = zty. U mycrs opuentanus saduk-
CHPOBAHA TaK, UYTO CTAH/IAPTHBIN OA3UC ABJISETCS TOJOKUTEIbHBIM. Bo3bMeM vy, . .., v, € R™ npou3BosbHBII HAOOD
BekTopoB. O6pasyem marpuiy A = (v1]...|v,) € M, (R). Torma

o G(vuy,...,u,) = AtA.

det G(vy,...,v,) = det A%

Vol, (vy,...,v,) = | det A|.
e Vol ' II(vy,...,v,) = det A.

3amerbre, 9TO OpueHTaIMs HAb0pa (KaK U 3HAK COOTBETCTBYIOIIEr0 00'beMa) MEHSAETCs IPH [IEPECTAHOBKE BEKTOPOB
B Habope Ha 3HAK COBEPIIEHHON 1epecTaHoBKU. Jpyras npryanna 3HaKa o0beMa — CMEHA HAIIPABJIEHUs] BEKTOPA, TO
€CThb KOTJ[a BEKTOD v; B HaOOpe MeHseTCsl HAa BEKTODP —U;.

YrBepxkaeHue. [lycmov V — opuenmuposarroe eskAudoso npocmpaHCmeo padmMepHocmu 1, U, ..., 0y € V. — nexo-
mopwiti Habop sexmopos u w: V. — V — aunetinoili onepamop. Toeda

Vol (o(I(vy, . . ., v,))) = det @ Vol (T1(vy, . . ., vy))

14



CemuHap 5

Obmias nadopmanus:
e HamomHio, 9TO CTaHIAPTHBIM CKaJAPHBIM NpousseaenneM Ha R™ naspipaerca (z,y) = xly.

e Yepes R[z]|<, 0603HAUAETCS NPOCTPAHCTBO MHOTOYJIEHOB CTeleHH He Gosee n, To ectb Rlx]<, = {ap + a1z +
oot apz™ | a; € R}

Sagaum:

1. B mpocrpancree R* 3anana Gmmneitnas gpopma,

B(x,y) = 2T2y1 + T4ys

Ilo meit mocTponm Ksajgparmunyio dopmy @: R* — R. Ilocite 3Toro () OrpaHMYmMIN Ha IIOAIPOCTPAHCTBO
V ={z € R*| 2y — 3wy — 3x3 + x4 = 0}. Haiiqure curnarypy @ u curmarypy orpanmdenus () na V.

1

2. PaccMorpuM eBK/INI0BO HpocTpancTBo R[z]<s co ckansapubiM npoussesenueM (f,g) = [ f(z)g(x) dax. Mero-
1

nom I'pama-IIImmara oproronamusyiire 6azuc 1, z, 22, 2.

3. HaitTu 1yIHB! CTOPOH, BHyTPEHHIE YIVILL I IIOMaIL Tpeyroabanka ABC B mpocTpamcTse R® co cranmapTHBEIM
CKaJIAPHBIM IIPOU3BEJeHUeM, IJie

b
|

DN =N RN
s
I

SN NN
Q
|

N g Ot g Ot

4. TIycrs U C R?* — BeKTOpHOE TIOAIIPOCTPAHCTBO 38, [aHHOE CJIEAYIOMIM 06pasoM U = (v1,v2,v3,v4), THE

1 1 -2 2

1 ) 6 —4
v = 41 V2 = 5 9 U3 = —92 ) Vg = 3

3 8 24 —-19

Baaiire sTo nospnpocrpanctso B Buge U = {y € R* | Ay = 0} a1 mekoropoit marpuist A € M,, 4(R).

5. CyImecTByer Ji CKaJSIpHOE MIPOU3BEIeHNe Ha NPOCTPAHCTBE MATPUIl 1 X 1 (n > 1), OTHOCHTENLHO KOTOPOIo
MaTPUIA U3 BCEX eIUHUIL ObLIa Obl OPTOroHAbHA JII00O0I BepxHeTpeyroabHol Marpuie? (Ykazanue: OuauHedi-
Hble GOPMBI MOXKHO 33/1aBaTh B Pa3HbIX Ha3ucax.)



CemuHap 6

Jluneitable Ki1accuduKaTOPbHI

Hagrewm ¢ npocroro npumepa. IIpenmnosoxum, 9T0 MbI XOTHM Pa3AeIUTh IPpOcTpancTBo R™ Ha 1Be YacTH € TIOMOIIBIO
nojpocTparcTBa. OKasbIBaeTCsl TaKOe MOIIPOCTPAHCTBO JOJIZKHO ObITh pasmepHocTu 1 — 1. Ilpu Hajmaum craJisp-
HOT'O IIPOU3BEJICHNS TaKOe IIOIIPOCTPAHCTBO OYEeHb JIENKO 3a/1a€TCs C IIOMOIIBIO OJIHOTO €JIMHCTBEHHOI'0 BEKTOPa eMy
opToroHaJibHOro. OMHAKO, MOAIIPOCTPAHCTBA BCErIA ITPOXOIAT depe3 HAYAJIO KOODIUHAT U IIOTOMY 3TO HE JIydIlast
KOHCTPYKIsA. TeM He MeHee, CMeIleHne TOAIPOCTPAHCTBA B CTOPOHY OT HAYAJA KOODIUHAT JEJIAE€TCS CMEIEHneM
HAJaJIa 0TCYeTa B BEKTOPHOM IIPOCTPAHCTBE, 9TO IPUBOJAUT K IIOHATHIO JMHEHHOrO MHOroo6pasus (IIpOCTO CIBUHY-
Toe mozpocTpancTso). Jlasaiite s cHavdasa IPOroBOPIO CIydail ¢ YUCTBIM HOAIPOCTPAHCTBOM 0€3 C/BHra, a IIOTOM
o0Iuii ciryvaii, KOTOPBII U JlaeT TaK HA3bIBAEMBbIl JIMHEHHBIN KiraccuukaTop.

IMpumep Ilycrs V = R™ u 3aan0 cranjapTHoe cKaispHoe npoussesenue (z,y) = zty. Iyers U — nopnpoctpan-
CTBO 3ajiaHHOE cucTeMoil ciemytomero Bujga: U = {y € R™ | (a1,...,a,)y = 0} (MBI cunraeMm, 910 XOTs GBI OJHO
u3 wmcen a; # 0). Ecaun monowum v = (ay, ..., a,)t. To U = (v)* mo onpenenenmo. To ecTh oHO 3a1aeTcs B BUIE
{y € R" | (y,v) = 0} w1z HEKOTOPOro GUKCHPOBAHHOIO HEHYJIEBOI'O BEKTODA V. 3AMETHM, ITO ITO NOAIPOCTPAHCTBO
JIJIAT BCE TIPOCTPAHCTBO Ha JIBa KJIACca:

1. ITosoxkurenbusle BeKTOpsl {y € R™ | (y,v) > 0}.

2. Orpunaressnbie BekTopsl {y € R™ | (y,v) < 0}.
MesK Ty 3THMHI KJIaCCAMI KAK Pa3 U PACIOJIOKEHO MOJIIPOCTPAHCTBO (V)L .

IIycts w € V' — mpousBosbHBIN BekTOp. JlaBaiiTe moiiMeM KakK HaflTH pAacCTOSHUE OT W JIO IOIIPOCTPAHCTBA
U. BeromanmM, ato w = av + u, riae u € U, a BeKTOp Qv OyJeT OPpTOrOHAJIBHONW COCTABJISIONIENR ¥ OTHOCUTETHLHO
U. 3uaant ero mimua u Oyner paccrogamem. Hajgo smmp HaliTn Hem3BecTHOE (v. [[J1st 9TOrO0 YMHOXKHMM PABEHCTBO

W = Qv + U CKATAPHO Ha v 1 noayanM (w,v) = a(v,v). OTkyma o = ((%,5)) SuauuT

plu 1) = [ = D 10

Ecisiz BeKTOp v MMeJ €IMHUYHYIO JJINHY, TO (POPMYJIa yIPOIIAeTCs TaK
p(w, (v)*) = |(w,v)| = [w'v|!

JIuneiitnbie MHOTOOOpa3ust Ilo-mpocToMy, MOAITPOCTPAHCTBA — ITO «JITHHEHHDBIE TIOBEPXHOCTHY IIPOXO/ISIIIE Tepe3
HAYaJI0 KOOPJAWHAT. A ec/id MBI UX XOTUM CIBHHYTh, TO TAKHe IITYKHA HA3BIBAIOTCS JIMHEHHBIMU MHOTOOOPA3USIMU.
A umenno, nycte V. = R"™, v € V — mekoropsiit Bekrop u U C V — nognpocrpancrso. Torma maOX)KecTtBO v + U
Ha3bIBAETCS JTUHEHHBIM MHOr0OOpasueM. B sTom ciiygaae mommpocrpancTso U 0HO3HAYHO OIIPEIETICHO U HA3BIBACTCS
HAIPABJIAIONIAM OIIIPOCTPAHCTBOM, 8 BEKTOD v BOOOIE TOBOPA MOYXKHO 3aMEHUTH Ha JII000# BEKTOD BHUIA U + U,
roe u € U.

JIuneitnbie MHOTOOOpa3usa B R™ Jliob6oe smHeiiHoe MHOrOOOpasne B R” MOXKHO 337aTh JABYyMsI CIIOCODAMMT:
1. L=v+ (v1,...,0k), T1€ V1, ...,V MOXKHO BbIOPATH JIMHEHHO HE3ABHUCUMBIMH.

2. L={yeR"| Ay =b},tne A € M,;, ,(R), b € R™. Kpome Toro, cTpoKu MaTpurpl A MOXKHO BEIOPATH JIMHEHHO
HEe3aBUCUMBIMU.

Takum 06pa30M JUHEeHbIE MHOI"OO6paBI/IH BO3HUKAaIOT, KOT/la MbI pellaeM HEOJIHOPO/HbIE JINHEHbIe CHUCTEMBI, a 110
cBoelt CyTH OHH BCET'O JIAIIb CABUTU IIOAIIPOCTPAHCTB Ha KaKOW-TO BEKTOP.

1Hocne,uHee PaBEHCTBO B CHJIy TOT'O, YTO y HaC CTaHJapPTHOE CKaJIIPDHOE IIPOU3BEICHUE.



IIpumepsni

1. Ipsamas. Iycrs p,v € V — nekoropsie BekTopsl, npudeM v # 0. Torma p + (v) — 910 CABUI OJHOMEPHOIO
[IOJIITPOCTPAHCTBA. Takoe MOAIPOCTPAHCTBO HA3bIBAETCS HPsMOii. ZIBHO HAa TAKOH HpPsIMOIi JiekaT BEKTOpa
Buga p + Av, rjie A € R.

2. T'uniepioBepxuocts. [Iycts p € V u U C V nmomgmpocTpancTBO pasMmepHocTr Ha 1 Menbine, gem V. Torma p+ U
Ha3BIBAETCsl TUIEPIIOBEPXHOCTHIO. Kak 6b110 mokazano Beimte, U = (v) g HEKOTOPOro HeHy/IeBOro BeKTOpa
v. B atom ciayuae p+U = {y € V | (y,v) = (p,v)}. Kpome 31010 MBI MO’KEM PA3/EJIUTh BCE IPOCTPAHCTBO HA
JIBA KJIACCA:

(a) INomoxknrenbunie BekTopsl {y € V' | (y,v) > (p,v)}.
(b) Orpunarensusie Bekropst {y € V | (y,v) < (p,v)}.

T'uneprioBepxHOCTH SABJISIETCS TPOCTEUIITNM IPUMEPOM JIMHEHHOrO Kjaccudukaropa. Ecin TOYKr HAXOHMATCs
110 OJTHY CTOPOHY OT Hee, TO OHM OTHOCATCH K OJIHOMY KJIacca, a IO JPYIyIo — K JIDYTOMY.

IIycts w € V — npousBosbHBINT BekTOp. Kak mocunrarh paccrosuune ot w a0 p + U. Ina aToro Hajo cIBU-
HyTh HAYAJO KOOPAWHAT B TOYKY P U HOCYUTATH PACCTOsHME 10 momanpocTpancrsa U. V3 Berauciennit panee
IOJTy IaeM

[(w—p,v)|

Conpsi>keHHbIiT ortepaTop

[Iycts V' — eBruMmOBO mpocTpancrBo u myctb ¢: V. — V — juneitasiit oneparop. Torma conpsastcertoiil K HeMmy
JMHEHHBLH onepaTop ¢* — 910 Takoii oneparop, uro (¢(v),u) = (v, ¢*(u)) g Beex v, u € V. IloHATH noUeMy Takoi
OIepaTop BOOOINE CYIIECTBYET U €AMHCTBEHHDIN IIOMOraeT BHIYMC/ICHUE B KOODAUHATAX.

B nauajie Bo3bMeM OPTOHOPMHUpOBaHHLIH 6aszuc. B stom ciyuae V = R”, (z,y) = z'y, a ¢(z) = Ax, a ¢*(x) =
Bzx. Torna ycnosue (Az,y) = (z, By) osnagaer xt Ay = 2t By. To ectb B = A®. To ecrb marpuna juis ¢* sro Al
Ho s10 TOIPKO B OpTOHOPMHUPOBAHHOM basuce.

B ciyuae npoussosibHOro Gasuca ckajgpHoe Ipoussejienue sajgaercsa (z,y) = x'By, rie B — cumMmerpuynas
HEBBLIPOXKIEHHAS TIOJIOKUTENHHO OlIpeieieHHast MaTpura. Torma ecin ¢x = Az u ¢*x = A'z, To ycnosue (Ax,y) =
(x, A'y) pactmcbiBaercs tak: (Ax)'By = z'BA'y. To ectb ' A'By = x'BA’y nna seex x,y € R™. Tocaennee
saaunt, uto A'B = BA’. 3mauntr A’ = B 'A'B — 310 dopMyna CBA3LIBACT MATPHUIY ¢ U ¢ B IPOM3BOIBHBIX
bazucax.

3amevyanue

e OOparuTe BHUMaHME, 4TO OIpejiesieHne ¢* odeHb popmasibHoe. COBEPIIEHHO HESICHO, YTO 3TO TAKOEe IeOMeT-
pudecku. Bojiee TOro, HUKTO He 3HAET W HE Y3HAET, UTO ITO TAKOE T€OMETPUIECKHU. TyT CUTyalus Kak C
MATPUYHBIM YMHOYXKEHUEM, €CTh KAKHEe-TO YACTHBIE CJIyYan, KOTJa Mbl MOXKEM KaK-TO MOHATH, YTO 3HAYUT @™,
HO B ODITIEM CJIyYIae — TOJIBKO CIUTATH 1O (hopMmyIIe.

e TexXHUUYECKU IIPO CONPSIZKEHHBIN OIEPATOP HAJIO JIyMaTh TaK, €CJU Bbl BCTPETHIM BHYTPHU CKAJIIPHOIO IIPOU3-
BeJIEHUsI OIIEPATOP ¢, TO €ro MOXKHO <«IIepedPOCUTHy B JIPYIYI0 CTOPOHY CKAJISIDHOTO IIPOM3BEIEHUs, HO IIPU
9TOM caM OIlepaTop 3aMEHUTCS Ha ¢*

o Hoquy-To OKa3bIBa€TCsd, YTO ITO IIOHATHE OYECHL XOPOIIO OIIMChIBAET BazKHbIEC CUTYalluu, KOI'da ,ZLefICTBHe
orepaTopa COIViaCOBaHO CO CKaJIAPHBIM ITPOU3BEJICHUEM. Mzl IIOTOBOPHUM O TaKUX CHUTYyallUsAX HHUKE.

IIpoekTopbl 1 OPTONMPOEKTOPHI

[Iycts V' — mHekoTopoe BekTopHOe mpoctpancTBo u U, W C V' — HeKOoTOpbIE TOAIIPOCTPAHCTBA. ByIeM roBOpuTh, 9T0
V' packitazpiBaeTcs B PSIMYIO CyMMY 3TUX ToanpocTpancTs, eciu UNW =0uV = U+ W, 1.e. m1060it BekTOop v € V
npeacrasisercd B Buge v =u+w, re u € Unw € W (toecto U+ W = {u+w | v € U, w € W}). Iymars 1po
910 Hajo Tak, U u W — 9T0 «HelepeceKalouecsss Mo IIIPOCTPAHCTBA U V SIBJISIETCS HAMMEHBIIUM ITPOCTPAHCTBOM
UX COJIEPXKAIM. TaKoe pasJjiozKeHre BCerja MoJIydaeTcsd Tak: bepeM Kakoi-HuOy/ b 6a3uc eq, ..., e, IPOCTPAHCTBA
V, mequm ero Ha JBe 9acTU €1,...,€x U €kiq,...,€e, U nojgaraeM U = {ej,...,ex) u W = (egt1,...,¢ep). Ecin
MIPOCTPAHCTBO V dABjIsteTcs npsAMOoit cymmoit mogupoctpancts U u W, 1o MbI OyieM 0603HAYATE ITO JEJI0 CJIELYIONUM



obpazom V = U & W. B stom ciaydae 000it BEKTOP v €JUHCTBEHHBIM 00Pa30M PACKJIAIBIBAETCS B BUJE ¥ = U + W,
rne v € U nw € W. Eme B atom ciaygae dimU + dimW = dim V.

YrBepxkaenue. I[lycmv V — esxaudoso npocmparncmeo u U C V' — npoussoavroe nodnpocmparncmeso. Toeda V =
UoU+.

Takum o6pa3oM B €BKJINIOBOM IpocTpaHncTse V mpu ¢gpukcuposannoM nojanpocrpancTse U C V', j1060it BeKTOp
v € V eIMHCTBEHHBIM 00pPa30M PACKJIAJBIBAETCH B CYMMY v = pPry; v + orty v, rme pryv € U m orty v € Ut

Omnpenenenne. Eciau V — eBkianmoBo npocrpanctso, U C V — mponsBoJIbHOE IMOAIPOCTPAHCTBO U v € V, TO
e BexTOp pry; v Ha3bIBaeTCs OPTOrOHAJILHOM Ipoekiueit v Ha U.
e BekTop orty v Ha3bIBaeTCss OPTOrOHAIBHOM COCTaBJISIFOIIE v OTHOCUTETBHO U.

O6paruTe BHIMAHNE, 9TO OPTOrOHAIbHAS IPOEKINs v Ha U — 310 mpoekius v Ha U B1oiabs UL, a oproronajbias
cocraBsomas — Ipoexnus v Ha UL Broms U.

VYrBepxkaenue. [lycmv V — eskaudoso npocmparncmeo u P:'V — V — nexomopwiti onepamop. Tozda
1. Onepamop P asasemca npoexmopom mozoa u moavko mozoa, xozda P2 = P.
2. Onepamop P aeasemcsa opmonpoexmopom mozda  moavko mozda, koeds P2 = P u P* = P.

Ob6parure BHUMAHHUE, YTO BbIIIE Mbl UMEEM JIB& OIUCAHUSA MIPOEKTOPOB (1 0pTonpoeKTopos). OmHo reomerpuye-
CKoe, a BTOpoe 4ucTo ajrebpandeckoe. JlapaiiTe nofiMem, Kak BOCCTAHOBUTL nojanpocrpanctsa U (Ha KOTOPOe Mbl
npoekTupyem) u W (BIob KOTOPOro Mbl IPOEKTUPYEM) B CJy4ae, KOrJa BCe YTO HAM M3BECTHO 9TO JIMIIb PABEHCTBO
P2 =P.

[Tonoxxum B 3TOM cirydae U =Im P u W = ker P. Torna

1. Hus moboro u € U BepHo Pu = u.
2.UNW =0.
3. JIoboit BekTop v € V ecTh cymma v = u + w 11 HeKoTopelXx u € U mw € W.

HeitctBurensHo, ecan u € U, 310 3HaunT, uro u = Pv. Torma Pu = P?v = Pv = u. Eciu Bextop v € U N W, T0
€ OJIHOH CTOPOHBI ¥ = Pv U3 mpeablayiero, ¢ apyroit cropoust Pv = 0 o onpenesienuio W. s jgoboro BekTopa
v € V Bepro v = Pv+(E—P)v. Torga sekrop Pv € U, a Bekrop (E—P)v € W, tak kak P(E—P)v = (P—P?)v = 0.

Ecau ke monomaurenbao Buimosaeno P* = P, ro U = Im P u W = ker P 0Ka3bIBalOTCsI OPTOTOHAJIBHBIMU JIPYT
apyry. HeiicrBuresnbho, eciu z € U, To 2 = Pv u ecsim w € W, 10

(z,w) = (Pv,w) = (v, P*w) = (v, Pw) = (v,0) =0

To ectb Jir06olt BekTOp U3 U oproroHajeH JitoboMy BeKTOpy u3 w. MOXKHO IMOKa3aTh, YTO BEPHO M B OOPATHYIO
cropony, eciiu U L W, To 3To Bieyer yciosue P* = P.

JaBaiiTe 3aMeTnM ere omHy Bemb. Ecim P2 = P, 570 03Ha4aeT, 4TO MHOIOYJIEH fit) = t? — t aBisteTCs 3aHy-
ssmrorum Jyist P. To ecrb ciiekrp P uiexkut cpeiu KOpHeii 9Toro MHOrowieHa, a umento, cpeau {0, 1}. Kpome Toro,
TaK KaK 9TOT MHOTOWIEH He UMeeT KPATHBIX KOpHEil, To omepaTrop P amaronann3yeMm W JUaroHAJIbHBIA BUJ €CTh

E 0
2= (5 0)
[ne pasmep 6isioka E paBeH pasMepHOCTH o0pas3a u pary omeparopa r. Ilycrs fi,..., f, — 6asuc, B koropom P

nuaroHaausyercst, rorga U = (f1,..., fr) u W = (fr41,..., fn). Ellle 10J€3H0 3aMeTUTB, UTO CJI€, JIJIsI IIPOEKTOPA
Oymer pasen pasmepuocTu U. DTO clieyeT U3 BLIYUCICHUS cJiea 110 MaTpure Ap.



dopmynra BABA

JlaBaiiTe s1 B HadaJje pa3depy 3a/ady HaXOXKJIEHUs IPOEKINHI BEKTOPa Ha, [IOIIIPOCTPAHCTBO BIIOJIb JPYTOro IMOIIPO-
CTpaHCTBa (371€Ch HAM He HyKHO HUKAKOe CKaJsspHoe npousseienue). Ilycts V' — HEKOTOPOE BEKTOPHOE MPOCTPAH-
crBo u V = U & W. Torma na npocrpanctse V 3aman omeparop upoekmuun P: V' — V takoit, uto ker P = W n
P|y =1d, 1o ecrb, eciu v € V' packiajpiBaercd B cyMMy v = u + w, tie u € U uw w € W, To Pv = u — oueparop
BBIIUCIeHUs Tpoekiun Ha U Bmoan W.

Tenepb MBI XOTUM HayunThes bdextusro cantarh P. Ias storo npexnonoxum V. = R"™ U = (uq,...,ux),
W ={y € R" | Ay = 0}, tne A € M;,(R). B sTom ciyuae P: R” — R”™ 3amaercs Hekoropoii marpuneii. Hamra
3a7a9a — HAWTH 9Ty MATPHUILY.

[Ipeamnomokum Jjisi MPOCTOTHI, YTO BEKTOPBI Ui, ..., U 0Opadyior 6asuc U, a cTpoku Marpunbl A JHHEHHO
uezapucuMbl. Oupegennm marpury B = (ug|. .. |ug) € M, ,(R). Torma yTBepKuaiTcst cieiyromye Bel:

1. KosmuecTBo cToJsIONOB B COBIIagaeT ¢ KOJIMIeCTBOM CTPOK A, To ectb k = s.
2. Marpuna AB obparuma.
3. Omeparop mpoexnun 3amaercs dopmymoit P = B(AB)~!A. Muemonmdeckoe npasmio «<BABA».

Joxasameavemeo. Marpunia A 3anaer juneiinoe orobpaxkenme A: R™ — R® takoe, uto kerA = W u Im A =
R® (Tak kak cTpoku marpurpl A nuneiino HezaBucumbl, 10 Tk A = s, HO Tk A = dimIm A). Marpuna B 3amaer
orobpaxkenne B: R¥ — R™ takoe, uro ImnB = U u ker B = 0 (Tak Kak cToJbIBl B JIMHEHHO HE3ABUCHMBI).

(1) Mer 3HaeM, 910

dimU +dimW =n k+dmW =n
TO €CTh oTKyma Ss=2=Fk

dimker A +dimImA=n dimW +s=n

(2) Tenepn paccmorpum orobpazkenne AB: RF — R*. Bamermm, uro ImB NkerA = UNW = 0. 3uaunt
ker AB = 0, To ectb AB — obpaTuMsblii omepaTop.

(3) Teneps BoiBenem dopmyiy mia P. Ilycrs v = u+w, rue v € R™ — npoussosbablil BekTop, u € U nw € W —
€ro eJINHCTBEHHOE PAa3JIOKEHHe 0 TPsiMOii cymMme mompocTpancTs. Torma Av = Au+ Aw = Au. C apyroit cTOpOHBI,
Tak Kak u € U, MbI nMeeM u = Bz jist Hekoroporo & € R¥. Torna Av = ABx. Tak kak AB ofpaTuMast KBaJpaTHast
matpuna, umeem x = (AB)~! Av. 3naunr u = Bx = B(AB) ™! Av, uto u Tpe6oBajioch. O

Obparure BHUMaHMe, 9To 1poekTop P Ha U Bmosks W 3aBucuT OT JABYX MOAIPOCTPAHCTB, a HE TOJBKO oT U.
Ecau BbI uzMenuTe 0JIHO U3 HUX, TO IPOEKTOP U3MEHUTCS.

dopmyna Arara

Temnepsb s1 x04uy pa3obparh cydail IPOEKTOPa Ha MOAIPOCTPAHCTBO BOJbL €r0 OPTOrOHAIBLHOTO JOIOIHEHHsI. TaKoi
IIPOEKTOP Ha3bIBAETCs OPTOMPOEKTOPOM. Ilycth V = R™ co cTan apTHBIM CKaJgpHBIM NpousseaenueM (z,y) = zty
u nycrs nognpocrparctso U C V 3anano ceoum 6asucom U = (uy, ..., ug). Cocrabum marpuiyy A = (uq|...|ug) €
M,, x(R). Torma UL = {y € R" | Aly = 0}. IycTs Temeps v € V — MPOM3BOLHBIN BEKTOp U ¥ = DIy v + orty v.
Torma dopmyna «BABA» npespamaercs B pryy v = A(A'A) ™1 Alv. Muemonnueckoe NpaBuiIo i 3alIOMAHAHUS: B
eBKJII0BOM 1pocTrparcTBe BABA — sTo Arara.

O6parure BHUMaHUe, YTO MPOEKTOP P Beeryia 3aBUCUT OT JBYX MOJIPOCTPAHCTB: TO, HA KOTOPOE MPOEKTUPYEM
U, u To, B1oab Kotoporo mpoektupyem W. Ho B ciyuae oprorosaibHOro mpoextuposanus W = UL, moromy
OPTONPOEKTOP P peaslbHO 3aBUCUT TOJIBKO OT OJHOTO IIOAIPOCTPAHCTBA.

Meroa HauMeHbIININX KBaJIpaToOB

ITycrs Mbl xorum pemurh cucreMmy Az = b, tie A € My, »,(R), b € R™ u & € R™ — croaben neussectubix. 1
MIPEJIIOIOKIM, YTO CHCTEMa He MMeeT PeIIeHuil, HO OT ITOr0 HaIlle YKeJIaHUe ee DEIUTh He CTAHOBUTCS cjaabee.
Hapaiite obcyuM, Kak YIOBJIETBOPUTH HAINN YKEJAHUs B MOMOOHON CUTYAIllMd W KOIJIA TaKWe CUTYAIINd OOBITHO
BCTPEYaIOTCsI.

Brejiem Ha npoctpanctse R™ cranapTHoe cKajasipHoe npoussesenue (x,y) = xty. Torma, Ha mponecc pereHust
CHCTEMBI MOYKHO CMOTDETH TaK: MbI ogbupaeM & € R™ rak, urob |Az — b| = 0. Ecsiu permuth cucreMy HEBO3ZMOXKHO,



TO 9TOT MOJXO/T MTOJICKA3BIBAET, KAK HAJIO MOCTYIUTh. Hal0 MBITaThCsl MUHUMUA3UPOBATEL paccTosinne Mex ity Ax u b.
To ectnb permuth 33189y

|Az — b| — min

x € R"”

Tenepn nasaiiTe moiimeM, Kak HaJ0 PeIlaTh Takyio 3agady. [lycrs marpuna A umeer sum A = (Aq]...|A,), roe
A; € R™ — ee cronbupl. Torma cucrema Ax = b oznavaer, x1A, + ... + x,A, = b. To ecTb cucrema paszpemmnma
Torja U TOJBKO Torga, Korga b € (Ap, ..., A,). 3HaunT Hama 3a7a9a MUHUMHU3UPOBATH DACCTOSHUE MEXKIy b u
(A1,...,An). MBIl MOXKeM Da3JIOKUTh BEKTOD b Ha NPOEKIMIO U OPTOrOHAIBHYIO COCTABJISIONIYIO OTHOCHTEIHHO
(Aq,..., A,). Ob6brunasg Teopema mmdaropa rOBOPUT, 9TO MUHMMYM DACCTOSHUS JOCTUTAETCA Ha by = pr 4 b. B
9TOM CJIydae BMECTO UCXOJTHON cucreMbl Ax = b MBI JOJKHBI pemuTh cucremy Ax = by. U eciu xg — ee perrenue,
10 |Az — b| Kak pa3 u OyjeT MUHUMAJILHBIM.

IaBaiiTe Telepb IPEIIION0KAM, 9TO CTOJIOIbI MaTpulbl A jguHeitHo HezaBucuMbl. Torma 1o (opmyse «Araras
MBI 3HaeM, 4To by = A(AtA)_lAtb. Kpome sroro mosmkuo BeIOIHATBCS by = Axg. Tak Kak crojbdupr A JuHEHHO
HE3aBUCHMBI, TAKOE T'( JOJKHO OBITH €IMHCTBEHHBIM. HO MBI BHIMM, 9TO B KadecTse To MoaxomuT To = (ALA)~1Ath.

Kak opranuzoBbiBaTh Bbruucienus @Popmyna zg = (A'A)~1Alh. BeITIAANT OYeHb MPUATHOL, HO PeaTbHO IO
Hell CYUTATh — TO eIlle YA0BOJILCTBUE. Kcam BBl XOTHUTE CIUTATH PYyKaMH, TO KyJa IPOIIE PACCMOTPETH CUCTEMY
At Az = Atb u yxe pemats ee MeTogoM Laycca.

EcJ 3ke BbI XOTHTE CYUTATH TpoeKImio 1o dopmyite by = A(AA)~L Alb, o me naso canrars marpuiy A(ALA) =L AL
Omna 6yzner OouibIioil u cTpamtHoit. BmecTo aToro sydmre mpuMeHATh 9acTu 3T0i GopMysbl K b cipaBa HAJIEBO, a
MMEHHO CUHTaeM TaKylo I0C/Ie0BaTeIbHOCTL BEKTOPOB

bis Alb i (ATA)"TAD — A(ATA)TATDY

IIpu 3TOM BTOpOIl II€pexo1 JIydIle OpraHn30BaTh KaK pemenne cucreMnl AP Az = Atb.

JIBU>KeHust 1 OpTOrOHAJIbHBIE MATPUIIBI
Tak Kak yriIbl 1 pacCTOSHUST BBIPAXKAIOTCS Yepe3 CKAJISIPHOE MTPOU3BEICHIE U HA0OOPOT, MBI TIOJIYIaeM CJIETYIONIEe.

YrBepxkaeHue. [lycmv menepv ¢: V. — V — aunetinoi onepamop 6 eskaudosom npocmpancmee. Caedyrouue
YMBEPHCIEHUA IKEUBAAECHINHDL:

1. ¢ coxpansem craasproe npouseederue, m.e. (p(v), p(u)) = (v,u) das moboix v,u € V.

2. ¢ coxpansem daunvr u yea, m.e. [(v)] = [v] U Qp),6u) = Qv,u 044 6ceT VU €V,

3. ¢ coxpanaem daunvl, m.e. |H(v)| = |v| dan ecex v € V.

4ot =0

5. [as 2106020 OPMOHOPMUPOBAHNO20 BA3UCA €1, . . . , €y, €20 00pa3 p(e1),. . ., P(en) — mootce OPMOHOPMUPOBANHBIT
basuc.

6. Jlas 4106020 OPMOHOPMUPOBAHHO20 HA3UCA MAMPUYA G 6 IMOoM basuce 6ydem opmo2oHaNLHAA.

Jluneitabre omepaTopbl, 06JIaIAIONINE OJHAM U3 SKBUBAJEHTHBIX CBONCTB BBIIE, HA3BIBAIOTCS deustcenuimu. Te-
mepb OOCYINM 3TU CBOMCTBA.

Eciin miepBoe BBIIOIHSIETCS, TO COXPAHSIETCST BCE, ITO MOYKHO MOCYUTATH Yepe3 CKaJIsIpHbIE Ipou3BejeHus. Ha-
IpUMep 3TO JUIMHBL U yruibl. HaoGopot, uz-3a dopmynst (v,u) = |v||u| cos(Lv,u) caemyer, 9T0 coXpaHeHne yrios u
JUIMH COXpaHsieT CKaJISPHOE IPou3BeeHue. ICHO, 94TO BTOPOE BJE€YET TPeThe ycaoBue. Ho eciiu BBIIOJIHEHO TPEThEe
YCJIOBHE, TO Y JIIOOOTO TPEYTrOJbHUKA COXPAHSIIOTCS JJIMHBI CTOPOH, 3HAYUT COXPAHSIIOTCS JIIOObIE TPEYTOILHUKY, a
3HAYAT B HIOX COXPAHSIOTCH YIJIBL >

[Iycts B V' BBIOpa I OPTOHOPMUPOBAHHBINH Oa3uc. DTO 3HAYUT, ITO V' MOXKHO OTOXKIECTBUTH ¢ R™ U mpu 3TOM
CcKaJIsipHOE NPOM3BeJIeHue TpeBpaiiaercs B crangaproe (r,y) = x'y. Ilycrs orobpaxenne ¢: R™ — R™ 3anano
marpuneit A € M, (R). Torna ycnosue jpuzkenns samuceibaercs tak (Awz, Ay) = (z,y). To ects x' A Ay = zly nna
06X x,y € R™. To ectb A'A = E, To ectb A 10/KHa GLITH OPTOrOHAILHON MATPHUIIEH.

W3 ycmoBusg Tpu ciemyer, YTO ¢ B HOJIb MEPEBOAUT TOJBKO HOJIb, a 3Ha4duT oH obparmm. [loromy ycsioBue
(pv, pu) = (v, u) MoKHO TepermcaTh Kak (¢v,u) = (v, ¢~ u) (ama sToro mogacTaBuUTL ¢~ lu BMECTO ).

2 [lnst moburesteit (pOPMaIbHOCTH MOYKHO COCJIATHCS Ha, HOJISPU3AMMOHHYI0 (hOPMyITy.



VYrBepxkaeuune. [Tycmo C € M, (R) — opmozonaavras mampuua u nyemsv A € C — ee cobemeennoe 3nauenue.
Tozda

1. X\ mootce asasemea cobcmeeHHvM 3HAYEHUEM 8/m C
2. |\ =1.

3. Cobecmeermvie 6eKMOPbL ONA PASHBIT COOCMBEHHBLL 3HAMEHUT OPMOLOHANLHDL.

IIpumepsnt
1. II V =R? T 6 :
. Iycrs CO CTaHIAPTHBIM CKAJSPHBIM Ipou3BejieHneM. Toraa aoboe JIBIKEHIE ITO:

(a) TeHTpaJbHASI CHMMETDHs OTHOCUTENHHO Hadasia KoopauHat C = (Bl Pl).

(b) cuMMmeTpHsI OTHOCUTENIBHO Kakoii-To npamoii C' = DY ((1] _01) D, rpe D — marpuna noBopora (CM. gajiee).

cosa —sina
sina cosa

(¢) moBopot Ha HekOTOpLIi yroy, C = ( ) — MaTpHIIA TOBOPOTA.

2. Ilyers V' = R3 co crammapTHLIM CKAIapHBIM IpomspemenueM u C € M;3(R) — oproroHajbHas MaTpPUIA.
Torna x¢(t) — muorowien crenenu 3. JI1060ii MHOrOWIEH HEUETHOl CTEIIEHN UMEET XOTsl Obl OJIUH BEIeCTBEH-
HBIT KOpeHb.® A 3naunT 510 £1. To ecTh COOTBETCTBYIONIHI COOCTBEHHBIH BEKTOP v JUOO0 HENOIBUKEH, JTH60
oTpazaerca B —v 1o jeiicrsuem C. Kpome Toro, oproronaibHoe JIoNOIHeHHe (V) sBjIfeTcsa JIByMepHOil
IJIOCKOCTBIO, Ha KOTOpoit C' JIeficTByeT OJHUM U3 TPeX CIIOCOOOB OIMCAHHBIX B IPeIbLIyIeM IIyHKTe. Kopoue
TOBOpsI, €CJIN 38J]aHO JIBUXKEHIE B TPEXMEPHOM IIPOCTPAHCTBE, TO B KAKOM-TO OPTOHOPMUPOBAHHOM 0a3uce OHO
UMeeT OIUH U3 CJACAYIONINX BUIOB:

1 0 0 -1 0 0
0 cosep —sing AT 0 cosy —sing
0 singp cosgp 0 sinp cosy

HepBoe U3 HUX ABJIAETCA TOBOPOTOM BOKPYT HeKOTOpOfI OCH, a BTOPOE ABJIAETCA TOBOPOTOM BOKPYI OCU U
OTpazKeHue BIOJIb OCH.

YrBepxkaenue. I[lycmv V esxaudoso npocmparcmeo u ¢: V. — V' — nexomoputi onepamop. Tozda sxeusasermmo
1. ¢ asanemes deusiceruem (0pmozonasvhulli onepamop).

2. B nexomopom opmoHopmMupo8aHHoMm 6a3uce MAMPULa ONEPAMOpa ¢ umeem euod:

Ay
Ay = , ede A; aubo 1, aubo — 1, aubo (

cosa —sin a)
A,

sina  cosa

Jnst oproronanbroit MaTpunsl det C = +1 (nmpumenure det k pasencty C'C = E). Ecim det C' = 1, nipuskenue
Ha3bIBaeTcs cobcmeennvim u eciu det C' = —1, 10 necobecmeenvim.

Ecmuey,...,e,u f1,..., fn —oproHopmupoBanuble 6a3ucsl upocrpancTsa V u mycts (f1, ..., fn) = (e1,...,€,)C,
rie C' — maTpuiia epexoja. Torga C' siB/IsieTCst OpTOrOHAIBLHON MATPUIEil. DTO BTOPast CUTYAIHsI, KOTJIA TTOSABJIAIOTCS
OPTOTOHAJIbHBIE MATPUIIHI.

CaMOCOHpﬂ)KeHHbIe ornepaTopbIl

[Iycte V' — eBKINIOBO IMPOCTPAHCTBO U IycThb ¢: V. — V — juHelinbiii omeparop. Torma omepaTop Ha3bIBAETCs
camoconpscernom, eciu ¢* = ¢. Ecan B opronopmuposannom 6asuce marpuia ¢ ectb A € M, (R), To yciosue ca-
MOCOIPSIzKeHHOCTH 3T0 pasercTso Al = A. Do onpenenenne cyry6o ¢popMaibHoe, I3 HEro COBEPIIeHHO He IIOHSATHO,
KaK 3TOT OLEPATOD JefICTBYEeT B IIPOCTPAHCTBE.

YrBepxkaeHue. I[lycmv ¢: V — V — camoconpsorcernuiii onepamop 6 esxaudosom npocmparcmee. Toeda

3Tloromy uTo Takoe MuOrowIeH ycrpoen x(t) = t™(1 4 o(1)) mpu t — +oo. To ecTh Ha TTIOC GECKOHEYHOCTH MHOTOHUJICH YXOJIHT
B ILUTIOC GECKOHEYHOCTD, & Ha MHHYC OECKOHEYHOCTH — B MUHYC GECKOHEYHOCTH. 1O €CTh II0 He IPEPBIBHOCTH OH TAE-TO JOJIZKEH OBLI
repeceyb TOPU30HTAJIBHYIO OCh KOOPJIMHAT. A 9Ta TOYKA M €CTh KOPEHb.



1. Bce e20 cobcmeennvie 3HAGMEHUA BEULECTNEEHHDL.
Cobecmeennvie 8eKMopa ¢ PasHbLMU, COOCMBERHBIMYU 3HAYEHUAMU OPMO20HANLHDL OpYe dpyey.

Cywecmeyem opmoHopmuposarksill 6asuc npocmpancmaea V.o cocmoswudl us cobcmeentvir 6eKmopos ¢.

e

B nexomopom opmoHopmuposarhom bazuce Mampuya ¢ umeem Jua2oHaabHul 6Ud, ¢ BEULECTNEEHHBIMU HUC-
AGMU 1A OUAROHANU.

Taxum 06pa3zoM CaMOCOIIPIKEHHBIN OIIEPATOD — 3TO PACTKEHNE BO B3AUMHO II€PIIEH UK YIS PHBIX HAIIPABJIEHUIX.
O6 5TOM TOBOPUT MOCJIEIHUN IYHKT HPEIbIYIIErO YTBEPXKJEHUsI. JTO JIaeT IOJHOE IeOMeTPUIECKOe OIUCAHUE
CaMOCOIIPSI?KEHHBIX OIIepaTopoB. Tenepsb mepedopMyIupyeM 9TO yTBEPXKIEHUE Ha S3bIKE MaTPHIL.

VYrBepxkaeuune. [Tycmo A € M,,(R) - cummempuueckas mampuya. Tozda
1. Bce cobcmeennvie 3navenus A sewecmeerioie.
2. Bce cobcmeenmnvie 8eKMOpa ¢ Pa3HbMU COOCMBEHHBIMU 3HAYEHUAMU OPMO2OHANDHDL.
3. Cywecmeyem opmozonasvras mampuya C € M, (R) maxas, wmo C~LAC ssasemca duazonarvnoti ceuse-

cmeennoti mampuuyeti.*

AJ'II‘OpI/ITM Pa3JiozKeHnud CUMMETPpUYIEeCKUX MaTpull

Hano Marpuna A € M, (R) Taxas, uro A® = A.

Bagaua Haiitn pasnoxenne A = CAC*, rne C' € M, (R) — oproronansaas marpuna, A € M, (R) — anaronanbaas
MAaTPHIIA.

Aaropurm
1. Haiitu cobcTBeHHBIE 3HAYEHUST MATPUIBI A.

a) Cocrasurb xapakrepucrudeckuii Maorodier x(A\) = det(A — AE).

(
(b) Haittu xopuu x(A) ¢ yuerom kparunocreit: {(A1,n1), ..., (Ak, ng)}, tae A; — KopHu, n; — KPATHOCTH.

2. st ka2k0ro \; HAWTH OPTOHOPMHUPOBAHHBIN 0A3UC B IMPOCTPAHCTBE COOCTBEHHBIX BEKTOPOB OTBEYAOIIEMY

A
(a) Haiitu ®CP cucremsr (A — N\ E)x = 0. Iycrs sto 6yzer v}, ..., v, . Obparure BHEMAHEE, 9TO UX KO-
4eCcTBO Oy/IeT B TOYHOCTH PABHO KPATHOCTH 71;.
(b) Oproronammusosars vi, ... ,v,f“ MeromoM I'pama-IIImuara. O6paTruTe BHUMAaHME, TOCIE€ OPTOTOHAI3AIIAI

OCTaHeTCd POBHO 71; BEKTOPOB.

-

o ; v
(¢) Crmenarb KaxKJplii BEKTOD JINHHBI OJMH: vj = Iv{; -
3

3. Marpuia A Oymer qUArOHAIBHONW C YUCTAMEI A1, ..., A1, A2, ..y Ay ey Ay -y A\ HA JUATOHAJIH, TJIe KarXKJi0e
A; oBTOpsiercs n; pa3. ObpaTuTe BHUMAHUE, BCETO MTOJIYIUTCS 1 THCE.
1 1,2 2 k k

4. Marpumna C 6yJeT cocTaB/ieHa U3 CTOONOB V1, -« ., Up s VTs -+ s Unos -5 U5« o, U . OOpaTuTe BHUMAaHME, T10-

PSIIOK COOCTBEHHBIX BEKTOPOB COOTBETCTBYET TIOPSIIIKY COOCTBEHHBIX 3HAYeHUIl B MaTpuiie A.

406parTure BHUMaHME, YTOT TYT HeT pasHusl Mexay C~LAC u CtAC, tak kak C OPTOrOHAIBHAI.



CunrynsipHoe pasziioxkenue (SVD)
DTO yTBEPXKJEHNE s B Hadasle CPOPMYJIUPYIO Ha MATPUIHOM SI3bIKE.
VYrBepxkaenue. ITycmv dana mampuya A € My, ,(R). Tozda
1. Cywecmeyem U € M, (R) maxas, wmo UU = E.
2. Cywecmeyem V € M, (R) maxas, wmo V'V = E.
3. Cywecmsyem nocaedo8amesvbHOCD GEULECTNEEHHBLL YUCEA T1 = 09 = ... = 0y > 0.

maxue, wmo A =UXV?, 2de

Y= (o8 m

0

Hpu 2MOM NOCALIOBAMENLHOCTND YUCEN 01,02,...,0p onpede/LeHa 00HO3HAMHO.

IIycts cronbribr maTrpuribl U — 3TO BEKTOPA U;, & CTOJOIBI MATPHUILI V — 3TO BeKTOpa v;. 1orjaa yTBEep:KIeHHE
03HAYAET, UTO
¢ t
A =o1uv; + ...+ osusv,

TO €CTh MbI IIpeﬂCTaBI/IJII/I hﬁanHL[y A B BHU/JIE «OpTOFOHaJIbHOﬁ» CyI\’IMI)I ManI/IH paHra OJIUH, B TOM CMBICJI€, 9YTO BCe
U; OPTOTOHAJIBLHBI JIPYT JIPYTY U BCE VU; OPTOTOHAJBHBI JAPYT JIPYTY.
T'eomeTpuyeckn CHHTYJISIDHOE PA3JIOYKEHUE O3HATAELT CJIEIYIOIIEe.

YrBepxkaerue. [lycmov V u U — e6xaudosvl uiu apmumoss, npocmparcmsa u ¢: V. — U — aunetinoe omobpasice-
nue. Toeda cywecmeyem opmoHOpMUPOSaHHBLT ba3uc €1, ... e, 68 V, opmonopmuposartui 6asuc f1, ..., fm 6 U u
NnoCcACI08aMENLHOCTID BEULLCTNBEHHBLT YUCEA T1 = O = ... = 0, > 0 makue, ¥mo mampuya ¢ umeem eud

01

oler,...yen) = (f1,---s fm) o

0

Hpu IMOM HYUCAA O1y...,0p onpe&e,/temn 00HO3HAYHO U HA3DIBANOMCA CUHYAAPHHIMU 3HAUYEHUAMU 0m06pd9f€6’l—tuﬂ

®.

KoMnakTHOe cuHryssipHoe pasioxenue Ilycts A € M, ,(R), U € M,,,5(R), V € M,,s(R) m ¥ € M,(R) —
JUaroHaJbHas MATPUIA C YUCTAMHA 01 = ... = 0s > 0 Ha auaronasu. IIpemgnonoxum, ato crosdist Mmatpur, U u V
OPTOHOPMMPOBAaHHBI (TO €CTh BCe MKy coboii OpToroHa bubl U JyuHbl oqun). Torna pasencrso Buja A = ULV?
Ha3bIBAETCS KOMIAKTHBIM CHHTYJISIDHBIM Pa3JI0KEHIEM.

Eciu nam uzsecTHo cunrysisipoe passioxenne A = UX V! To KoMIakTHOe U3 HEro Jejaercs Tak: 1) cocraBum
matpury U’, COCTOSINYTO U3 MEPBBIX § CTOJONOB Marpursl U, 2) coctaBuM MaTpuily V', COCTOSINYIO U3 TIEPBBIX §
cToabros MaTpuisl V, 3) onpegesnm MaTpuily Y’ Kak KBaJIPATHYIO § HA S§ MATPHILY C JUATOHAJBIO U3 MATPUIIBL L.
Torna A = U'Y/(V')! Gyser KOMIAKTHBIM Pa3JIOXkKeHHeM.

3ameuanne DuaocodCKuil CMBICT 3TOrO pasyiokeHus ciaeaytomuii. [lycts nammma marpuia — 9T0 TPAMOYTOIbHAS
qepHO-0esiasi KAapTUHKA, TJie YNCjIa — WHTEHCUBHOCTH YEPHOTO IBeTa. Ha BekTopa v; W w; HAJO0 CMOTPETh Kak Ha
«OPTOrOHAJIbHBIE» KOMIOHEHTBI «GA30BBIX» IIBETOBBIX HHTEHCUBHOCTENH. A \; — 9TO MOIIHOCTH STUX CAMBIX CUTHAJIOB.
[Toromy, eciin \; JOCTATOYHO MaJIbl, TO HAIII IJIa3 He CIIOCOOEH Pa3/IMInuTh COOTBETCTBYIOIIME CUrHAJIbL. [loToMmy, ecu
MBI BBIKMHEM WX M3 HAIllell MATPUIBLI, TO Ha TJia3, MaTrpurna A He OyjeT OTJIMYAThCs OT TOJIY Y€HHOI.

OOGBIMHO B peaJbHON »KU3HHM BBIXOJWT, UTO JOCTATOYHO TOJBKO NMEPBBIX MTYK IATH CaaraeMbix. Torma A’ =
Aol + ..+ Asvsul Oyaer Ha a3 me orymanma ot A. B wem ke mosbsa or takoro? Ha xpamenme martpuipr A



HaM norpedyerca mn duces. g xpanenns MaTpunnsl A’ Ham Hago 5 4mces \; M eme 5 map BEKTOPOB U; U U;, Ha
XpaHeHne KayKJIoro U3 KOTOPBIX HaJo M U N uuces coorBercTBenHo. U roro 3arpars: 5 + 5m + 5n = 5(m +n + 1).
DTO JaeT OIPOMHBII BBIUI'PHIIIL B KOJMYECTBE XPAHUMOIT MH(MOPMAIIUU U SIBJISIETCSI OCHOBOM JIJIsi MHOTUX aJI'OPUTMOB
apxuBaIu ¢ norepeii JanabIX Bpojae JPG.

3agadya 0 HUBKOPAHTOBOM MPUOJIU>KEHUU

Temnepb 51 X014y Tapy CJIOB CKa3aTh O TOM, B KAKOM CMBICJIE€ OIMUCAHHBIE BBIIIE TPOLEYPhI ABJISIOTCS ONITHMAIbHBIME
WM [OLPOCTY TOBOPsl «caMbIMu Jjydmmmu». [lycre A € M, ,(R). Bagagum Ha npocTpaHcTBaX MaTPUI CKaJsApP-
Hoe mpoussesienue 10 gopmyse (A, B) = tr(A'B). JlimHa 0oTHOCHTEILHO 3aJIJAHHOTO CKAJISIPHOTO HPOU3BEICHUS
HA3bIBAETCS HOPMO# (DPOOEHMYCA U BBIPAYKAECTCS CJIELYIOIUM O0Opa3oM:

2
Z @i
ij

[AllF =

Ecim marpuna A uveer Bug A = (Ay]...|A4,), torna ||Al|% = Y1, |Ai|?, tae |A;] — wmna oTHOCHTEIBHO CTaH-
JIAPTHOTO CKAJISIPHOTO IIPOM3BEJICHUS JIJIst CTOJIONA A;.
Tenepp Hamma 3aja4a — 3aMeHUTh MaTpuily A Ha MaTpuily B paHra He Bbille k, IpUYeM MBI XOTHM BBIOPATh
B 6awmxaiineit B cMmbicie HOpMbI dpobernyca. To ecth Mbl 3adukcupyem mMarpuily A u ducyo k u Oyjaem periarhb
3a1a49y
|A—-B|lr— mBi)n

tkB <k

BaxkH0 oHUMATh, 9TO MHOYKECTBO MATPUIL PAaHra He Bbile k He 00pa3yioT JUHEHHOE MOAIIPOCTPAHCTBO B IPOCTPAH-
CTBE MATPHUIl. A 3HAYUT, TYT HE MOJIYUYUTCS PEIIUTH 3Ty 3aJ[a49y [IPOCTO MIPUMEHEHUEM OPTOIPOoeKTOpoB. Kpome Toro,
3a/1a9a MOXKET MMeTh He eJUHCTBEHHOE PEIlleHNe, B HEKOTOPBIX CUTYAIUAX OJMKANIINX MATPUIL, MOXKET OKA3aThCs
GEeCKOHEYHOe YUCJIO.

Ob6parure BunManue, 9to ecau k > rk A, To orBeroMm Oyzer cama marpuna A. A ecim k < rk A, To oka3biBaercs,
qro SVD maer Hy»KHBII OTBET K JaHHON 3amade. Hy»KHo HailTh [jig MaTpuibl A cuuryiasproe passoxkenue. Ilocse
49ero, BbIOPATh B KAYECTBE HYKHON MATPHUIBI MATPUILY

t t
By = o1uqv + ... + orugvy

AJII‘OpI/ITM HaX02KJ€eHNsd KOMIIAKTHOI'O CUHI'YJIAPHOI'O pa3J/I0O2KeHUA

Hano Marpura A € M,, ,(R).%

Bagaua Haiitu pasnoxenne A = USV? rne U € M, 5(R), V € M,, s(R) — MaTpuIibl ¢ OpTOHOPMEPOBAHHBIME
crosbuamu, ¥ € Mg (R) — nquaronanbHas MATPUILIA C JIEMEHTAMU 07 3> ... = 05 > ( HA JTHATOHAJIN.

Asaropurm

1. Cocrasum marpuiy S = AA* € M,,,(R). Torna S = UX2U*.

2. Tak xkak S* = S. To ¢ TTOMOMIBIO AJTOPUTMA JJI CHMMETPHUECKUX MATPHIL HaiileM ee pas3fokeHme S =
CDC'.5 Tlpuuewm, 0bsi3aTeILHO MOMYHUTCS, ITO JquaroHajbHas mMarpuna D = diag(A1, ..., \y,) cocrout u3
HEOTPUIATEILHBIX JJIEMEHTOB U MBI MOXKEM BBIOPATH MOPSIOK TaK, I9TOOBI A1 = Ao = ... = A, = 0.

3. Ilycte C' = (C4]...|Cp), Torma monoxxkum U = (Cq]...]|Cs) € My, s(R). A marpuna ¥ € Mg(R) 6yzer

JIMATOHAJLHON ¢ YmucsaMu o; = +/A; Ha quaroHauau, To ectb & = diag(oy,...,05).
4. Teneps mano Haiitm V u3 ycnopus A = UXVET Honoum U = (ug|...|us) 1 V. = (vq]...|vs). Torma

AUt =V, 10 ecTb v; = %Atui mpu 1 <i < s.
<

53T0T anropUTM PEKOMEHIYeTCsl IPUMEHSATH TIPH 1M < 7, B IPOTUBHOM CJIydae, IPHMEHNTH ero K Marpure A?, a morom Tpancronn-
pOBaTh MOJIyYEHHOE PA3JIOXKEHNUE.
63ecy D 6ymer auaronansHoil MaTpueii, a C' OPTOTOHAIBLHOI.

H Et H .
7"O6paTnTe BHIMAHUE, 9YTO Y. KBAAPATHAS U OOGPATUMAs MATPHIA



AJII‘OpI/ITM HaX02KJI€eHUs CUHTYJ/IAPHOTIO pa3J/io2KeHunA

Hdano Marpuna A € M, »,(R).

Samaua Haiitu pasnoxenune A = ULV rue U € M,,(R) oproronanbnas, V € M, (R) oproronanbuas, ¥ €
M, »(R) comepKuT Ha AUATOHAJM DJIEMEHTHL 01 > ... 2 05 > 0, a BCe OCTAJIbHbBIE HYJIH.

Aaropurm

1. Cocrasum marpuiy S = AA* € M,,,(R). Torma S = USEIUY.

2. Tak kak S' = S. To ¢ HOMOMIBIO AJTOPUTMA JJIS CUMMETPHYECKMX MATPHIL HAIJIEM ee pazJioxkeHue S =
CDC". Tlpuuem, obsi3aTe/IbHO HOMYyYUTCs, YTO jJuaroHadbhas marpuna D = diag(A1,...,\,) cocrour u3
HEOTPUIATEIbHBIX 3JIEMEHTOB U MbI MOXKEM BBLIOpATH HMOPSIOK TaK, 9TOOBI A1 > Ao = ... > A, = 0.

3. Torma U = C, a ¥X! = D. To ectb 012 = )\;. Tak kak 0; > 0, TO OHI HAXOIATCS KaK 0; = v/ \;.

4. Tenepnb najo naittu V uz yenosus A = UXVEE Tlyers 01 = ... > 0 > 0. Honoxkum U = (uq|...|up) n
V = (v1]...|vy). Torma A'U = VA?, to ectb v; = - Alu; npu 1 < < s. Tak Mbl HAXOZUM TIepBbIe 5 CTONGIOB
MaTpuns V.

5. Haiinem ®CP st {y € R" | Ay = 0} u oproropmuposats ero (oproronanmusyem I'pamom-IIIvumrom, a norom
HopMupyeM). TlojrydeHHbIe BEKTOPBI U GyjIyT OCTABIIUECS Vg1, - - « y Up.-

3amMeuaHus

1. Hajo 3aMeTHTb, 9TO HEJL3d MONBITATLCA cocTaBUTh Marpully A'A u m3 mee maiitm marpumy V. Tak xax
marpunpbl V u U ompenesieHbl He OHO3HAYHO U 3aBUCAT APYT OT Apyra. Ecan BbI HANIIN KAKYIO-TO MATPUILY
U, To K Heii mofoiizeT He yobad HajieHHas MaTpuna V, a TOJILKO Ta, UTO aBjsdercd pemennem A = ULV,

2. TlpuBeeHHBIM BBIIIE AJITOPUTMOM UMEET CMBICJI TOJIb30BATHC S, €CJTH Y MATPHUIIHI A KOJMIECTBO CTPOK MEHBIIIE,
YEeM KOJIMIECTBO CTOJIONOB. Ecim »ke ¢ToJIONOB MEHbIIe, YeM CTPOK, TO HAJ0 HANTH CHHIYJISIPHOE PA3JIOXKEHNE
mrs At = UV, Torna A = VXIU? 6ymer HCKOMBIM CHHIYISPHBIM Pa3IosKeHIeM 1y A.

10 1
A‘<110>

Haitnem ee cuHrynsapHOE pa3yioxKeHne. B Hagae pacCMOTPUM
2 1
t_
A4 = (1 2)

Xaar(t) = det(tE — AAY) =% — 4t + 3

IIpumep Ilycts y Hac ecTs MaTpuIa

Temeps HaIO0 HAWTH Xap MHOTOYIECH, 9TO OyIET

YV MmHOrowiena Jia KopHs A; = 3 u Ag = 1. OTKy/ja noaydaeM, 9To

== (%' 1 o)

Teneps naiimem marpuiy U = (ug|ug). BekTop u; Haiijem Kak cOOCTBEHHBIN [jisi A1 ¥ HOPMHUDYEM €ro JIJIUHY, a

BEKTOD Uy Ha/IEM KaK COOCTBEHHBIHN JIJIsT Ao 1 HODMUDPYEM €ro JIJIHHY.
st Ay mayio pemmuthb cucremy (AAY — 3E)xz = 0, To ecTh cuctemy ¢ MaTpurieit

AA' -3 = (‘11 _11> -1 -1)

®CP raxkoit cucremsr cocrout u3 sekropa (1,1)f. Ero mmna /2. Totomy uy = (1/v/2,1/1/2)%.

806paTuTe BHUMaHHE Y. He 00A3aTeIbHO KBAPATHAS U TeM 60ee He 06A3aTebHO OBPATHMAs.

10



Anajioruano s A nagio pemurs cucremy (AAY — E)x = 0, To ecTb cucreMy ¢ MaTpuIeil
1 1
t
AN B = (1 1) - (1 1)
®CP raxkoit cucreMbr cocrout m3 Bektopa (—1,1)f. Ero mmma /2. Hotomy ug = (—1/4/2,1/1/2)t. Smaunt

1 -
v- (2 %)
V2 V2

Tenepsn naitnem V = (vq|va|vs). Ilepsoie aBa BekTOpa HaXOAATCs 1O GOPMYJIAM

1 1 1 1 1
v = —Atul = — O 1 ‘{5 —
71 V31 o)\

OcraJsoch HajiTu nocsaenuuii Bekrop B Marpurie V. s aroro Hajo permmmTsh cucremy Ax = 0 m HOpMUPOBATH
€JIMHCTBEHHOE peIlleHne ITOi cucrteMmbl. Perraem

101->101
1 1 0 01 -1

®OCP rakoit cucremsr 6yger w = (—1,1,1). Ero mmma 6yger /3. 3maunt vz = (—1/v/3,1/v/3,1/4/3). A suaunr
marpuiia V Oyner uMersb BUT

1 1 1 -1
Vg = 7Atu2 = O 1 \{ﬁ —
g2 1 0/ \v2

SIS
SIS =

2 0 =L
V6 V3
vl L I
i
V6 V2 V3B
1 B urore
2 g =L\°
101\ (5 B\(v3 00 [ 1+ ¥
1 10) \% »/)\0 10/ & ¥
V6 V2 VB
Wu 6e3 TpaHCTIOHNPOBAHUST
) 2 1 1
Y V6 V6 V6
101:@@ ﬁoooi;l
110 ﬁﬁ()lo—l‘?\?
V3 V3 VB
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CemuHap 6

Sagadmn:

1. «Permmure» CucTeMy MeTOJO0M HanMEHBbIINX KBa/JIpaTOB

2 7 =3| 6
1 -1 3 3
2 1 -1, 0

2. JTyaroHaJmM30BaTh CJIEAYIONIYI0 CAMMETPUYHYIO MATPHUILY B OPTOHOPMHUPOBAHHOM 0a3uce (TO eCTb HOJIy9IUThb
pazsioxenue A = CDC?, rae C — oproronajibias MaTpuna, a D juaroHajabHas).

5 -1 -1
-1 5 -1
-1 -1 5
3. Ilycrp 3amana marpuma
3 1 1
A=|1 3 -1
1 -1 3

Haiinre Kakyro-HuOYIb CHUMMETPUYHYIO MATpHIy B Takyio, uro B2 = A.

2 2
1 1

4. Haiitu cuHTYJIIpHOE PA3JIOKEHUE CJESTYIONUX MATPUIL

oY w



